I CHAPTER 3
THE EUCLI DEAN ALGORI THWM

I 1. Principal lema for the Euclidean Al gorithm i

F On ( wn
O Oalb ( gfa,n] & <[0,b] & <[b, a]
O OQRE ( (AMQ =c
& (AR) = (c+2)

& (R1) = a
& (R2 =0b
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& O ( <[1,i] & <i,c] O
(Ri)
= ( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& 0OSOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T2 =b
& (T (d+2)) =0
& O ( <1,i] & <gi,d O
(T°i)
=( ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)),(T (i+1))]

0OQES&RET) ) )) i
I W proceed by induction, taking ¢ to be

Oalb ( <[a,n] & <[0,b] & <[b, a]
O OXRE ( (AQ =c
& (AR) = (c+2)

& (R1 =a

& (R2) =0b

& (R(c+l)) = (a A b)
& (R(c+2)) =0

& O ( <1,i] & <i,c] O
(Ri) =( ((Ql) X (R (i+1)))

R (i+2)) )
&<[(RY(I+2)) (R(i+1))1)
& 0SOTOd
( (A5 =d
& (AT) = (d+2)
&(T'1) = a
&(T2) =b
& (T (d+2)) =0
& O ( <[1,i] & <i,d O

(Tl) = ( ((S1) x (T (i+1)))
+ (T (i+2)) )



It nust be shown that

& <[(T (i+2)), (T (i+1))1 )

0 QES&RET) ) )

Oalb ( <[a,0] & <[0,b] & <[b, a]

0 QRE ( (AQ
& (AR
& (R 1

and

& (
& (R
& (R
&

O

=c
= (c+2)
)—a

R2) =b

(c+l)) = (a A b)
(c+2)) =0
( <1,i] & <[i,c] O
(Ri) =( ((Ql) X (R (i+1)))

R (i+2))
& <[(R(l+2)) (R(i+1))1 )

N

& 0OSOTOd

( (AS) =d

& (AT) = (d+2)

& (T'1) =a

& (T°2) =b

& (T (d+2)) =0

& O ( <1,i] & <i,d O

(TI) = ( ((S1) x (T (i+1)))

OnOm ( w[n] & o[n, M &
Dadb ( <[a,n] & <[0,b] & <[b, a

0 OYRE ( (A

&
&
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&

+ (T (i+2)) )
& <[(T(i+2)), (T (i+1))] )

0 QES&RET) ) )

= C

(AR = (c+2)

(R1) =a

(R2) =b

(R(c+l)) = (a A Db)
(R(c+2)) =0

O ( <[1,i] & <[i,c] O

(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )

asoThd
( (AS) =d
& (AT) = (d+2)
& (T'1) = a
& (T2 =0b
& (T (d+2)) =0
& O ( <[1,i] & <i,d O
(T I) = ( ((S1) x (T (i+1)))
+ (T (i42)) )

& <[(T"(1+2)), (T (i+1))]1 )
S&RET) ) )



Oalb ( <[a,m & <[0,b] & <[b, a]

I To prove:

0 OJRE ( (AQ = ¢

& (AR = (c+2)

& (R1) =a

& (R2) =b

& (R (c+l)) = (a A b)
& (R(c+2)) =0

& O ( <[1,1] & <i,c] O

(Ri) = ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& 0OSOTOd

( (AS) =d
& (AT) = (d+2)
& (T 1) :a
& (T 2) =
& (T (d+ 2)) =0
& O ( <[1,i] & <i,d] O

(Ti) = ((SH) x (T (i+1)))
+ (T (i42)) )
& <[(T (i+2)), (T (i+1))1 )
0 QES&RET) ) )) i

Oalb ( <[a,0] & <[0,b] & <[b, a]

0 OQRE ( (AQ = c

& (AR = (c+2)

& (R1) =
& (R2) =0b
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & <[i,c] O
(Ri) = ( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )
& 0OSsOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T°2) =b
& (T (d+2)) =0
& O ( <1,i] & <i,d O
(TI) = ( ((S1) x (T (i+1)))
+ (T (i+2)) )

& <[(T (i+2)), (T (i+1))] )
0 QES&RET))) |

a, b , 11 (Prem i
<[a, 0] & <[0,b] & <[b, a] , 12 (Prem i
<[a, 0] 13 (& 2) i
<[ 0, b] 14 (& 2) i



<[ b, a]
( <[a,0] O
<[a,0] O a
a=20
<[ b, 0]
( <[b,0] O
<[b,0] O b
b=20
<[0, 0]

- <[O, O]

- QR

F

, 1 5 (& 2) i

a=20) ,1 6 (OE V3.25) i
=0 17 (()E 6) i
1 8 (OE 3,7) i
, 1 9 (=E 5,8) i
b =20) , 1 10 (OE V3.25)
=0 111 (()E 10) i
112 (OE 9, 11) i
, 113 (=E 4, 12) i
114 (OE V4.12)
( (\Q =c
& (AR) = (c+2)
& (R1) =a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <[1,i] & <[i,c] O
(Ri) =( ((Qi) x (R (i+1)))
+ (R (i+2)) )
& <[(R(i1+2)), (R (i+1))1 )
& 0OsOTOd
( (A5 =d
& (AT) = (d+2)
& (T'1) =a
& (T2) =b
& (T (d+2)) =0
& Oi ( <1,i] & g[i,d O
(Ti) = ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)), (T (i+1))] )
0 QES&RET))
, 115 (Prem i
116 (FI1: 13,14)
(AMQ =c
& (AR) = (c+2)
& (R1 =a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & g[i,c] O

(Ri) = ((Qi) x (R(i+1)))
+ (R (i+2)) )



& <[(R(i+2)), (R (i+1))] )
& OSOTOd
( (AS) =d
& (AT) = (d+2)

(T'1)
(T°2)
(T d
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) =0
]&S[i,d] O
(T l) = ( ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i42)),(T (i+1))]1 )
0 QES&RET) )

, 017 (O1: 15,16)

-~ QRE ( (AQ = ¢
& (AR = (c+2)

& (R1) =a
& (R2) =b
& (R(c+l)) = (a A b
& (R(c+2)) =0
& O ( <1,i] & <[i,c] O
(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R(i1+2)), (R (i+1))1 )
& OsOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T°2) =b
& (T (d+2)) =0
& O ( <1,i] & <[i,d O

(Tl) = ( ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)), (T (i+1))1 )
0 QE S&RET) )
118 (Al: 17)

R ( (AMQ =c
& (AR) = (c+2)
& (R1) = a
& (R2) =
&(R(c+1))
& (R (c+2))
& O ( <1,i] & <i,c] O
(Ri) =( ((Qi) x (R(i+1)))

= (a A b)
=0

+ (R(i+2)) )
& <[(R(i+2)), (R (i+1))] )
& 0OsSOTOd
( (AS) =d

& (AT) = (d+2)
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& O ( <1,i] & <i,d O

(Ti) = ( ((Si) x (T (i+1)))

+ (T

(i+2)) )

& <[(T (i +2)), (T (i+1))1 )

0 QES&RET) )

1 19 (-E: 18)
<[a, 0] & <[0,b] & <[b, a]
O QR ( (AMQ =c
& (AR) = (c+2)
& (R1) = a
& (R2) =0Db
& (R(c+l)) = (a A Db)
& (R(c+2)) =0
& Oi ( <1,i] & [i,c] O
(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )
& OSOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T°2) =b
& (T (d+2)) =0
& O ( <1,i] & <[i,d O
(T'i) = ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)), (T (i+1))]1 )
0O QES&RET))
120 (O1: 2,19)
( <[a,0] & <[0,b] & <[b, a]
O ORI ( (AMQ =c
& (AR) = (c+2)
& (R1) =a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <[1,i] & <i,c] O
(Ri) = ( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )
& 0OsOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T°2) =b
& (T (d+2)) =0
& O ( <1,i] & <i,d O
(Ti) = ((Si) x (T (i+1)))
+ (T (i+2)) )
& <((T"(i+2)), (T (i+1))]1 )
0O QES&RET) ))
P21 ()1 20)



Oalb ( <[a,0] & <[0,b] & <[b, a]
0 OQRT ( (AQ = c
& (AR = (c+2)

& (R1) =a

& (R2) =b

& (R (c+l)) = (a A b)

& (R(ct+2)) =0

& O ( <1,i] & <[i,c] O

(Ri) = ((Qi) x (R(i+1)))

+ (R (1+2)) )

& <[(R(i+2)), (R (i+1))] )

=0
i ( «1,i] & <i,d] O

( ((S1) x (T (i+1)))
+ (T (i+2)) )

& <[(T (i+2)), (T (i+1))1 )

& 0OsOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) = a
& (T2 =0b
& (T (d+2))
& i
(T'i) =
0 QE S&RE

I To prove:

OnOm ( w[n & o[n, M &
Oalb ( <[a,n] & <[0,b] & g[b, a]
O R ( (AQ =c

& (AR = (c+2)

& (R1 =a
& (R2) =0b
& (R (c+l1))
& (R (c+2))
& O ( <[1,i]

T)))
122 (0O 1, 21) i

(a A b)
0
& <[i,c] O

(Ri) =( ((Qi) x (R(i+1)))

& <[(R
& 0OSOTOd
( (AS) =d

+ (R (i+2)) )
(1+2)), (R(i+1))]1 )

& (AT) = (d+2)

N I

(T'1)
(T°2)
(T (d+

~N P

&
&
& )
&

(T

a
b
) =0

i ( <11,i] & <[i,d O

i) = ( ((Si) x (T (i+1)))
+ (T (i+2)) )

& <[(T(i+2)), (T (i+1))1 )
0 QES&RET) ) )

O
Oaldb ( <[a,m & <[0,b] & g[b, a]
O OQRT ( (AMQ =c



& (AR) = (c+2)

& (R1) = a

& (R2) =b

& (R (c+1)) = (a A b)

& (R (c+2)) =0

& Oi ( <[1,i] & gi,c] O

(Ri) =( ((Qi) x (R(i+1)))

+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& 0SOTOd
( (A5 =d
& (AT) = (d+2)
& (T'1 =a
& (T2) =b
& (T (d+2)) =0
& O ( <1,i] & <i,d O

(T l) = ( ((S) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)), (T (i+1))] )
0 QES&RET) ) ) ) i

n, m , 1 23 (Prem i

wn &onmMm &
Oaldb ( <[a,n] & <[0,b] & <[b, a]
O ORI ( (AMQ =c
& (AR) = (c+2)

& (R1) =a

& (R2) =

& (R(c+l)) = (a A b)
& (R(c+2)) =0

& O ( <1,i] & <[i,c] O

(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R(i+2)),(R (i+1))] )
& OSOTOd
( (A =d
& (AT) = (d+2)
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=0
il & <i,d O
(TI) = ( ((S1) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)), (T (i+1))1 )
0 QES&RET) ))
, 1 24 (Prem i

W[ n & o[ n, 125 (& 24) i

Oalb ( <[a,n] & <[0,b] & <[b, ag]
O QRE ( (MQ =c
& (AR = (c+2)
& (R1) =a



& (R2) =b
& (R (c+1l)) = (a A b)
& (R (c+2)) =0
& O ( <1,i] & «i,c] O
(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& 0SOTOd
( (A5 =d

& (AT) = (d+2)

(T'1
(T 2)
(T (d+

N I
~ oo

)) =0
i ( <1,i] & <i,d O
(Ti) = ((Si) x (T (i+1)))
+ (T (1+2)) )
& <[(T (i+2)), (T (i+1))1 )
O QES&RET) ) )
|

Ro RoRoRo

126 (& 24) i

(wn &o[nm O m=(n + 1)) , 127 (OE V2.48)
wn &onm0d m=(n + 1) 128 ((OE 27) i
m=(n + 1) , 1 29 (OE 25,28) |
a, b ,1 30 (Prem i
<[a,n & <[0,b] & <[b, a] , 1 31 (Prem i
<[a, m , 1 32 (& 31) i

<[ 0, b] ,1 33 (& 31) i

<[ b, a] 1 34 (& 31) i
<[a,(n + 1)] , 1 35 (=E 29, 32) i

( sfa,(n + 1)] O <ga,n Oa=(n+1))
,! 36 (OE V3.54)

S[a,(n + 1)] O <a,n] Oa=(n + 1)
!

37 (O)E 36) i

<[a,n] Oa=(n + 1) ,! 38 (OE 35,37) |
<[ a, n] ,1 39 (Prem i
<[a,n] & <[0,b] ,1 40 (& : 33, 39) i
<[a,n] & <[0,b] & <[b, a] 141 (& 34,40)

I Applying the induction hypothesis... i

( <(a,n] & <[0,b] & <[b, a]
O ORE ( (AQ =c
& (AR = (c+2)



& (R1) = a
& (R2) =b
& (R (c+1)) = (a A b)
& (R (c+2)) =0
& O ( <1,i] & <i,c] O
(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& 0SOTOd
( (AS) =d
& (AT) = (d+2)
&(T1 =a
& (T2 =b
& (T (d+2)) =0
& O ( <[1,i] & gi,d O

(Ti) = ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)), (T (i+1))1 )
0 QES&RET) ) )

1 42 (OE 26) i
<[a,n] & <[0,b] & <[b, a
0 OQRE ( (M) =c
& (AR = (c+2)
& (R1) =
& (R2) =
& (R (c+1)) = (a A b)
& (R(c+2)) =0
& O ( <[1,i] & gi,c] O
(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))1 )
& 0SOTOd
( (A5 =d
& (AT) = (d+2)
&(T1 =a
&(T°2) =b
& (T (d+2)) = 0
&0 ( <[1,i] & <i,d O

(Ti) = ( ((Si) x (T (i+1)))
+ (T (1+2)) )
& <[(T (i+2)), (T (i+1))1 )
O QES&RET) )
143 ((O)E 42) i

OARE ( (AQ =c¢
& (AR = (c+2)

& (R1) =a

& (R2) =b

& (R(c+l)) = (a A Db)
& (R(c+2)) =0

& O ( <[1,i] & <i,c] O

(Ri) =( ((Qi) x (R(i+1)))



+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )

& 0OSOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =
& (T2) =
& (T (d+2)) =0
& O ( g1,i] & <[i,d O

(T'i) = ( ((SH) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)), (T (i+1))1 )

0 QES&RET) )
1 44 (OE 41, 43)

<[ a, n]
0 OQRT ( (M) =c¢
& (AR) = (c+2)

& (R1) = a
& (R2) =b
& (R (c+l)) = (a A b)
& (R (c+2)) =0
& Oi ( <[1,i] & gi,c] O
(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& 0OSOTOd
( (A5 =d
& (AT) = (d+2)
& (Tl =a
& (T'2) =b
& (T (d+2)) =0
& O ( <1,i] & «i,d O

(TI) = ( ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)),(T (i+1))]1 )
0 QE S&RET) )

145 (O1: 39, 44)

a=(n+1) , 1 46 (Prem

( <[b,a] O wb] & wfa] ) 1 47 (OE V3.5)
<[b,a] O wb] & wfa] 1 48 (()E 47)
Wbl & Waj 1 49 (OE 34, 48)
o[ b 1 50 (&E: 49)

o a] 1 51 (& 49)
wa] & Wb 1 52 (&: 50, 51)

( <(0,b] O ~b=0) ! 53 (0E V4. 14)



<[0,b] O = b =0 1 54 (()E 53) i
- b =0 ,! 55 (OE 33,54) |
wa & Wbl &=-b =0 ,! 56 (& : 52,55) i

( wa & Wb &-b =0
O mtr ((a=((gxb) +r) &<[r,b] ) )
! 57 (OE: V8.66) |

wal] & wb] &b =0
O M (a=((qgxb) +r) &<[r,b] )
,! 58 (()E 57) i

M ((a=((gxb) +r) & <[r,b] )
,! 59 (OE 56,58) |

O (a=((qgxb) +r) &<[r,b] )
, 1 60 (CE 59) i

(a=((gxb) +r) &<[r,b] ) ,!' 61 (CE 60) i

a=((qxb) +r) &<[r,b 1 62 (()E: 61) i
a=((qgxh) +r) | 63 (& 62) i
<[r,b] | 64 (& 63) i
(r=00-r=0) 1 65 (DB 13.4)
r=00-r =0 ! 66 (()E: 65) i
r=0 .1 67 (Prem i
F( (M) =1&(F1) =q) ,! 68 (& CL.53) |
( (MQ =1& (01 =q) ! 69 (LE 68) i
(AQ =1&(Q1) =g 170 ((O)E 69) i
(\Q =1 1 71 (& 70) i
(Q1) =q 1 72 (& 70) i

F((MW) =3&(F1) =a&(F2 =b&(F3) =0)
173 (DB ©2.39) i

( (MR =3&(R1 =a&(R2 =b&(R3) =0)
1 74 (CE 73) i

(R =3&(R1) =a&(R2 =b&(R3) =0
175 (OE 74) i



(MR) = 3 , 1 76 (&E: 75) i

(R1) = a 177 (& 75) i
(R2) =b , ! 78 (&E: 75) i
(R3) =0 1 79 (& 75) i

(MR) = (1+2) & (R1) =a &(R2) =b & (R(1+2)) =0
180 (=E: V2.71,75)
i

(MQ =1 & (MR =(1+2) & (R1) =a&(R2) =0b
& (R(1+2)) =0
, 181 (&: 71,80) i

(R (1+1)) = b ! 82 (=B V2.69,78)
i
a=((qgxb) +r) &r =0 1 83 (&: 63,67) |
(a=((gxb) +r) &r =00 bla)
, ! 84 (OE M 1.51)
a=((gxb) +r) &r =00 b|a
,1 85 (()E 84) i
b| a ,! 86 (OE 83,85) |
bjla & - b =0 , ! 87 (& : 55, 86) i
(bla&-b=00(adb) =b)
,! 88 (OE M 5.46) |
bja & -~b =00 (aAb) =b,! 8 (()E 88) i
(aAb) =b ,! 90 (OE 87,89)
(R (1+1)) = (a A b) 1 91 (=E: 82,90) |

(M =1 & (M) = (1+2) & (R1) =a & (R2) =b
& (R(1+1)) = (a A b) & (R(1+2)) = 0
192 (&: 81,91)

[ ,1 93 (Prem i
<[1,i] & i, 1] 1 94 (Prem i
( <11,i] & <i,1] O 1=1i)

, 1 95 (OE V3. 22) i
<[1,i] &<(i,11 01=i ,! 96 (()E 95) i
1 = , 197 (OE 94,96) |

(R1) =((gxb) +r) &<[r,b]
I 98 (=E 62,77) i



i

(R1 =(((Q1) xb) +r) & <[r,Db]
, 199 (=E 72,98)

(R1) =(((Q1) x (R(1+1))) +r)
& <[r, (R (1+1))]

.1 100 (=E: 82, 99)

(R1) = (((Q1) x (R(1+1))) + 0)
& <[0, (R (1+1))]

1 101 (=E 67, 100)

(R (1+2)) = 0 1102 (&E: 80)

(R1) = (((Q1) x (R(1+1))) + (R (1+2)))
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1 256 (OE: 240, 255)
i

(AM(1 = a)*R)) = ((c+2)+1) 1 257 (&E: 256) i
(((1 =a”R)’1) =a 1 258 (&E: 256) i

O ( <[1,i] & <[i,(c+2)]
O (((L =a)”R"(i+1)) = (Ri) )
, 1 259 (&E: 256) i

Wl & Wf2] & ofl] 1 260 (& : 1V9.2,253)
i

(wc] & 2] & Wl O ((c+2)+1) = ((c+1)+2) )
1 261 (OB V2.19)

el & wf2] & wfl] O ((c+2)+1) = ((c+l1)+2)
1 262 (()E 261) |

((c+2) +1) = ((c+1)+2) 1 263 (OE 260, 262)
i

(AC(1 = a)"*R))

((c+1) +2) 1 264 (=E: 257, 263)
i

(AM(1 = g)"Q) = (c+l)
& (M(1 = a)*R)) = ((c+l)+2)
1 265 (& : 250, 264)
i

(AM(1 = a)"Q) = (c+1)
& (M(1 = a)*R)) = ((c+l)+2)
& (((L =a)"R’"1) =a
1 266 (& : 258,265)
i

W C] 1 267 (& 253) i

<[1,2] & wic] ,! 268 (& : V3.50, 267)
i



( <[1,2] & wc] O S[l,(C+2)] )
1 269 (OE V3.32) |

<[1,2] & wic] O <1, (c+2)] 1270 (OE 269) |
<1, (c+2)] 1 271 (OE 268, 270)

i
<11,1] & <[1, (c+2)] 1272 (&: V3. 49, 271)

( <11,1] & <[1,(c+2)]
O (((1 =a)"R"(1+1)) = (R1) )
1 273 (OB 259)

<[1,1] & <[1,(c+2)] O (((1 = a)"R"(1+1)) = (R'1)
274 (OB 273)

(((1 = a)"R"(1+1))

(R1) ,! 275 (OE 272, 274)
i

(((1 = a)"R"(1+1))

1
o

, 1276 (=E 241, 275)
i

(((r=a)"*R)"2) =D 1277 (=B V2.69) |

(A((1 = a)"Q) = (c+1)
& (M(1 = a)"R)) = ((c+1)+2)

& (((1L =a)”R"1) = a
& (((1L=a)"™R"2) =b
, 1 278 (&l: 266, 277)
i
-b=0&a=((gxb) +r) ,! 279 (& : 55,63)

(~b=0&a=((gxb) +r)
O (alAb) =(bAar))
,1 280 (OE: VI5.56) |

-b=0&a=((gxb) +r) O (aAb) =(bAr)
, 1281 (()E 280) i

(aAb) =(bAr) , 1 282 (OE 279, 281)
[

(R(c+l)) = (a A b) , 1 283 (=E 243, 282)
i

( wcl O <1,(c+l)] ) , ! 284 (OE V3.37) |
wcl O <1, (c+l)] , 1285 (()E 284) i
<[1, (c+l)] ,!1 286 (OE 267, 285)

( <[1,2] & wic] O <(c+l),(c+2)] )



, ! 287 (OE V3.29) j

<[1,2] & wic] O <[(c+l), (c+2)]

,1 288 (()E 287) i

<[(c+l), (c+2)] ,! 289 (OE 268, 288)
i
<[1,(c+l)] & <[(c+l), (c+2)] , 1 290 (& : 286, 289)
i
wc] & wl] ,!1 291 (TE V1.7,289)

( <(1, (c+l)] & s[(c+l), (c+2)]

0O (((1 =a)"R"((c+tl)+1)) = (R (c+l)) )

1 292 (OE 259;
V1.7, 291) i

(c+l):
<[1, (c+1)] & <[(c+1), (c+2)]

O (((1 =a)*R) " ((c+tl)+1)) = (R (c+l))
,1 293 (()E 292) i

(((1 = a)*R"((c+tl)+1)) = (R (c+l))

1 294 (OE 290, 293)

(((1 =a)"R"((c+l)+1)) = (a A b)
, 1295

(A((L = gq)"Q) = (c+1)

& (M(1 = a)"R)) = ((c+l)+2)

& (((1 = a)*R)"1) a

& (((1 = a)”"R)"2) b

& (((1 = a)"R)"((c+l)+1)) = (a A b)
.1 296

<[2,2] & wc] 1 297

( <[2,2] & wc] O <(c+2),(c+2)] )

(=E: 283, 294)

(&l :

(&:

278, 295)
i

V3. 51, 267)
i

1 298 (OE V3.29) i

<[1,2] & wic]l O g[(c+2), (c+2)]

1299 (()E 298) i

<[(c+2), (C+2)] 1 300 (OE 268, 299)
i

<[1,(c+2)] & <[(c+2), (c+2)] ! 301 (& : 271, 300)

( =[1,(c+2)] & <[(c+2),(c+2)]

O (((1 =a)"R"((c+2)+1)) = (R (c+2)) )



, 1 302 (OE 259;
(c+2): V1.7, 253) i

<[1,(c+2)] & <[(c+2), (c+2)]
0 (((1 = a)?*R"((c+2)+1)) = (R (c+2))
,1 303 (()E 302) |

(((1 = a)*R"((c+2)+1)) = (R (c+2))
1 304 (OE 301, 303)
i

(((1 = a)"R)"((c+2)+1))

0 ,! 305 (=E: 244, 304)
i

(((1 =a)"R"((c+l)+2))

0 ,! 306 (=E 263, 305)
i

(AM((1 = a)*Q) = (c+1)
& (M(1 = a)*R)) = ((c+l)+2)
& (((1 = a)”R 1) a
& (((1 = a)”R"2) b
& (((1 = a)?R"((c+1)+1)) = (a A b)
& (((L = a)*R"((c+1)+2)) =0
, ! 307 (& : 296, 306)
i

i ,!1 308 (Premn i
<[1,i] & <[i,(c+l)] ,1 309 (Prenm i
<[1,i0] ,1 310 (&E: 309) i
<[i,(c+l)] , ! 311 (&E): 309 i
(i =1 0-1 =1) ,1 312 (OE 13.4) i
i =10-1i =1 , 1313 (()E 312) i

(((L =a)?R)"1) =((g xb) +r) &<[r,Db]
1 314 (=E 62,258) i

(((L=a)*R"1) = (((((1L =g)"Q 1) Xb) +r)
& <[r, b]

,! 314 (=E 251, 314)

i

(((1 = a)"R"1)
= (((((L = a)"Q 1) x (((1 = a"R"(1+1))) +r)
& <[r, (((1 = a)"R)"(1+1))]
1 315 (=E: 276, 314)
i

2] & wc] ,1 316 (& : 1V9.11, 267)
i

(W2 &wcl O <2, (c+2)] )



1 317 (OB V3.34) |

2] & wic] O €2,(c+2)] ,! 318 (()E 317) i
<[2, (c+2)] 1 319 (OE 316, 318)

i
<[1,2] & <[2, (c+2)] 1 320 (& : V3.50,319)

( <[1,2] & <[2,(c+2)]
O (((L =a)"R)"(2+1)) = (R2) )
,! 321 (OE 259) i

<[1,2] & <[2, (c+2)]
O (((1 =a)”R"(2+1)) = (R 2)
1322 (OE 321) i

(((1 = a)*R"(2+1)) = (R 2)
1 323 (OE 320, 322)
i

(((L =a)*R"3) = (R2
1 324 (=E V2.70,323)
i
(((1 = a)"R"(1+2)) = (R 2)
1 325 (=E V2.71,324)
i
(((1 = a)?R " (1+2)) =r ,! 326 (=E 242, 325)

(((L=a)?*R"1
= (((((L * "Q 1) x (((1 = a)"R)’(1+1)))
+ (((1 = a)"R)" (1+2)))
& <[(((1 = a)"R)’(1+2)), (((1 = a)"R) " (1+1))]
.1 327 (=E 315, 326)
|

=1 , 1 328 (Prem i

(((1 =a)"R"i)
= (((((L = a)”Q7 i) x (((1 =a)*R)"(i+1)))
+ (((1 = a)"R"(i+2)))
& <[(((1 = a)*R)"(i+2)),(((1L = a)*R)"(i+1))]
,! 329 (=E 327, 328)
|
i =1
O (((1=a)*R"i)
= (((((L = a)"Q"i) x (((1 =a)*R)"(i+1)))
+ (((1 = a)"R)"(i+2)))
& <(((1 = a)*R)"(i+2)), (((1 = a)"R)"(i+1))]
,1 330 (OI: 328, 329)
|



=i =1 , 1 331 (Prem i

<[L,i] &=-1 =1 ,! 332 (&: 310, 331)
i
( <(1,i]1 &=-i =10 <€2,i])
,! 333 (UE V3.63) |
<[1,i] & -0 =10 €2,i]
,!1 334 (()E 333) i
<[2,10] ,! 335 (OE 332,334)
i
S[(1+1), 0] ,! 336 (=E V2.69, 335)

( <(1+1),i] O <1,(i-1)1)
1 337 (OE V6.84)

<((1+#1),i1 O <1,(i-1)1,! 338 (OE 337)

<11, (i-1)] .1 339 (OE 336, 338)
i
<[i,(c+1)] & <[1,i] .1 340 (& : 310,311)
i

( <i,(c+1)] & <[1,i] O <(i-1),¢] )
1 341 (OE V6.82) |

<[i,(c+l)] & <[1,i]1 O <(i-1),c]
1342 (()E 341) i

<(i-1),c] 1 343 (OE 340, 342)
i
<(1,(i-1)] & <[(i-1),c] ,! 344 (& : 339,343)
i
( <11,(i-1)] & <((i-1),¢c] O
(R(i-1)) ‘( ((Q(i-1)) x (R((i-1)+1)))
(R(( -1)+2)) )
& <[(R((i-1)+2)), (R ((i-1)+1))] )
| 345 (OE 245;

(i-1): V5.7,310) |

<1, (i-1)] & <[(i-1),¢c] O
(R(i-1)) = ( ((Q(i-1)) x (R((i-1)+1)))

o (R’(( 1)+2)) )
& <[(R((i-1)+2)),(R 348 (O 345)
. |

(R(i-1)) ‘( ((Q(i-1)) x (R((i-1)+1)))
(F((( -1)+2)) )
& <[(R((i-1)+2)), (R ((i-1)+1))]

1 347 (OE 344, 346)



( <i,i] 0 ((i-1) +1) =i )
1 348 (OE: V6.3) |

<i,i] 0 ((i-1) + 1) =i
1349 (()E 348)

((i-1) +1) =i 1 350 (OE 310, 349)
i

(R(i-1)) =( ((F(g(i-l)) x (Ri))

 + (R((i-1)+2)) )
& <UR(-D+2)) (Ri)] - (=E: 347, 350)

<1,2] & <[1,i] 1 352 (&: V3.50,310)
i
( <[1,2] & <[1,i0]
O ((i-1) +2) =(i +(2-1)) )
1 353 (OE V6.40) |

<1,2] & <1,i] O ((i-1) + 32%%4:((()i|5+3(529:)1))
’ . : l

((i-1) +2) = (i +(2-1))
.1 355 (OE 352, 354)
i
((i-1) +2) = (i+1) 1 356 (=E V6.19) i
(R(i-1)) =( ((Q(i-1)) x (R1i))
+ (R (i+1)) )

i

<[i,(c+l)] & <[(c+l), (c+2)]
,! 358 (& : 289, 311)
i

( <[i,(c+l)] & <[(c+1),(c+2)] O <i,(c+2)] )

,! 359 (OE V3. 20;
(c+l): V1.7, 291,
(c+2): V1.7, 253) i

<[i,(c+l)] & <[(c+1l),(c+2)] O <i,(c+2)]
,1 360 (()E 359) i

<[i, (c+2)] 1 361 (OE 358, 360)
i

( <(1,i1 O <(i-1),i1 ),! 362 (OE V6.74) |

<(1,i1 O <(i-1),i] 1 363 ()E 362)



< (i-1),i] ! 364 (OE 310, 363)
i

<[(i-1),i] & <[i,(c+2)] ,! 365 (& : 361, 364)
i

( <1(i-1),i]1 & <[i,(c+2)] O <(i-1),(c+2)]1 )
,!1 366 (UE V3. 20;
(i-1): V5.7, 310;
(c+2): Cl1.7,253) i

<[(i-1),i] & <[i,(c+2)] O <[(i-1),(c+2)]
1 367 ()E 366)

<[(i-1), (c+2)] 1 368 (OE 365, 367)
i
<1, (i-1)] & <[(i-1), (c+2)]

17369 (& : 339,368)
i

( <[1,(i-1)] & <[(i-1),(c+2)]
O (((1=a)*R"((i-1)+1)) = (R (i-1)) )
, ! 370 (OE 259;
(i1-1): V5.7,310) i

<1, (i-1)] & <[(i-1), (c+2)]
O (((L=a)*R"((i-1)+1)) = (R (i-1))
1371 (()E 370) i

(((L=a)*R"((i-1)+1)) = (R (i-1))
1 372 (OE 369, 371)
i

(((L=a)*R"i) = (R(i-1))
1’373 (=E: 350, 372)
i

(((L=a)*R)"i) = ( ((Q(i-1)) x (Ri))
+ (R (i+1)) )
& <[(R(i+1)),(Ri)]
, ! 374 (=E. 357, 373)
i

<[1,i] & <[i,(c+2)] 1 375 (&: 310, 361)
i
( <[1,i] & <[i,(c+2)]
O (((L=a)*R)"(i+1)) = (Ri) )
1 376 (OE 259) |

<[1,i] & <[, (c+2)]
O (((L=a)*R)"(i+1)) = (Ri)
1377 (OE 376)

(((L =a)*R"(i+1)) = (Ri)
1 378 (OE 375, 377)



(((L =a)*R)"i)
= ( ((Q(i-1)) x (((1 = a)*R"(i+1)))
+ (R (i+1)) )
& <[(R(i+1)),(((1 = a)"R"(i+1))]
1 379 (=E: 374, 378)
i

Wi] & 1] 1 380 (TE V1.7, 356)

i
W] 1 381 (& 380) i
( ofi] O <1,(i+1)] ) ,! 382 (OE V3.37)
Wi] O <1, (i+1)] 1 383 (()E: 382)
<11, (i +1)] 1 384 (OE 381, 383)

i
<[(i-1),c] & W2 1385 (&: 1V9.11,343)

( s((i-1),c] & w2 O <((i-1) +2),(c +2)] )
1 386 (OE V3.28:
(i-1): V5.7,310) |

S[(i-1),c] & 2] O <((i-1) +2),(c + 2)]
,! 387 (()E 386) i

<[((i-1) + 2),(c +2)] ,! 388 (OE 385, 387)
i
<[(i+1), (c+2)] .1 389 (=E: 356, 388)
i
<1, (i +1)] & <[(i +1), (c+2)]
1390 (& : 384,389)
i
( <(1,(i+1)] & <[(i+1),(c+2)]
O (((L=a)*R)"((i+1)+1)) = (R (i+1)) )
1 391 (OE 259;
(i+1): V1.7,380)

<1, (i +1)] & <[(i +1), (c+2)]
O (((1 = a)*R"((i+1)+1)) = (R (i+1))
1392 (()E 391) i
(((1 = a)"R"((i+1)+1)) = (R (i+1))
1 393 (OE 390, 392)
i

Wi] & W1] & w1] ,1 394 (&: 1V9.2,380)
i



(Wil & &l & w1l
O (i +(1+1)) =i +1) +1))
1395 (OB V2.14)

Wi] & w1 & wfl]
o +(1+1) =0 +1) +1)
1 396 (()E 395) |

(i +(1+1)) =((i +1) +1)
.1 397 (OE 394, 396)
i

(i +2) =((i +1) +1),! 398 (=E: V2. 69, 397)
i

(((L =a)*R)"(i+2)) = (R (i+1))
.1 399 (=E 393, 398)
i

(((L=a)"R"i)
= ( ((Q(i-1)) x (((1L =a)”R " (i+1)))
+ (((1 = a)*R"(i+2)) )
& <[(((L = a)"R)"(i+2)),(((L = a)*R)"(i+1))]
1 400 (=E: 379, 399)
|

( S[:I-1(|_1)] &S[(i'l),C]
O (((L=rQ ((i-1)+1)) = (Q(i-1)) )
, 1 401 (OE 252;
(i-1): V5.7,310) i

<1, (i-1)] & <[(i-1),c]

O (((L=grQ ((i-1)+1)) = (Q(i-1))
, 1402 (()E 401) i

(((L = a)"Q " ((i-1)+1)) = (Q(i-1))
1 403 (OE 344, 402)
i

(((L=agnQ7i) =(Q(i-1))
1’404 (=E: 350, 403)
i

(((L =a)*R"i)
=( ((((L=arQ i) x (((1 =a)*R)"(i+1)))
+ (((L=a)*R"(i+2)) )
& <[(((L = a)"R)"(i+2)),(((1 = a)"R) " (i+1))]
1 405 (=E: 400, 404)
|
-0 =1
O (((L=a)"*R"i)
= (((((L=ag)"Q"i) x (((1 = a"R)"(i+1)))
+ (((1 = a)*R)"(i+2)))
& <[(((L = a)?*R)"(i+2)),(((1 = a)"R) " (i+1))]
1 406 (O1: 331, 405)



(((L=a)*R"i)
= (((((L = g)"Q " i) x (((1L =a)*R)"(i+1)))
+ (((1 = a)"R)"(i+2)))
& <[(((1L = a)"R)"(i+2)),(((1 = a)*R " (i+1))]
1407 (CE 313, 330,
406) i

<[1,i1] &S[i,(c+l)]
O (((1=a)*R"i)
= (((((L = ag)"Q71) x (((L =a)*R)"(i+1)))
+ (((1 = a)*R)"(i+2)))
& <[(((1 = a)*R"(i+2)),(((1 = "R "(i+1))]
1408 (O1: 309, 407)
|

( <11,i] & <[i,(c+1)]
O (((1=a)*R"i)
= (((((L = a)"Q"i) x (((1 = a)*R)"(i+1)))
+ (((L = a)*"R)"(i+2)))
& <[(((1 = a)*R)"(i+2)),

(((L = a)*R"(i+1))] )
17409 (()1: 408)

O ( <[1,i] & <[i,(c+1)]
O (((1 =a)”*R)"i)
= (((((L = g)”Q i) x (((1 =a)*R"(i+1)))
+ (((L = "R " (i+2)))
& <[(((1 = a)"R)"(i+2)),
(((1 =a)*R)"(i+1))]1 )

! 410 (O1: 308, 409)
|

(AM(1 = g)*Q) = (c+l)
& (AM((1 = a)*R)) = ((c+l)+2)
& (((1 =a)”R"1 =a
&(((1L=a”*R"2) =b
& (((1 = a)"R)"((c+l)+1)) = (a A b)
& (((1 = a”*R " ((c+l)+2)) =0
& O ( <[1,i] & <[i, (c+l)]
O (((1 =a)"R)"i)
= (((((L=apnQ71) x (((1 =a)rR)"(i+1)))
+ (((1 = a)*"R)7"(i+2)))
& <[(((1 = a)"R)"(i+2)),

(((L = a)?R)"(i+1))] )
17411 (& 307, 410)
i

S, T.d 1 412 (Prem i

(AS) = d
& (AT) = (d+2)



& <[(T (i+2)), (T (i+1)
I

& (T'1) = a
& (T°2) =b
& (T (d+2))
& Oi (<
(T°i)
(AS) =d
(AT) = (d+2)
(T"1) = a
(T"2) =b

(T"(d+2)) =0

)) =0
1,i] & <i,d O
= ( ((S1) x (T (i+1)))

+ (T (1+2)) )

O ( <(1,i] & <i,d] O
(T'i) =( ((Si) x (T (i+1)))

wdl & 2]

o d]
d=0

(T (0+2)) =0

(T'2) =0

b =0

F
d=00 &
~d=0
wd] & - d
(fd & -
wd & - d
<[1,d]

o

o

+

o x (T (i+2)) )
& <[(T" (i+2)), (T (i+1))]
!

00 <1,d )

O <[1,d]

)1 )

413 (Prem i

414 (&E:

415 (&E
416 (&E
417 (&E:
418 (&E

)

419 (&E:

420

421 (&E

422

423 (=E

424 (=E
425 (=E:
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427

428 (-l :

429 (&l:

430 (OE:

(FI:

(ol

413) i

413) i

413) i
413) i
413) i

413) i

(TE V1.7,415)

420) i

(Prem i

415, 422)
i

2. 68, 423)
i

417, 424)
i

55, 425)
i

422, 426)
i

427)

421, 428)
i

V3.38)

431 (()E 430) i

432 (OE 429, 431)



<[1,1] & <[1,d] ,1 433 (&: V3.49,432)
i

( <1,1] & <[(1,d] O
(T'1) =( ((S1) x (T (1+1))) + (T (1+2)) )
& <[(T (1+2)), (T (1+1))1 )
)1 434 (OB 419)

<[1,1] & <[1,d O
(T'1) =( ((S1) x (T (1+1))) + (T (1+2)) )
& <[(T (1+2)),(T (1+1))]
,1 435 (()E 434) i

(T'1) = ( ((S1) x (T (1+1))) + (T (1+2)) )
& <[(T (1+2)),(T (1+1))]
,! 436 (OE 433, 435)
i

(T1) =( ((S1) x(T2) +(T(1+2)) )
& <[(T (1+2)),(T 2)]
, ! 437 (=E: V2.69, 436)
i

(T'1) =( ((S1) x(T2) +(T3) )
& <[(T"3),(T 2)]
1 438 (=E: V2.71, 437)
i

a=(((S1) x(T2) +(T3 ) &<[(T3),(T2)]
1 439 (=E 416, 438)
i

=( ((S1 xb) + (T3 ) &<[(T3),b]
,! 440 (=E 417, 439)
i

QO
|

((g x b) +7r) &<[r,b]
= ( ((S1) xb) +(T3) ) &<[(T3),b
1441 (&l : 62,440) |

Ro o
IO

a=( ((S1) xb) +(T3))
1 442 (& 440) i

W((S1) xb)] & (T 3)] ,! 443 (TE V1.7, 442)
i

W ((S 1) x b)] | 444 (&E: 443) i
W (T 3)] 1 445 (&E: 443) i
W (S 1)] & wb] 1 446 (TE: V7.9, 444)

i
W (S 1)] | 447 (&E: 446) i

fS & (SDr1 1 448 (TE 1118. 20,



447) i

fT&(TD[3] ! 449 (TE: 1118. 20,
445) i

(a=((gxb) +r) &<[r,b]
&a=(((S1) xb) +(T3) &<[(T3),b
0(S1) =q&(T3) =r1)

| 45
(S 1) 20, 448:
(T°3)

0 (OE: V8. 68;
1118.
1118. 20, 449) i

a ((gxb) +r) &<[r,b]
&a=(((S1) xb) + (T3) &<[(T 3),b
O (S1) =9g&(T3) =t

,! 451 (()E 450) i

(S1) =q&(T3) =r 1 452 (OE 441, 451)

i
(S1) =q | 453 (& 452) i
<(1,d] & (AS) = d 1 454 (&l: 414,432)

( <11,d] & (AS) = d

0 tH ( (AH) = (d-1) &S=((1=9"H ) )
! 455 (OB C2.35) |

<1,d] & (AS) = d

0 [gtH ( (AH) = (d-1) &S = ((1 = g)"H )
.1 456 (()E 455) |

H ( (AH) = (d-1) &S E ((1 = g)"H )
1 457 (OE 454, 456)
i

H( (AH) =(d-1) &S E ((1=u"H )
1 458 ([E: 457) i

( (A =(d-1) &S = ((1 =uwry )

, 1 459 ([E: 458) i

(AY = (d-1) &S = ((1=u"Y
1 460 (()E 459) |

(AY)
SE ((1 = u)ry) | 462 (&E: 460) |

(d- 1) .1 461 (&E: 460) i

SE((L=unrY &(S1) =g
1 463 (& : 453, 462)
i

o U 1 464 (TE Cl.17, 461)



(U0 (((L=uw Y1) =u)
1 465 (OB C2.23) |

BUD (((1=ury'1) =u
1 466 (()E 465)

(((L=uwry’'1) =u | 467 (U E: 464, 466)
i
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i
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, ! 469 (OE 1118.29)
i
SE((L=urY &(S1 =g
&(((L=uryYy'1) =u
0 g=u
, 1470 (()E 469) i
q=u , 1 471 (OE 468, 470)
i
SE ((1=qg)"y 1 472 (=E: 462, 471)
i
(T'1) =a & (AT) = (d+2) ,! 473 (& : 415, 416)

( (T'1) =a & (AT) = (d+2)
O H(C (A = ((d+2)-1) &T = ((1=a)"H ) )
! 474 (OE 2. 36;
(d+2): V1.7, 420) i

(T'1) = a & (AT) = (d+2)
O H( (AH) = ((d+2)-1) & T = ((1 = a)"H )
1475 (()E 474)

H( (AH) = ((d+2)-1) & T E ((1 = a)"H )
1 476 (OE 473, 475)
i
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1 477 ([E: 476) i

(AV) = ((d+2)-1) & T = ((1 = a)"V)
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(AV) = ((d+2)-1) 1 479 (&E: 478) i
TE ((1"arV , ! 480 (&E: 478) i

<[1,d & 2] , 1 481 (&: 1V9.11, 432)
i

( <11,d] & of2] O ((d+2)-1) = ((d-1)+2) )
1 482 (OE V6.38)

<[1,d] & 2] O ((d+2)-1) = ((d-1)+2)
1 483 (()E 482)

((d+2)-1) = ((d-1)+2) .| 484 (OE 481, 483)

i
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i
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i
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i
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1490 (&l : 488, 489)
i
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i
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1492 (OB C2.27)
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i
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i
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i
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1 499 (& : V3.50, 498)
i
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1 500 (OE C2.27) i
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O (V2 =r
,! 501 (()E 500) i
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i
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W d] & 1] 1 504 (&: V9.2, 421)
i
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i
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<[1, (d+1)] 1 515 (OE 421, 514)
i
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i
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i
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i

( <[1,2] &<1,d] O ((d-1) +2) = (d + (2-1)) )
1 521 (OE V6.40) |
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|
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i
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+ (T ((i+1)+2)) )
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i
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<[1,i] & <1, (A)] 1 552 (& : 529,551)
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i
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i
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i
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i
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i
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i
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i
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i
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i

( <[1,(i+2)] & <[(i+2), (AV)]
&TE ((1=a)ry)
O (T ((i+2)+1)) = (V (i+2)) )
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! 582 (()E 581) |
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i
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1 586 (()E: 585) |
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|
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i
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1 592 (& : 462,591)
i
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i
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(Vi) = ((Ui) x (V(i+1))) + (V (i+2)) )

&

(

<[(V (1+2)), (V (i+1))]
1 597 (O1: 528, 596)
i

<1,i] & <[i,(d-1)] O
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i
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REVD ((1=*a)"R = ((1=a)"
1 614 (()E 613) |
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i
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(T l) = ( ((Si) x (T (i+1)))



+ (T (i+2)) )
& <[(T(i+2)), (T (i+1))] )

O((1=q9"Q Es&((1*a)™R) =T)

1623 (O1: 412, 622)

(AM(1 = q)"Q) = (c+l)
& (AM(1 = a)”"R)) = ((c+l)+2)
& (((L=a”R’1) =a
& (((L=a”R"2) =b
& (((1 = a)*R) " ((c+1)+1)) = (a A b)
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(Ri) = (((Qi) x (R(i+1)))

& 0OSOTOd

+ (R (i 2)))
&<[(F((I+2)) (R(i+1))1 )
( (AS) =d
& (AT) = (d+2)
& (Tl =a
& (T'2) =b
& (T (d+2)) =0
& O ( <1,i] & <i,d O
(Ti)
= ( ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)),
(T (i+1))1 )
0 QES&RET) )
, ! 629 (O1: 202, 628)

IIRE ( (AQ =c & (AR = (c+2)
& (R1) =a&(R2) =b
& (R(c+l)) = (a Ab) & (R(c+2)) =0
& O ( <[1,i] & g[i,c] O
(Ri) = (((Qi) x (R(i+1)))

+ (R (i+2)))
& <[(R(i+2)), (R (i+1))1 )
& 0SOTOd  ( (AS) = d
& (AT) = (d+2)
& (T'1) =a
& (T2 =b



& (T (d+2)) = 0
&0 ( <1,i] & <i,d O
(T°1)
= ( ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T(1+2)),(T (i+1))1 )
S&RET))
1 630 (CE: 66,201, 629)
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O0 ( <[(1,i] & <[i,c] O
(Ri) =( ((Qi) x (R(i+1)))

+ (R (i+2)) )
& <[(R (i+2)),(R (i+1))] )
& 0SOTOd
( (AS) =d
& (AT) = (d+2)
&(T1) =a
& (T2) =b
& (T (d+2)) =0
& O ( <[1,i] & g[i,d O
(Tl) = ( ((Si) x (T (i+1)))

+ (T (i+2)) )
& <[(T (1+2)), (T (i+1))]1 )
0 QES&RET) )
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& <[(T (i+2)), (T (i+1))1 )
0 QES&RET) )
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<[a,m & <[0,b] & <[b, a]
0 QRT ( (M) = c
& (AR) = (c+2)

& (R1) =a
& (R2) =b
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & <[i,c] O
(Ri) =( (((JI) x (R(i+1)))
+ (R(i+2)) )
& <[(R(i+2)), (R (i+1))] )
& 0OsOT0d
( (AS) =d
& (AT) -(d+2)
& (T 1) =
& (T 2) =
&(T(d+2)) =0
& O ( <€1,i] & <i,d O

(T I) =( ((Si) x (T (i+1)))
+ (T (1+2)) )
& <[(T (i+2)), (T (i+1))1 )
0O QES&RET) )
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( s[a,m & <[0,b] & <[b, a]
O QR ( (AMQ =c
& (AR = (c+2)

& (R1) = a
& (R2) =b
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& Oi ( <[1,i] & gi,c] O
(Ri) =( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)),(R (i+1))] )
& 0SOTOd
( (AS) =d
& (AT) = (d+2)
&(T'1) =a
& (T2 =b
& (T (d+2)) = 0
& O ( <1,i] & «i,d O

(T I) = ( ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)), (T (i+1))1 )
O QES&RET) ))
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Oalb ( <[a,m & <[0,b] & <[b, a]
0 OQRT ( (M) = c
& (AR = (c+2)

& (R1) =a
& (R2) =b
& (R (c+l)) = (a A b)
& (R (c+2)) =0
& O ( <[1,i] & gi,c] O
(Ri) =( ((QI) X (R(i+1)))
R (i+2)) )
&<[(R(I+2)) (R(i+1))1 )
& 0OsOTCd
( (A5 =d
& (AT) = (d+2)
& (T'1) =a
& (T°2) =b
& (T (d+2)) =0
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+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))1 )
& 0SOTOd
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& (AT) = (d+2)
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& (T2 =b
& (T (d+2)) =0
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& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
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(Ri) = ( ((Qi) x (R(i+1)))
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I' 2. The Euclidean Algorithm exi stence and uni queness.
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F DaOb ( <[0,b] & <[b, a]
O QAR ( (MQ =c
& (AR) = (c+2)

& (R1) =

& (R2) =

& (R’(c+1)) = (a A b)
& (R (c+2)) =0

& O ( <1,i] & i, c]
O (Ri) = ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))]1 )



a, b
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& (AR) = (c+2)

& (R1) =a

& (R2) =b

& (R(c+1l)) = (a A b)

& (R(c+2)) =0

& O ( <[1,i] & <gi,c] O

(Ri) =( ((Qi) x (R(i+1)))

+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )
& 0SOTOd
( (AS) =d
& (AT) = (d+2)
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& (AR (c+2)

& (R1) =a

& (R2) =b

& (R(c+l)) = (a A Db)

& (R(c+2)) =0

& O ( <1,i] & <[i,c] O

(Ri) =( ((Ql) x (R(i+1)))

R (i+2)) )
&<[(R”(l+2)) (R(i+1))1 )
& 0OSOTOd
( (A =d

& (AT) = (d+2)
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& (T'1) = a
& (T2 =0b
& (T (d+2)) =0
& O ( <[1,i] & <[i,d O
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+ (T (i+2)) )
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& (R2) =b

& (R(c+l)) = (a A b)

& (R(c+2)) =0

& O ( <[1,i] & gi,c] O

(Ri) = ( ((Qi) x (R(i+1)))

+ (R (i+2)) )
& <[(R(1+2)), (R (i+1))1 )
& OsOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) = a
& (T°2) =b
& (T (d+2)) =0
& O ( <1,i] & <[i,d O
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+ (T (i+2)) ) _
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O QR ( (AMQ =c
& (AR = (c+2)
& (R1) =a
& (R2) =b
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & gi,c] O
(Ri) =( (((?I) X (R (i+1)))
+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )
& 0OSOTOd
( (AS) =d
& (AT) = (d+2)
& (Tl =a
& (T°2) =b
& (T (d+2)) =0
& O ( <[1,i] & gi,d O
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+ (T (i+2)) )
& <[(T (i42)),(T (i+1))]1 )
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& (R1) = a
& (R2) =b
& (R (c+1)) = (a A b)
& (R (c+2)) =0
& 0O ( <1,i] & <[i,c] O
(Ri) =( (((?l) X (R(
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))
& 0OSOTOd
( (A5 =d
& (AT) = (d+2)
& (T1 =a
& (T2 =b
& (T (d+2)) =0
& O ( <[1,i] & g[i,d O
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0 QES&RET) )
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& (AR = (c+2)
& (R1) = a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <[1,i] & <[i,c] O
(Ri) =«( (((?l) X (R (i+1)))
+ (R(i+2)) )
& <[(R(i+2)), (R (i+1))] )
& OSOTOd
( (A5 =d
& (AT) = (d+2)
& (T'1) = a
& (T2 =b
& (T (d+2)) =0
& Oi ( <1,i] & i,d O
(Ti) = ((Si) x (T (i+1)))
+ (T (i+42)) )

& <[(T (i +2)), (T (i+1))1 )

0 QES&RET) )
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& <[(R (i+2)), (R (i+1))1 )
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( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T2 =b
& (T (d+2)) =0
& O ( <1,i] & <[i,d] O
(Ti) = ((Si) x (T (i+1)))
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& (R1) = a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & <[i,c] O
(Ri) =«( (((?l) X (R (i+1)))
+ (R(i+2)) )
& <[(R(i+2)), (R (i+1))] )
& OSOTOd
( (A5 =d
& (AT) = (d+2)
& (T'1) = a
& (T2 =b
& (T (d+2)) =0
& Oi ( <1,i] & i,d O

(T'i) = ((S1) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)),(T (i+1))] )
0 QES&RE=T) ) )
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& (AR) = (c+2)
& (R1) =a
& (R2) =0b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
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+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& OSOTOd
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& (AT) = (d+2)
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& (R2) =b
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& O ( <1,i] & <[i,c] O
(Ri) = ( ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& OSOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T°2) =0b
& (T (d+2)) =0
& O ( <1,i] & <[i,d] O
(Ti) =( ((S1) x (T (i+1)))
+ (T (1+2)) )
& <[(T (i+2)), (T (i+1))] )
O QES&RET))
, 1 6 (CE b5)
e ( (NQ =c
& (AR) = (c+2)
& (R1) =a
& (R 2) =
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& O ( €1,i] & <gi,c] O

(Ri) =( ((Qi) x (R (i+1))) + (R (i+2)) )

& <[(R(i+2)), (R (i+1))] )



&
&
&
&
&
&

& 0SOTOd
( (A5 =d
& (AT) = (d+2)

& (T 1)
& (T 2)
& (T (d
& [

T(i+1))) + (T (i+2)) )
1))1)

+/\

17 (CE 6)

(AR) = (c+2)
(R1) =a
(R2) =b

(R
(R
O

(c+l)) = (a A D)
(c+2)) =0
I ( <[1,i] & g[i,c] O
(Ri) =( (i) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))1 )

& 0OSOTOd

(

(AS) = d
& (AT) = (d+2)

& (Tl =a
& (T°2) =b
& (T (d+2)) =0
& O ( <1,i] & «i,d O
(Ti) = ((Si) x (T (i+1))) + (T (i+2)) )
& <[(T" (i+2)), (T (i+1))]1 )
0 QES&RET))
I8 ([E 7)
(NQ =c
& (AR = (c+2)
& (R1) = a
& (R2) =5b
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& O ( <(1,i] & <[i,c] O
(Ri) =( (i) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))1 )
& OSOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1l) =a
& (T°2) =b
& (T (d+2)) =0
& O ( <[1,i] & <[i,d] O
(Ti) = ((Si) x (T (i+1))) + (T (i+2)) )
& <[(T" (i+2)), (T (i+1))]1 )
0 QES&RET)

19 (OB 8)



(AMQ =c
& (AR) = (c+2)
& (R1 =a
& (R2) =5b
& (R(c+l)) = (a A b
& (R(c+t2)) =0
& O ( <[1,i] & <i,c] O
(Ri) = ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
, 110 (& 9) i
( (AMQ =c
& (AR) = (c+2)
& (R1) = a
& (R2) =b
& (R (c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & <li,c] O
(Ri) = ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))1 ) )
011 (()1: 10) i
[t ( (MQ =c
& (AR = (c+2)
& (R1) =a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( €1,i] & <g[i,c] O

(Ri) = ( ((Qi) x (R (i+1))) + (R (i+2)) )
& <[(R (i+2)), (R (i+1))] ) )
112 (O: 11) i

RT ( (AQ = ¢
& (AR = (c+2)

& (R1) = a
& (R2) =b
& (R (c+1)) = (a A b)
& (R (c+2)) =0
&0 ( <1,i] & g[i,c] O
(Ri) = ((Qi) x (R(i+1))) + (R (i+2)) )

& <[(R (i+2)),(R (i+1))]1 ) )
113 (O: 12)

QR ( (AMQ =c¢
& (AR = (c+2)

& (R1) = a
& (R2) =b
& (R (c+l)) = (a A b)
& (R (c+2)) =0
& 0O ( <1,i] & <[i,c] O
(Ri) = ((Qi) x (R(i+1))) + (R(i+2)) )
& <[(R (i+2)),(R (i+1))]1 ) )



)1 14 (O: 13) i

<[0,b] & <[b, a

0 OJRE ( (M) = ¢
& (AR) = (c+2)

& (R1) =a

& (R2) =0b

& (R(c+l)) = (a A b)

& (R(c+2)) =0

& O ( <[1,i]1 & <[i,c] O
(Ri) =( ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )

115 (O1: 2,14)

( <10,b] & <[b, a]
0 OQRT ( (M) =c¢

&(Rl) = a

& (R2) =D

& (R(c+l)) = (a A b)

& (R (c+2)) =0

& O ( <1,i] & <[i,c] O
(Ri) = ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)),(R(i+1))1 ) ) )

116 (()I1: 15) i

= C
& (AR = (c+2)
& (R1) =a
& (R2) =b
& (R (c+1l)) = (a A b)
& (R (c+2)) =0
& O ( <[1,i] & i, c]

O (Ri) = ((Qi) x (R(i+1)))
+ (R (i+2)) )
& <[(R(i+2)),(R(i+1))1 ) ) )
I 17 (O1: 1,16)

0

I 4. The Euclidean Algorithm uni queness.

F DaObOQOROSOTOcOd
( <[0,b] & €[b, Qq]
& (AQ =c & (AR = (c+2)
& (R1 =a&(R2 =b & (R(c+2)) =0
& O ( <€1,i1 & €, c]
O (Ri) =( ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )
(AS) = d & (AT) = (d+2)
(Tl =a & (T2 =b & (T (d+2)) =0
O ( <[1,i] & <[i,d]
O (Ti) =( ((Si) x (T (i+1))) + (S (i+2)) )

&
&
&



& <[(S'(i+2)),(S (i+1))1 )
0 QE S&RET)

a,b,QR S, T,c,d ,1 1 (Prem

<[0,b] & <[b, a]
& (MQ =c¢c & (AR = (c+2)
& (R1) =a&(R2) =b & (R(c+2)) =0
& O ( <[1,i] & <[, c]
O (Ri) =( ((Qi) x (R(i+1))) + (R(i+2)) )
& <[(R(i+2)), (R (i+1))] )
& (AS) = d & (AT) = (d+2)
& (T'1) =a&(T2) =b & (T(d+2)) =0
& O ( <[1,i] & <[i,d]
O (Ti) =( ((Si) x (T (i+l))) + (S (i+2)) )
& <[(S (1+2)),(S(i+1))] )
, 12 (Prem

<[0,b] & <[b, a] ! 3 (& 2)

(AQ =c & (M) = (c+2)
& (R1 =a&(R2 =b&(R(c+2) =0
& O ( <11,i] & <[i, ¢
O (Ri) = ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )
14 (&E 2)

(AS) = d & (AT) = (d+2)
&(T1) =a& (T2 =b&(T(d+2)) =0
&0 ( <1,i] & <i,d]
O (Ti) = ((Si) x (T (i+1))) + (S (i+2)) )
& <[(S (i+2)),(S (i+1))] )

' 5 (& 2)
( <[0,b] & <[b, a]
O OART ( (AMQ =c
& (AR) = (c+2)
& (R1) = a
& (R2) =0b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & <i,c] O
(Ri) =( ((QI) X (R (i+1)))
+ (R (i+2)) )
& <[(R (i+2)), (R (i+1))] )
& OSOTOd
( (A5 =d
& (AT) = (d+2)
& (T'1) =a
& (T°2) =0b
& (T (d+2)) =0
& O ( <1,i] & <[i,d] O

(Ti) = ( ((Si) x (T (i+1)))
+ (T (i+2)) )
& <[(T(i+2)), (T (i+1))] )



I 6 (0OE P2)
<[0,b] & <[b, a]
O EQ:RD:( (ANQ =c
& (AR -(c+2)
& (R1) =a
& (R2) =b
& (R(c+l)) = (a A Db)
& (R(c+2)) =0
& O ( <€1,i] & <i,c] O
(Ri) =( ((QI) X (R(i+1)))
+ (R (1+2)) )
& <[(R(i+2)), (R (i+1))] )
& 0OsOTOd
( (AS) =d
& (AT) = (d+2)
& (T'1) =a
& (T'2) =b
&(T(d+2)) =0
& O ( <€[1,i] & <i,d O
(T ) = ( ((S1) x (T (i+1)))
+ (T (i+2)) )
& <[(T (1+2)), (T (i+1))1 )
0 QES&RET) )
7 (01
RE ( (MQ =c
& (AR = (c+2)
& (R1) =a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <1,i] & <i,c] O
(Ri) =( ((QI) X (R(i+1)))
+ (R(i+2)) )
& <[(R(i+2)), (R (i+1))1 )
& 0OsOTOd
( (AS =d
& (AT) = (d+2)
& (Tl =a
& (T'2) =b
& (T (d+2)) =0
& O ( <1,i] & <[i,d] O
(Ti) = ((Si) x (T (i+1)))
+ (T (1+2)) )
& <[(T (1+2)), (T (i+1))1 )
0 QES&RET) )
' 8 (OE 3,7)
(Rt ( (AU =c
& (AR = (c+2)
& (R1) =a
& (R2) =b

0 QES&RET) ) )



& (R (c+l)) = (a A b)
& (R(c+2)) =0
& 0O ( <1,i] & <[i,c] O
(Ri) = ((Ui) x (R(i+1)))
+ (R (i+2)) )
& <[(R (i+2)),(R (i+1))]1 )
& 0SOTOd
( (AS) =d
& (AT) = (d+2)
&(T'1) =a
&(T2) =b
& (T (d+2)) = 0
& O ( <[1,i] & g[i,d O

(T l) =( ((Sh) x (T (i+1)))
+ (T (i+2)) )
& <[(T (i+2)),(T (i+1))] )
0 USS&RET) )
1 9 ([E 8)

e ( (AY) =c
& (AV) = (c+2)
a
b
)
& (V (c+2))
& Oi ( <1,i <[i,c] O

(Vi) = ((Ui) x (V(i+l))) + (V (i+2)) )
& <[(V (i+2)),(V (i+1))] )

= (
=0
] &

& 0OSOTOd
( (AS) = d
& (AT) = (d+2)
& (T'1) =
& (T2 =
& (T (d+2)) =0
& O ( <[1,i] &<i,d O
(T"i) = ( ((S l) X (T (i+1))) + (T (i+2)) )
& <[(T (i 2)) (T (i+1))1 )
0 UES&VET))
110 (CE 9)
( (AY) =e
& (\V) = (e+2)
& (V1 =a
& (V2) =b
& (V (e+1)) = (a A b)
& (V (e+2)) =0
& 0O ( <1,i] & <i,el O

(Vi) = ((Ui) x (V(i+1))) + (V (i+2)) )
& <[(V (1+2)),(V (i+1))] )
& 0SOTOd
( (AS) =d
& (AT) = (d+2)
&(T'1) =a



& (T 2)
& (T (d+2)) = 0
& Oi ( <[1,i] & g[i,d O
(T'i) = ((S1) x (T(i+1))) + (T (i+2)) )
& <[(T (i+2)), (T (i+1))1 )
0 USES&VET))
111 (CE: 10)
(AY) = e
& (\V) = (e+2)
& (V1 =a
& (V2 =b
& (V (e+1)) = (a A b)
& (V (e+2)) = 0
& 0O ( <1,i] & <i,el O

(Vi) = ((Ui) x (V(i+1))) + (V (i+2)) )
& <[(V (i+2)),(V (i+1))] )
& OSOTOd
( (AS) =d
& (AT) = (d+2)

(T (i+1))) + (T (i+2)) )
i +1))1 )

112 (OE 11)

0sOTOd
( (AS) =d
& (AT) = (d+2)

& (T 1)
& (T 2)
& (T (d
&

O
X (T (i+1))) + (T (i+2)) )
“(i+1))1 )

113 (& 12)

+2)) =0
<(1,i] & <[i,c] O

(Ri) = ( ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R (i+2)), (R (i+1))1 )
V E

Py,

1 14 (OE: 13)



& (AR) = (c+2)
& (R1) = a

& (R2) =b

& (R (c+2)) =0

& 0O ( <1,i] & <i,c] O

(Ri) =( ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )

0 UEQ&VER

115 (OE 14) i
UE Q&VER , 116 (OE 4,15) i
UEQ 117 (& 16) i
VER , 1 18 (& 16) i
( (AS) =d
& (AT) = (d+2)
& (T'1) = a
& (T2 =0b
& (T (d+2)) =0
& O ( <1,i] & i,d O
(Ti) = ((S1) x (T (i+1))) + (T (i+2)) )
& <[(T (i+2)), (T (i+1))1 )
0 UES&VET)
, 119 (OE 13) i
(AS) =d
& (AT) = (d+2)
& (T'1) = a
& (T2 =0b
& (T (d+2)) = 0
& O ( <1,i] & <i,d O
(Ti) = ((ST) x (T (i+1))) + (T (i+2)) )
& <[(T (i+2)),(T (i+1))] )
0 UES&VET
120 (OE 19) i
UE S&VET , 121 (OE 5, 20) i
UE S 122 (& 21) i
VET 1 23 (& 21) i
UE Q&UES 124 (& 17, 22) i
((UEQ&UESO QE S) 025 (OE 1111.18)
UEQ&UESDOQES ! 26 (()E 25) i
QE S 127 (OE 24,26) |
VER&VET , 128 (& : 18, 23) i
( VER&VETORET) 129 (OE 1111.18)



VER&VETORET 1 30 (()E 29) i
RE T ! 31 (OE 28,30) |
QE S&RET 132 (& 27,31)

<[0,b] & <[b, a]
& (MQ =c & (MR = (c+2)
&(R1 =a&(R2 =b & (R(c+2) =0
&0 ( <1,i] & <i,c]
O (Ri) =( ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )

& (AS) = d & (AT) = (d+2)
&(T1) =a& (T2 =b & (T (d+2)) =0
& 0O ( <1,i]1 & <i,d]
O (Ti) = ((Si) x(T(i+1))) + (S (i+2)) )
& <[(S(1+2)),(S (i+1))1 )
0 QE S&RET

133 (0O1: 2,32)

( <[0,b] & <[b, a]
& (ANQ =c & (MR = (c+2)
& (R1) =a&(R2 =Db&(R(c+2)) =0
& 00 ( <[1,i] & <[i, ]
O (Ri) =( ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )

& (AS) = d & (AT) = (d+2)
& (T1 =a&(T2) =b &(T(d+2)) =0
& O ( <[1,i]1 & <[, d]
O(Ti) = ((Si1) x(T(i+1))) + (S (i+2)) )
& <[(S (i+2)),(S(i+1))1 )
0 QES&RET)
134 (()1: 33) i
OaObOQIROSOTOcOd

( <[0,b] & <[b, a]
& (MQ =c¢c & (AR = (c+2)
& (R1) =a&(R2) =b & (R(c+t2)) =0
& O ( <1,i] & €i,c]
O (Ri) = ((Qi) x (R(i+1))) + (R(i+2)) )
& <[(R(i+2)), (R (i+1))1 )
) = d & (AT) = (d+2)
1) =a & (T2 =b &(T(d+2)) =0
( <[1,i]1 & <[i,d]
O(Ti) = ((Si) x (T (i+1))) + (S (i+2)) )
& <[(S(i+2)),(S(i+1))1 )

S &R

Ol
O
i

T)
| 35 (O1: 1,34)



F DaObOQOROC
( <[0,b] & <[h, a]

& (MQ =c & (AR = (c+2)

&(R1) =a&(R2 =b&(R(c+2) =0

& O ( €1,i] & €i,c]

O (Ri) = ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))1 )
O (R(c+l)) = (a A b))

a,b,QRcC , 11 (Prem

<[0,b] & <[b, a]
& (\Q =c¢ & (MR = (c+2)
& (R1) =a&(R2 =Db&(R(c+2) =0
&0 ( <11,i] & <[i, ¢
O (Ri) =( ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )

, 12 (Pren
<[0,b] & <[b, a] 1 3 (& 2)
( <[0,b] & <[b, a]
O OQRT ( (AMQ =c
& (AR) = (c+2)
& (R1) =a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <[1,i]1 & <i,c] O
(Ri) =( ((QI) X (R(i+1)))
+ (R(i+2)) )
& <[((R(i+2)), (R(i+1))1 ) ) )
14 (OE P3)

<[0,b] & <[b, a]
O EQZREb( (NQ =c¢

& (AR) = (c+2)
& (R1) =a
&(R2) =b
& (R (c+l)) = (a A b)
& (R(ct+2)) =0
& O ( <1,i] & <i,c] O

(Rii) =( ((Ql) x (R (i+1)))

+ (R (i+2)) )
& <[(R(i+2)), (R (i+1))]1 ) )
5 (01 4)
RE ( (AMQ =c
& (AR) = (c+2)
& (R1) =a
& (R2) =b
& (R(c+l)) = (a A b)
& (R(c+2)) =0
& O ( <[1,i] & <[i,c] O

(Ri) = ((Qi) x (R(i+1)))



Ro
A
oy
Py
—~~
+
N
j —

1 6 (OE 3,5)

i)
+(F((|
17 (CE 6)

[t ( (AU) =c
& (AV) = (c+2)
(V1) =a
(V2 =b
(V (c+l)) = (a A b)
(V(c+2)) =0
O ( <[1,i] & <[i,c] O
(Vi) = ((Ui) x (V(i+1))) + (V (i+2)) )
& <[(V (i+2)),(V (i+1))1 ) )
18 ([E 7)

&
&
&
&
&

O ( <(1,i] & <[i,e] O
(Vi) = ((Ui) x (V(i+1))) + (V (i+2)) )
& <[(V (i+2)),(V (i+1))]1 ) )
19 (CE 8)

O ( <1,i] & <[i,e] O
(Vi) = ((Ui) x (V(i+1))) + (V (i+2)) )
& <[(V (i+2)),(V (i+1))] )
110 (OE 9)

<[0,b] & <[b, a]
& (\Q =c¢ & (MR = (c+2)
& (R1 =a&(R2) =b&(R(c+2) =0
& 00 ( <[1,i] & <[i, ]
O (Ri) =( ((Qi) x (R(i+1))) + (R (i+2)) )



& <[(R(i+2)), (R (i+1))] )
& (AU) = e & (\V) = (e+2)
& (V1 =a& (V2 =b&(V(et2)) =0
& O ( <[1,i] & <[i,e] O

( ((Ui) x (V(i+1))) + (V (i+2)) )

[
) =
[(V(i+2)), (V (i+1))] )

v
& <
111 (& 2,10) i
( <[0,b] & <[b, a]
& (A\Q = c & (MR = (c+2)
& (R1) =a&(R2 =b & (R(c+2)) =0
& O ( <1,i] & <[i,c]

O (Ri) = Qi) x (R(i+l))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )

& (M) = e & (A) = (e+2)
&(V1) =a& (V2 =b&(V(et2)) =0
&0 ( <11,i] &<[i,e] O

(Vi) = ( ((Ui) x (V(i+1))) + (V (i+2)) )
& <[(V (i+2)),(V (i+1))] )
0 QEU&RE V)
112 (OE P4) i

<[0,b] & <[b, a]
& (M) =c & (MR = (c+2)
& (R1) =a & (R2 =b & (R(c+2)) =0
& O ( <1,i] & <[i,c]
O (Ri) =( ((Qi) x (R(i+1))) + (R (i+2)) )
& <[(R(i+2)), (R (i+1))] )
& (A = e & (\V) = (e+2)
& (V1 =a& (V2 =b&(V(e+2)) =0
&0 ( <1,i] & <i,e] O

(Vi) = ((Ui) x (V(i+1))) + (V (i+2)) )

& <[(V (i+2)),(V (i+1))] )
0 QE U&RE YV

1013 ()1 12) i

QEU&REYV 014 (O1: 11,13)
Q= U 115 (& 2) i
RE V 116 (& 2) i
(V(e+tl)) = (a A b 117 (& 10) i
REV & (V(e+tl)) = (a A b) , 118 (& : 16,17) i
(AV) = (e+2) , 119 (& 10) i
wel & w2] , ! 20 (TE V1.7,19)
wf €] 121 (& 20) i

wel & i 122 (& 1V9.2,21)
i



wa & Wbl & (-a=00-b = 0) 1 23 (DP. VI5.28,17)
i
( REV&(V(etl)) =(a A b) O (R(e+l)) = (a A b))
1 24 (OB 1118.28:

(e+l): V1.7, 22;
(a A b): VI5.28,23)j

REV&(V(etl)) = (aAb) O (R(e+l)) = (a A b)

125 (OB 24) i
(R (e+l)) = (a A b) 1 26 (OE 18,25)
(AU = e 1 27 (& 10) i
(\J) =e & Q= U 1 28 (&: 15,27) i
((A) =e&Q=EUD (MQ =¢e) 1 29 (OE C1.37) i
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