I CHAPTER 1
FI NI TE SEQUENCES;
I This chapter introduces and devel ops the concept of a finite
sequence and the length of a finite sequence.

A finite sequence is a function with a finite interval as
domain (Pl1). Its length is (P17) that finite nunber n such that
(1 _n) is its donain. i
' 1. 6 Fif and only if Fis a finite sequence. i
0; 6F; h( wn &FF (1 _n) ) i
2. i

FOF(6FOfF) i

F 1 1 (Pren) i
0F 1 2 (Pren i
h ( on] &F F (1 _n) ) 1 3 (8E: P1,2) i
(wn &FF (1 _n)) 4 (B 3) i
wn &FTF (1 _n 5 (OE 4) i
FF (1_n) | 6 (&: 5) i
(FD = (1 _n) &fF 17 (BE 1118.10)
fF 18 (& 7) i

6eF O fF L9 (O1: 2,7) i

(O6FOFfF) 110 (O)E 9) i

OF (6 F O fF) | 11 (O: 1,10)

0

1 3. The variable "a" is used instead of "n" since it is needed
inthe justification for the definition P17. i

FOF(®FO B ( wa &(FD) =(1 _a) ) ) i

F 11 (Prem i
6 F 1 2 (Prem i
M ( wn &FF (1 _n)) 1 3 (%E PL,2) i
(wn &FF(1_n)) 4 (B 3) i

wn &FF (1 _n) 15 (0OE 4 i



FF (1 _n , 1 6 (& 5)

(FD) = (1 _n) &fF 17 (BE 1118.10)

(FD) = (1 _n) 1 8 (& 7)

wn & (FD) = (1 _n) 1 9 (&: 5,8)

(wn &(FD) =(1_n)) 110 (Ol 9)

(a ( wa] & (FD) =(1 _a) ) ,1 11 (O: 10)
6F D0 a( wa & (FD) = (1 _a) ) 112 (O1: 2,11)

(OF O M ( wa &(F) =(1 _a) ) ) ,! 13 (OE 12)

OF(OF O a( wla] & (FD) =(1 _a) ) ) ! 14 (O: 1,13)

0
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FOF(6FDO th(FD =1 _n))
F ,1'"'1 (Prem
0 F , 12 (Prem

(0FO a( wial & (FD) =(1 _a) ) )
|

1 3 (OE P3)

F O A ( wa & (FD) =(1 _a) ) 14 (O)E 3)

(a ( wa] & (FD) =(1 _a)) I 5 (0OE 2,4)

(wn &(FD) =(1_n)) ! 6 (E 5)

wn & (FD) = (1 _n) ! 7 (OE 6)

(FD) = (1 _n) 1 8 (& 7)

h (FD) = (1 _ n) .19 (0O: 8)
®F O h (FD) =(1 _n) 110 (O1: 2,9)
(OFO h (FD =(1 _n)) 111 (()E 10)

OF ( 6F DO h (FD) =(1_n)) 1 12 (O: 1,11)
0
I 5.

FOF(6FO(FD 0Ow)
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(LE 5)
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((FD =(1 _n &(1 _n ODwO (FD 0 w)
1 9 (OE 111.29)

(FD =(1 _n) &(1 _n ODw0d (FD 0w
110 (OE 9)

(FD) 0 w
FO (FD 0w

F O (FD) 0O w)

OF( 8F O (FD 0O w)
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FOF( 8F O h (wn & N[N, (FD]) )
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6 F

1 11 (OE 8, 10)

(0FO a( wial & (FD =(1 _a) ) )

OFO0 (A ( wa & (FD) = (1 _a) )
Ca (wfa] & (FD) =(1_a) )
(n & (FD) =(1_n))

wn & (FD) = (1 _n)

of N]

12 (O1: 2,11)

13 (OE 12)

14 (O 1,13)

(Prem
(Prem

(OE: P3)
(OE 3)
(0E 2,4)
(CE: 5)

(O)E 6)

(&E: 7)



( wn O T[n, (1 _n)])
wnl O Tn, (1 _ n)]

Nin, (1 _n)]

wn & N[n, (1 _n)] &(FD = (1 _

n)

)1 9 (OE VI2.58)

110 (OE 9)

1 11 (OE 8, 10)

12 (&

11)

(wn &N, (1 _n)] &(FD) =(1 _n) O Nn, (FD71 )

wn & N[n (1 _n)] & (FD = (1

T.in, (FD)]
wnl & N[n, (FD)]
(wo{n] & T[n, (FD)1)
h («{n] & Tin, (FD))
8 F O [h («ofn] & N[n, (FD)1)
(®F O h (fn] & [n, (FD)1) )
OF ( 6 F O h (wn & T[n, (FD)]) )
O
17,
FOF(8FO f (FD )
F
0 F
(OF DO O (wfn] & N[n, (FD]) )
8 F O [h («n] & N[n, (FDI)
h (w{n] & T[n, (FD))
f (FD)
®F O f (FD
(8F O f(FD)
OF (8 FO f (FD )
O

_n

13 (OE

| V4. 6)

Tnn, (FD)
14 (()E 13)

15 (OE 12, 14)

16 (& : 8,15)
17 (()1: 16)
18 (O: 17)
19 (O1: 2,18)
20 (()E: 19)
21 (OI: 1, 20)
1 (Prem

2 (Prem

3 (DE: P6)

4 (OE 3)

5 (OE 2, 4)
6 (%: 1V5.1,5)
7 (O1: 2,6)
8 (OE 7)

9 (OI: 1,8)
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FOFOG( B F&FE GO 6G)
F, G

BF&FEG

0 F

FEG

h (wn &F F (1 _n))
(wn &FF (1 _n))
wn &FF (1_n)

Wl ]

FF (1 _n)

FF (1 _n) &F
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(FF (1_n) &

T
]|

FF(1_n) &F=EG0O GF (1 _ n)

GF (1 _ n)

wn &GF (1 _n)
(wn &GF (1 _n))
(h ( wfn &GF (1 _n))
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BF&FEG0O 606G

(0F &
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=G0 6G)
OFOG( BF&FEGO 8 G)
0
I 9.
FOFOG( B F&GEF O B6G)
F, G

BF&GEF

0 F

GO GF (1 _n))

1 (Prem

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (ZE: PL,3)
6 ((E: 5)

7 (OE 6)

(0¢]

(&E: 7)
9 (& 7)

10 (&E: 4, 9)

11 (OE 1118.12)
12 ((OE 11)

13 (OE 10, 12)

14 (&: 8,13)
15 (()1: 14)
16 (O: 15)

17 (% : P1,16)
18 (O1: 2,17)
19 (()1: 18)

20 (O0: 1,19)
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BF&FEG
(BF&F=EG0O 6G)

6 G
OBF&GEFO 606G
(OF&GEFO BG)
OFOG ( 6 F&GEF O 0G)
O
I 10.
FOnOF ( FF (1 _n) O 6 F)
n, F
FF (1 _n)
(wn 0= own)
wn O= wn
N
wn &FTF (1 _ n)
(wn &FF (1 _n))
[h ( wn &FTF (1 _n))
wn O h( wn &FTF (1 _n)

- wnj

(nown O (1_n =0)
-wn O (1 _n =09

(1_n =9

)

14 (& 2)

1 5 (OE: 1111.8)

(o2}

(OE 3)

1 7 (OE 4,6)
18 (&: 3,7)
! 9 (OE: P8)
110 (OB 9)
! 11 (OE 8,10)
112 (O1: 2,11)
13 ()1 12)

| 14 (O1: 1,13)

1 1 (Pren

1 2 (Pren)

13 (OE: 13.4)
4 (OE 3)
! 5 (Pren

1 6 (&: 2,5)
7 ()1 6)
18 (d: 7)

1 9 (OI: 5,8)
1 10 (Prem
111 (OB WI2.21)
112 (()E 11)

| 13 (OE 10, 12)



(1_n =0&(1_0)

n
S

, 114 (&: M 2.18, 13)
i

((1_n =e&(1_0 =00 (1_n =(1_0)

115 (OB 111.17)

(1_n =0¢&(1_0 =¢0 (1 _n =(1_0)

16 (()E 15) i
(1 _n) =(1 _0) 117 (OE 14,16)
FF (1 _n) &(1 _n =(1 _ 0 118 (&: 2,17) i

(FF(1_n) &(1_n =(1_00FTFC(1_0))

119 (DE 1118.13)
FF(1_n) &(1_n) =(1_0)0FF(1_0)
1 20 (()E: 19) i
FF (1_0) 1 21 (DE 18,20) |
wo0] & FF (1 _ 0) 22 (&8 w0, 21)
( 0] &F F (1 _0) ) 123 (()1: 22) i
h ( wfn] & FF (1 _n) ) 124 (0O: 23) i
~wn O Oh(wn &FF (1 _n)) ,! 25 (01: 10,24)
h (wn &FF (1 _n)) 1 26 ((E 4,9,25) |
0F 127 (Bl: P1,26)
FF(1_n) O6F 128 (O1: 2,27)
OnOF ( FF (1 _n) O 6F) 1 29 (O1: 1,28)
O
I 11, i
FOnOF ( (FD) =(1 _n) &fF O 6 F) i
n, F 11 (Prem i
(FD) = (1 _n) &fF 1 2 (Prem i
FF (1_n) 13 (Bl 1118.10)
(FF(1_n) O 6F) ! 4 (DE P10) i
FF(1_n) OG6F 15 (()E 4) i

6 F ! 6 (OE 3,5) i



(FD) =(1 _n) &fFOBF

((FD =1 _n &fF O 6F)

OFOn ( (FD) = (1 _

I
112,

F OFOG ( 6 F & F

F, G i

0

S

F

F

T

&

G

F

(FDy1i ]

(0FO0 fF)

6FDOfF

fF

G & (FDi]

fF & (FDij

fF & (FDJi] & F

( fF&(FDIi] &

fF&(FDJi] & F

(Fi)

OB F&F

(0F&

(Gi)

n &fFDO 6F)

= G&(FDIiI] O (Fi) =(Gi))

i
®

T
]|

GO (Fi) = (Gi)
!

G& (FDi] O (Fi) =(Gi) ,!

G& (FDri1 0 (Fi) =(Gi) )
|

OFOGII ( ® F & F £

0

GO (Fi) = (Gi)

, 110

, 115

G& (FD[i] O (Fi) =(Gi)

L7 (01 2,6)
8 (01 7)
I 9 (Ol: 1,8)
11 (Prem
12 (Prem
3 (&€ 2)
4 (&E: 2)
5 (&E: 2)
6 (DOE: P2)
7 (()E 6)
8 (OE: 3,7)
9 (&: 5,8)
(&: 4,9)
)
11 (OE 1118.25)
12 (()E 11)
13 (OE 10, 12)
14 (O1: 2,13)
(O)1: 14)
)
16 (Ol: 1,15)

I 13. The enpty relationship is a finite sequence.
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OF ¢& (1 _0) =¢ 1 (&l 111817,
VI2.18)
(®F @&(1_0) =0 ®F (1 _0)) ,! 2 (0E 1118.14) |
®F @& (1 _0) =90 ®F (1 _ 0) 13 (O)E 2) i
®F (1 _ 0) I 4 (OE 1,3) i
(®F(1_0) 0 6d) ,! 5 (OE P10) i
®F (1_0) 06 1 6 (()E 5) i
6 ® 1 7 (OE 4,6) i

0

I 14. Every pairing predicate, where the first pair is 1, is a
finite sequence. i

F Oa 6 (1 = a) i

a 11 (Prem i
(L=a) F (1°) & (1 _ 1) =(1°) 2 (& 11112, 22,
VI2.31)
((Lwa) F(1°) &(1 _1) =(1*) O (1 =a) F (1 _1))
1 3 (OE: 1118.14)
(1=a) F(1°) & (1 _1) =(1°) O (1 =a) F (1 _ 1)
A4 (OB 3) i
(1=a) F(1_1) 1 5 (OE 2,4) i
((L=a) F(1_1) 0 6(1=a)) 1 6 (OE P10) i
(1=a) F(1_1) 06 (1= a) 7 ()E 6) i
8 (1= a) ! 8 (OE 5,7) i
Oa 6 (1 = a) 1 9 (O0: 1,8) i
O
| 15. i
F OFOc ( B F & wic] O f ((®c) ° F) ) i
F, c 11 (Prem i
0 F & wc] 12 (Prem i
0 F 1 3 (& 2) i
W[ €] 4 (& 2) i



( wc] O f(B8c) ) 1 5 (OE V10.27)

wcl O f(8c) 16 ((O)E 5)

f (©c¢) 1 7 (OE 4,6)

(6FD0O fF) 1 8 (OE P2)

®F O fF 9 (OE 8)

fF 1 10 (OE 3,9)

f(©c) &fF 111 (& 7,10)

( f(©c) &fF O f((Bc) °F) ) 1 12 (OE 11110.22)

f(©c) &fF O f((Bc) ° F) 113 ()E 12)

f ((©c) ° F) ! 14 (DOE 11, 13)
B F &awc] OF((BOc) °F) 115 (O1: 2,14)
( 86F &awcl OFf((Bc) °F) ) 116 (()1: 15)

OF0c ( ® F & wic] O f ((©c) ° F) ) | 17 (O1: 1, 16)

0

I 16. P16, along with P3, justifies the definition P17.

FOF( ®F O Dalb ( ( wa] & (FD) = (1 _ a) )
& (Wb & (FD = (1 _ b))

0Oa=b))
F , 11 (Prem
0 F , 12 (Prem
a, b , 13 (Prem
(oal &(FD) =(1_a) ) & ( wbl & (FD) = (1 _b))
14 (Prem
( wa & (FD) = (1 _ a) ) 1 5 (& 4)
( wbl & (FD) = (1 _ b)) 1 6 (& 4)
wal & (FD) = (1 _ a) 7 (OE 5
o a] 1 8 (& 7)

wbl & (FD) = (1 _ b) 19 (OE 6)



w{ b ! 10 (&E 9) i

wa & wb , 111 (&: 8,10) i
( wa O Na, (1 _a)] ) ! 12 (OE WV12.58) |
wal O Nla, (1 _ a)] 113 ((O)E 12) i
Nra, (1 _ a)] ,!1 14 (UE 8, 13) i

wal & M[a, (1 _a)] & (FD = (1 _ a)
115 (&l 7,14) i

( wal & N[a, (1 _a)] &(FD) =(1 _a) O Na (FD)] )
, 116 (LOE 1VA4.6) i

wal & Nfa (1 _a)] & (FD) = (1 _a) O 9la, (FD)]

117 (()E: 16) i
Nla, (FD)] ! 18 (OE 15,17)
wal & Wbl & N[a, (FD)] 119 (& 11,18)
( @bl O T[b,(1 _b)]) 1 20 (OE: V12.58) j
@bl O Nrb, (1 _ b)] 121 (()E: 20) i
b, (1 _ b)] 1 22 (OE 10,21) |
w bl & T[b,(1 _b)] & (FD) = (1 _b)

123 (&: 9,22) i

( wb] & Nb,(1 _b)] & (FD) = (1 _b) O Nib, (FD)] )
, 1 24 (OE 1VA4.6) i

(1 _b) O 9rb, (FD)
125 (OE 24) i

bl & N[b, (1 _b)] & (FD

PN[b, (FD)] ! 26 (OE 23,25) |

wal & wb] & Nia, (FO] & N[b, (FD)]
127 (& 19,26)

( Wa] & wb] & Nia, (FO] & N[b,(FD)] O a =1b)
1 28 (OE 1V2.10) j

wa] & Wbl & N[a, (FD)] & N.[b,(FP)] O a =b
129 (()E 28) i

a=bh 130 (OE 27,29)

(wa &(FD) =(1 _a) ) & ( «fb] & (FD =(1 _ b))



O a=0»>b
131 (O1: 4,30) i

((wa &(FD =(1_a) ) &( wb &(FD =(1_ b))
0 a=Db)
132 (()I1: 31) i

Dalb ( ( «fal & (FD) = (1 _a) ) & ( wb] & (FD =(1 _ b))
0 a=0>b)
;133 (O1: 3,32) i

0 F
0 Oalb ( ( wia] & (FD) = (1 _a) )
& (Wb & (FD) = (1 _ b))
0 a=0b)
134 (O1: 2,33)

( 6F
O Dalb ( ( wfa] & (FD) = (1 _ a) )

& ( wb] & (FD) = (1 _ b))
Oa=b))

135 (()I: 34) i

OF ( BF O Oalb ( ( wa] & (FB) = (1 _ a) )

& ( wby & (FD) = (1 _ b))
Oa=b))
| 28 (OI: 1,35) i

0

I 17. (AF) represents the length of a finite sequence F. i

T A; (M) ; 6F; (wal &(FD = (1 _a) )
i! (TD P3, P16) i

I 18. i

FOnOF ( B F & win] & (FD) = (1 _n) O (AF) =n) i

n, F 11 (Prem i
BF &wn & (FD) = (1 _n) 1 2 (Prem i
0F 13 (&E 2) i
wn & (FB) = (1 _n) !4 (8B 2) i
( W(A)] & (FD) = (1 _ (AF)) ) 1 5 (TI: P17,3) |

( wn & (FD) = (1 _n) ) 6 ()1 4) i



( W(AF)] & (FD) = (1 _ (AF) ) & ( wim & (FB) =(1 _n))

1 7 (&: 5,6) i
( 6F
O Oalb ( ( wia] & (FD) = (1 _a) )
& (Wb & (FD) = (1 _b))
0Oa=b))
1 8 (OE P16) i
0 F
O Dalb ( ( wfa] & (FD) = (1 _a) )
& (wfb] & (FD) = (1 _ b))
0 a=0b)
19 (O)E 8) i
Oalb ( ( «fa] & (FD) = (1 _a) ) &( wbl & (FD = (1 _ b))
0 a=0>b)
, 110 (OE 3,9) i

( ( (M) &(FD) =(1 _ (M) ) & ( wfn] & (FD) =(1 _n))
0 (M) =n)
111 (OE 10;

(AF): P17, 3) i

( (A1 & (FB) = (1 _(AF)) ) & ( win & (FD) = (1 _n))

O (AF) = n
112 (OE 11) i
(MF) = n ! 13 (DE 7,12)

BF &awn & (FD) =(1 _n) O (M) =n
114 (O1: 2,13)

(BF&wn &(FD) =(1 _n) O (AF) =n)
115 (()1: 14) i

OnOF ( 6 F & win] & (FD

(1 _n) O (M) =n)
I 16 (Ol: 1,15) |

0
I 19, i

FOnOF ( (FD) = (1 _n) &fF&wn O (AN) =n) i

n, F , 11 (Pren i
(FD) =(1 _n) & fF & wn] 1 2 (Prem i
(FD) =(1 _n) &fF 13 (& 2) i

(FD) = (1 _n) 4 (& 2) i



w[ NJ

((FD) =(1_n) &fF O 6F)
(FD) =(1_n) &fFOBF

0 F

8 F&(FD =(1_n)

B F & wn & (FD) = (1 _n)

5 (&E: 2)

6 (OE: P11)
7 ((O)E 6)
8 (UE 3,7)
9 (&: 4,8)

10 (& : 5,9)

(BF&wn &(FD) =(1 _n) O (M) =n)
! 11 (OE P18)

BF &wn &(FD) =(1 _n) O (M) =n
112 (OE 11)

(AF) = n

(FD) = (1 _n) & fF &wn O (M) =n,

((FD) =(1 _n) &fF&wn O (AF) =n)

13 (OE 10, 12)

14 (O1: 2,13)

15 (()1: 14)

OnOF ( (FD) = (1 _n) & fF &wn O (AF) =n)

0

I 20.

FOF( 8 FO (M) & (FD) = (1 _ (AF) )

F

0 F

(06FO a( wal & (FD) =(1 _a) ) )

OF O A ( wa & (FD) =(1 _a) )
A ( wal & (FD) =(1_a))
(on & (FB) =(1_n))

wnl & (FP) = (1 _n)

BF &wn & (FD) = (1 _n)

16 (Ol 1, 15)

[EEN

(Prem
(Prem

N

3 (DE: P3)
4 (OE 3)
5 (OE 2, 4)
6 ((E: 5)

7 (()E 6)

8 (&: 2,7)

(BF &wn & (FD) =(1 _n) O (AF) =n)



O F & wn] & (FD

(AF) = n

W (A1 & (FD) = (1 _ (AF))

B F O W(MN)] & (FD) = (1 _ (AP)

(
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8 F O W(A)] & (FD) = (1 _ (M) )

BF 0 W(MN)] & (FD) = (1 _ (AP) )

I 21.

FOF( 8F O (AF)] )

F

6 F

(0F O W(M)] & (FD = (1 _ (AF)) )

B F O W(MN)] & (FD) = (1 _ (AP)

W (A1 & (FD) = (1 _ (AF))

W (AF)]

0 F O w(AF)]

(
OF (

0

O F 0O wi(AF)] )

O F 0 w(AF)] )

I 22.

F On

n,

OF ( (AF) =n O wn )
=

(AF) = n

o F

( 8 F 0 «(AF)] )

0 F 0O w(AF)]

(1 _n) O (AF) =n
, 110

9 (OE P18)
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(OE 9)
(OE 8,10)

(=E: 7, 11)
(O1: 2,12)

(O1: 13)

(Ol: 1, 14)

(Prem
(Prem

(OE: P20)
(OE 3)
(0E 2,4)
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(Prem
(Prem
(TE P17, 2)
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(OE 4)



W[ (AF) ] 1 6 (OE 3,5)

W N 17 (&E: 2, 6)
(AF) = n O wn L8 (Ol 2,7)
( (AF) =n DO «n] ) 9 (01 8)

OnOF ( (AF) = n O wnl ) | 10 (OI: 1,9)

O

1 23.

FOF( 6 FO (FD =1 _ (AF) )
F , 11 (Prem

0 F , 12 (Pren

(6F DO W(MA)] & (FD) = (1 _ (AF)) )

1 3 (DE: P20)
6F O (M) & (FD) = (1 _ (M) 4 (O)E 3)
W (A1 & (FD) = (1 _ (AF) 1 5 (0E 2,4)
(FD) = (1 _ (AF) ,1 6 (& 5)

8 F O (FD) = (1 _ (AF) L7 (O1: 2,6)
(8F O (FD) =(1_(AR)) A8 (O 7
OF ( 6 F O (FD =(1 _ (AF) ) I 9 (O1: 1,8)

O

| 24,

FOnOF ( (W) =n0O (FD =(1 _n))
n, F 11 (Prem
(AF) = n 12 (Prem
6 F | 3 (TE: P17,2)
(OFO(FD) =(1 _ (M) ) ! 4 (OE P23)
8 F O (FD) = (1 _ (AF) 1 5 (()E 4)
(FD) = (1 _ (AF) 1 6 (OE 3,5)

(FD) = (1 _n) 17 (=E: 2,86)



(AF) =n O (FD) =(1_n) |
( (M) =n0O (FD =(1_n)) !
OnOF ( (M) =n O (FD) =(1 _n)) !
O
| 25.

FOFOx ( 8 F & (FD[x] O (1 _ (M))[x] )

F, X !
8 F & (FD)[x] N
6F !
(FD1x !
(OF O (FD) =(1_ (AP) ) !
8 F O (FD = (1 _ (AF) N
(FD) = (1 _ (aF) !
(FDx1 & (FD) = (1 _ (AF)) !

8 (OI: 2,7)

9 (O1: 8)

10 (OI: 1,9)

[EEN

(Prem
(Prem

(&E: 2)

N

w

4 (&E: 2)

5 (OE: P23)
6 (OE 5)
7 (OE 3,6)

8 (&: 4,7)

( (FBx1 & (FB) = (1 _ (AP) O (1 _ (AR)(x1 )

(FD(x1 & (FD) = (1 _ (AF)) O (1 _ (AF))
|

9 (OE 111.35)

[X]

1710 (OE 9)

(1 _ (AR))[x] , !
8 F & (FD[x1 O (1 _ (M))[x] !
(8F&(FOx1 O (1 _ (A))(x] ) !
OFOx ( 6 F & (FD[x] O (1 _ (M) [x] ) !
O
| 26.
F OFOxOy ( ® F & Fix,yl] O (1 _ (AF))I[X] )
F, X,y |
0 F & F[X,Y] |

0 F !

11 (OE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O1: 1,13)

1 (Prem

2 (Prem

3 (&F)



FIX, Y] 14 (&F)

( Fix,yl O (FD[x1) ! 5 (OE 1115.5)
Fix,yl O (FP)[x] ' 6 (OE 5)
(FD) [x] 1 7 (OE 4,6)
8 F & (FD[x] 1 8 (&: 3,7)
(6F & (FDx1 O (1 _ (AF))[x] ) 1 9 (DE: P25)
O F & (FD[x1 O (1 _ (A))I[x] 110 ()E 9)
(1 _ (AR))Ix] ! 11 (OE 8,10)
0 F & FIx,y] O (1 _ (A))[X] 112 (O1: 2,11)
(8 F &Fx,y] O (1_ (MN))[x]) 113 ((O)1: 12)
OFOxOy ( ® F & F{x,y] O (1 _ (AF))[x] ) ! 14 (O1: 1,13)
O
1 27.

FOFDOx ( (1 _ (AF))[x] O 6 F)

F, X 11 (Prem
(1 _ (AF))[X] 12 (Prem
{a: <[1,a] & <[a, (AF)]1}[X] ' 3 (DE V21,2
Ox ( {a: <[1,a] & <[a,(AF)]}[X] = <[1,X] & (X%, (AF)] )
! 4 (Pred)
( {a: <[1,a] & <[a,(AF)1}[X] = <[1,x] & <[X,(AF)] )
! 5 (OE 4)
{a: <[l,a] & <[a, (AF)1}[X] = <[1,X] & <[X, (AF)]
16 (OE 5)
{a: <€[1,a] & <[a,(AF)]1}[x] O <€1,x] & <[x, (AF)]
17 (=E 6)
<[1,X] & <[X, (AF)] , ! 8 (OE 3,7)
<[ X, (AF)] 19 (& 8)
0 F ,! 10 (TE P17,9)

(1 _(AF))Ix] O 6F 111 (O1: 2,10)



( (1 _(M))[x] O 6F) 12 ()1 11)
OFOx ( (1 _ (AF))[x] O 6 F) 1 13 (Ol: 1,12)
O
I 28.

F OF0aOx ( 8 F & (FD)[x] O <11, x] & <[x, (AF)] )

F,

b

(

a, X 1 1 (Prem
8 F & (FD)[x] 1 2 (Prem
(8F&(FD[x] O (1 _ (M))[x] ) 1 3 (DE: P25)
O F & (FD[x1 O (1 _ (A))I[x] 14 ()E 3)
(1 _ (M) [x] 1 5 (0E 2,4)
0 F 1 6 (& 2)

( (1 _ (AR))[x] O <[1,x] & <[x,(AF)] )

17 (OB W2.3;
(AF): P17, 6)
(1 _ (MAP))[x] O <[1,x] & <[x, (AF)] 18 (OE 7)
<[1,X] & <[X, (AF)] , 1 9 (OE 5,8)
F&(FDx] O <1,x] & <[x, (AF)] 110 (O1: 2,9)
B F & (FD[x] O <1,x] & <[x,(AF)] ) ,! 11 (()1: 10)

OF0alx ( 8 F & (FDY[x] O <1,x] & <[x, (AF)] )

0

1 12 (O 1,11)

I 29.

FOF0a0i ( 8 F & (Fi) =a 0 <1,i] &<[i,(A\)] )

F,

a, i 11 (Prem i
OF & (Fi) = a 1 2 (Prem i
0 F 13 (& 2) i
(Fi) = a 14 (&E 2) i
fF & (FDIi] 1 5 (TE 1118.20, 4)

(FD 1] ,! 6 (& 5)



8 F & (FD)[i]

( BF & (FDIi] O <1,i1 & i, (M) )
|

0 F & (FD i1 O <1,i1 & i, (AF)]

<[1,i1 & <[i, (AF)]

O F&(Fi) =al <1,i] & <[i,(AF)]

(OF&(Fi) =aO

<(1,i] & <0, (M) )
112 (O1:

7

8

9

(& : 3,6)

(OE: P28)

(OE 8)

10 (OE 7,9)

11 (O1:

2, 10)

11)

OF0adi ( BF & (Fi) =a 0 <1,i] & <i, (AF)] )

0
I 30.

F OFOa0i ( 8 F & (Fi) =a O <[i,(A)])

F, a,i

O F & (Fi)

( 6F & (Fi)

O F & (Fi)

a

ald <1,i] &<[i,(AF)] )
|

O <[1,i] & <[i, (AF)] ,

<(1,i] & <[, (AF)]

<ti, (AF)]

O F & (Fi) =al <i,(AF)]

(6F & (Fi) =a0d <i,(AF)])

OF0ali ( 8 F & (Fi) =a O <i,(A)])

I
I 31.

FOFOx ( (1 _ (M) [x1 O (FD[x7 )

F, x

(1 _ (AR))[x]

( (1 _(AR))[x] O 6 F)

1 13 (O0:

1

2

1,12)

(Prem
(Prem

(OE: P29)
(OE 3)
(OE 2,4)
(&E: 5)

(O1: 2,6)
(O1: 7)

(0l: 1,8)

(Prem
(Prem

(OE: P27)



(1 _ (AF))[x] O 6 F 14 (OE 3) i

6 F 1 5 (OE 2,4) i
(6F O (FD =(1 _ (M) ) ,! 6 (OE P23) i
8F O (FD = (1 _ (M) 1 7 (O)E 6) i
(FD) = (1 _ (AF)) ,! 8 (OE 5,7) i

(1 _ (AF))[x] & (FD (1 _ (AF)) 19 (&: 2,8) i

( (1 _(M))[x1 &(FD) = (1 _ (M) O (FDx )
;1 10 (OE 111.36) i

(1 _ (AR)[x1 & (FD) = (1 _ (AF)) O (FD[x]
|

11 (OE 10) i

(FD)[x] 112 (OE 9,11)

(1 _ (M) [x1 O (FD1x 113 (O1: 2,12)
( (1 _ (A))x1 O (FOx1 ) 14 (01 13) i
OFOx ( (1 _ (M) [x] O (FD[x] ) 1 15 (OI: 1,14)

0

I P32 and P33 say that finite sequences w th equival ent donmai ns
have the sane | ength. !

I 32. i

FOFOG( B F &6 G& (FD) =(d) O (M) = (N9 ) i

F, G 11 (Prem i
BF &0 G&(FD = (&P 1 2 (Pren i
0 F 1 3 (& 2) i
0 G 14 (& 2) i
(FD = (&P ! 5 (& 2) i
(8GO0 (A1 & (P) = (1 _ (A\9) )

.1 6 (OE P20) i
8GO W(A] & (G) = (1 _(A\9) ,! 7(0)E 6) i
W (AQ] & () = (1 _ (A9) ! 8 (OE 4,7) i
W (AG)] 19 (& 8) i



(AP = (1 _ (0\O) ;1 10 (&E: 8)
B F & W (AG] 111 (& 3,9)
(FD = (&P & (&P

((FD =(&P & (P =(1_(r9) 0 (FD = (1 _(29) )
1 13 (OE 111.15)

(1 _ (\O) 1 12 (& : 5,10)

(FD = (& & () = (1 _ (Ag) O (FD) = (1 _ (AQ)
114 (()E 13)

(FD) = (1 _ (2\Q9) 1 15 (OE 12, 14)

B F & W(ANO] & (FD = (1 _ (rNQ) 116 (&: 11, 15)

(8F&W(AY] & (FD) = (1 _ (A@) O (AF) = (AG )

117 (OE: P18;
(MG : P17, 4)
0 F & W(AG] & (FD) = (1 _ (A@) O (AF) = (AQ
118 (OE 17)
(AF) = (AQ 1 19 (OE 16, 18)

BF&OG&(FD) = (&) O (M) = (A ,! 20 (OI: 2,)

(BF&O6G&(FD = (&) O (AP = (AQ )
121 (()1: 20)

OFOG( 8 F& B G & (FD) = (&) O (M) = (NG )
I 22 (O1: 1,21)

0
I 33.

FOFOG( 6 F&BG& (AP =(FD) O (M) = (0O )

F, G 1 1 (Prem
BF&6G& (AP = (FD 1 2 (Prem
OF &6 G 1 3 (& 2)
(&P = (FD !4 (8B 2)

( (&P =(Fb 0 (FD = (D) ) 1 5 (OE 111.10)
(&P =(FD 0 (FB = (P ! 6 (()E 5)
(FD = (&P 1 7 (OE 4,6)



B F &0 G&(FD = (&P 1 8 (&: 3,7) i

(OF&O6G&(FD) =(d) 0O (M) = (A )

, 19 (0OE P32) i
BF&BG&(FD = (& O (M) = (NG
110 (OE 9) i
(AF) = (AO ! 11 (OE 8,10)
BF&O6G& (A =(FD O (MP) = (A ,! 12 (OI: 2,11)
(BF&O6G& (AP =(FD O (AP = (A9 )
113 ()1 12) i

OFOG( 6 F& B G& (AP =(FD) O (M) = (A9 )
I 14 (0O1: 1,13) i

0

I P34 through P37 say that equivalent finite sequences have the
sane | ength. i

I 34. i

FOFOG( 8 F&FE GO (AF) = (MG ) i

F, G 11 (Prem i
OF&FEG 2 (Prem i
0F 13 (&E 2) i
F=G 4 (& 2) i
(F&F=EG0O 6G) | 5 (OJE P8) i
BF&FEGO 6G I 6 (()E 5) i
8 G 1 7 (OE 2,6) i
BF &6 G 18 (&l: 3,7) i
(FEcO (FD = (&) 1 9 (OE 1115.15) j
FEcO (FD = (&P 110 (O)E 9) i
(FD = (&P ! 11 (OE 4,10)
BF &6 G&(FD = (&P 112 (& 8,11) i

(06F&BG&(FD = (&P 0O (M) = (A9 )
1 13 (OE P32) i



BF&06G&(FD = (3 O (M) = (AQ

(AF) = (AGQ

0 F &

F

(OF&F

GO (M) = (AQ

GO (M) = (MG )

OFOG( 8 F&F = GO (AF) = (A )

0

I 35.

FOFOG( 6 F & G

F, G

B F &G

G

T

T

G

mooo
m m o Q

D
Tn

(0

6 F

T
O
T

n
|

&

F &

&

F

F

T
1]

®

T

FO (M) = (MO )

G)

=GO (M) = (MG )

GO (M) = (O

(AF) = (MG

BF&GEF O (M) = (\Q

(BF&GEF O (M) = (0O )

OFOG( 8 F& GE F O (AF) = (A )

I
I 36.

F OnOFOG ( (AF) = n & F

n,F, G
(AF)

(AF)

n

GO (MO =n)

14 (()E 13)
15 (OE 12, 14)
16 (O1: 2,15)
17 (()1: 16)

18 (O 1,17)

1 (Prem

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (OE: 1111.8)
6 (OE 5)

7 (OE: 4,6)
8 (&: 3,7)

9 (CE: P34)
10 (OE 9)
11 (OE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O 1,13)

1 (Prem
2 (Prem

3 (&€ 2)



FEG 14 (8&E 2)

6 F ! 5 (TE P17, 3)
BF&FEG | 6 (& : 4,5)
(BF&FE=EGO (M) = (A ) 1 7 (OE: P34)
BF&F=GO (M) = (AQ 18 (OE 7)
(AF) = (AQ ! 9 (OE 6,8)
(A = n 1 10 (=E: 3,9)
(\F) =n&F=G0O (A =n 111 (O1: 2,10)
( (M) =n&F=G0 (M@ =n) 12 ()1 11)
OnOFOG ( (AF) =n &F=G0O (A =n) | 13 (O 1,12)
O
| 37.

F OnOFOG ( (AF) =n & GEF O (MG =n)

n, F, G 1 1 (Pren

(\F) =n &G=EF | 2 (Prem
(AF) = n 13 (&E 2)
GEF 14 (&E: 2)
(GEFO F=EG) 1 5 (OE: 1111.8)
GEFO FEG I 6 (()E: 5)
F=G 1 7 (OE 4,6)
(NF) =n &FE=G 18 (&: 3,7)
( (M) =n&F=GO0 (M3 =n) 1 9 (OE: P36)
(\F) =n &F=G0O (A =n 110 (()E: 9)
(A = n ! 11 (OE 8,10)

(\F) =n &GEF O (AN =n 12 (O1: 2,11)

((ANF) =n &GEFO (A =n) 13 ()1 12)

OnOFOG ( (AF) =n & GEF O (MG =n) ! 14 (O: 1,13)



0
I 38.

F OnOnOF ( gtmn] & (AF) =n O ( MFO(1 _mM) ) =m)

n,mkF
<mn] & (AF) =n
s[m n]

(AF) =

>S5

( (M) =n0 (FD =(1_n))
(AF) =n 0 (FD) =(1_n)

(FD =(1_n

(stmn O (1 _mM O(1_n))
simnp O (1 _m O(1_n)
(L_m DO(1_n

(FD =(1_n &(1_m 0(1_n

((FD =(1_n &(1_m O0(1_n)
O (FO(1_mb=@1_m)

(FD =(1_n &(1_m O0(1_n
O (FO(L_mb =(1_m
(FO(L_mb =(1_m

0 F

(OFOfF)

O F O fF

fF

(fFOf(FO(LT _mM))

frFO f(FO(1_m)
f(FO(L_m)
((FO(1_mDb

1 (Prem

2 (Prem

w

(&E: 2)
4 (&E: 2)

5 (OE: P24)

(o2}

(OE 3)

(OE 4,6)

\l

(o¢]

(OE: W 2.25)
9 ()E 8)
10 (OE 3,9)

11 (&: 7,9)

12 (OE 1117.32)

13 (OE 12)
14 (OE 11,13)
15 (TE: P17, 4)
16 (DE: P2)
17 (()E 16)
18 (OE 15,17)
19 (OE: 1118.4)
20 (()E: 19)

21 (OE 18, 20)

(1_m &f(FO(1_m)

22 (&: 14,21)



SImn] & (AF) = n 0O ( AM(FO(1 _m)

( <tmn] O wm)
SItmn] O «m

N

1 23 (OE: V3.6)
124 (()E 23)

, 125 (OE 3, 24)

(FO1_mDb =1 _m &f(FO(1_mM) &awm

126 (&: 22,25)

(((FO(1_m)D =1 _m &f(FO(L_mM) & wm

O CMFOM_m) ) =m)

1 27 (OE: P19)

(FO(L_mD =1 _m &f(FO(1_mM) &awm

O (AMFO(L_m)) =m

(MFO(1_m) ) =m

)

1 28 (OE 27)
1 29 (OE 26, 28)

=m
, 130 (O1: 2,29)

( <sfmn & (AF) =n 0 ( M(FO(1_mM) ) =m)

131 (()1: 30)

OnOmdF ( £fmn] & (AF) =n O ( MFO(2 _mM) ) =m)

0

I 39.

FOnOF ( fF & wnl & (1 _ n) O (FD

n,

0 G ( (AN =n

| 32 (O 1,31)

& O (<[1,i] &<[i,n O (Gi) =(Fi))))

E
fF&own & (1 _n) O(FD
fF
ol ]

(1 _n) O (FD

1 1 (Pren
1 2 (Pren
13 (8 2)
14 (8 2)

1 5 (& 2)

((1_n O(FD O FO_n)b =(1_n))

(1_n O(FD) 0 ((FO(1_n)DbH

((FO(1 _n)b =(1_n

16 (OE: 1117.31)

(1 _n)
7 (OB 6)

1 8 (OE 5,7)



(fFO f(FO(1 _n))) N
fFO f(FO(1 _n)) ,!

f(FO(1 _ n)) )1

(1 _n) &f(FO(1 _
|

((FO(1 _n))b

(1 _n) &f(FO(1 _
|

((FO(1 _n))b

( ((FO(L_n)D =(1 _n) &f(FO(1
O (MFO(1 _n)) =n)
|

((FO(L_nm)b =(1_n &f(FO(1_
O (MF O(1 _n))) =n |
(MF O(1 _n))) =n !
i !
<[1,i] & <[, n] !
fF& (1 _n) O(FD |
( <(1,i1 & <i,n O (1 _n)riyp ) ,!
<[1,i1 & <i,n O (1 _n)[i] !
(1 _n)[i] , |
fF&(1 _n) O(FD & (1 _n)rig ,!

(fFF&(1 _n O(FD & (1 _ n)pij
O ((FO(L_n))'i) =(Fi))

fF&(1L _n) O(FD & (1 _n)li]

O ((FO(L _n))i) = (Fi)
!

((FO(L_n))'i) = (Fi) !

<[1,i] & <i,n O ((FO(L _n))'i) =
|

(g[1,i] & <[i,n O ((FO(XL _n))"i) =(Fi))
| :

9 (OE 1118.4)
10 (()E 9)
11 (OE 3, 10)

n))
12 (& : 8,11)

n)) & wn]
13 (&: 4,12)

_n)) & an

14 (OE P19)
n)) & wnj

15 ()E 14)
16 (OE 13,15)

17 (Prem
18 (Prem

19 (&: 3,5)
20 (OE: VI2.4)
21 (()E: 20)
22 (OE 18,21)

23 (&: 19,22)

24 (OE 1118.34)

25 (()E 24)

26 (OE 23, 25)
(Fi)
27 (O1: 18, 26)

28 (() 27)

OF (<[1,i] & <[i,n O ((FO(XL_n))'i) =(Fi))



)1 29 (O1: 17, 28)

(MF O(1 _n))) =n
& Oi (<[1,i] &<[i,n O ((FO(L_n))i) = (Fi))
.1 30 (&: 16, 29)

( (MFO(1_n))) =n
&Oi (<[1,i] & <[i,n O ((FO(L _n)'i) =(Fi)))
131 (()1: 30)

G( (A =n &0 (<1,i] &<[i,n O (Gi) = (Fi)))
132 (0O 31)

fF&awn & (1 _n) O (FD
0 0G( (AN =n&O (<1,i] &<[i,n O (Gi) =(Fi)))
133 (0O1: 2,32)

( fF&wn & (1 _n) O (FD
O 0G( (MG =n
& Oi (<[1,i] &<i,n O (Gi) = (Fi))))
134 (()1: 33)

OnOF ( fF & wn & (1 _n) O(FD
O 0G( (MO =n
& Oi (<[1,i] & <[i,n] O (Gi) =(Fi))))
| 35 (O0: 1,34)

O
I 40.
FOFOG( FEG& (1 _ (MR)[i] O (Fi) =(Gi) )

F, G 1 1 (Prem
FEG& (1 _ (M))I[i] 12 (Prem
F=G 1 3 (& 2)
(1 _ (AR))Ii] ! 4 (&E: 2)
( (1 _(AF)[i] O 6F) 1 5 (OE P27)
(1 _ (MP)[i] O 6F 1 6 (()E 5)
o F 1 7 (OE 4,6)
BF&FEG 1 8 (&: 3,7)
(OF O (FD) = (1 _ (AP) ) )1 9 (OE P23)

8 F O (FD) = (1 _ (AF) 110 (OE 9)



(FD = (1 _ (AF) ! 11 (OE 7,10) i

(1 _ (AF)[i]1 & (FD

( (1 _ (MP)I[i1 &(FD)y = (1 _ (M) O (FDri1 )
,! 13 (OE 111.36) j

(1 _ (AF)) 112 (& 4,11) i

(1 _ (M) O (FDi]

(1 _ (AF)I[i] & (FD

114 (O)E 13) i
(FD1i1 ! 15 (OE 12,14)
BF&FEG&(FDIi] 1 16 (& : 8,15) i

(BF&FEG& (FD[i] O (Fi) = (Gi) )

! 17 (OB P12) i
BF&FEG&(FDIi] O (Fi) = (Gi)

118 (OE 17) i
(F'i) = (Gi) ! 19 (OE 16,18)

FEG& (1 _(MN))[i] O (Fi) =(Gi)
120 (O1: 2,19)

(FEG& (1 _ (AR)IiI1 O(Fi) =(Gi))

121 (()1: 20) i
OFOG ( FEG& (1 _ (MNR))[i1 O (Fi) =(Gi) )

| 22 (O 1,21) i
0

I P41 and P42 say that, if two finite sequences have the sane

| engt h and have the sane value for every entry in their domains,
then they are equival ent. i
I 41, i

FOFOG ( (AF) = (MG & O ((1 _ (MR))[i] O (Fi) =(Gi))

0 FEG) i

F, G 11 (Prem i
(AF) = (AQ & Oi ((1 _ (MR)[i1 O (Fi) = (Gi))

12 (Prem i

(AF) = (NG 1 3 (& 2) i

OF ((1 _ (AR))[i1 O (Fi) =(Gi)) ,! 4 (& 2) i

0 F ! 5 (TE P17,3) i

(OFDO fF) 1 6 (OB P2) i



O FOfF

fF

(6 F O (FD) =(1_(AF))
B F O (FD = (1 _ (M)
(FD = (1 _ (AP))

0 G

(8GO (G =(1_(r3))
GO (A =(1 _ (NO)
(D =(1_(7g)

(D) = (1 _ (AP)

(FD =(1_ (M) & (D = (1 _ (AP),

( (FD) = (1 _(AF) & () = (1 _ (AF))
,! 18 (OE P17)

(FD) = (1 _ (AF)) & () = (1 _ (M) O

(FD = (&P
fF&(FD) = (&

X
(FD) [x]
(FOIx1 & (FD) = (1 _ (AF)
( (FOx1 & (FD) = (1 _ (AP) O (1

(FDx1 & (FD) = (1 _ (AR)) O (1 _

(1 _ (AR))[X]

((1 _ (AR)[x] O (Fx) =(Gx))
(1 _ (AR))[x] O (Fx) =(Gx)
(Fx) = (Gx)

(FD[x1 O (Fx) = (GXx)

7 (OE 6)

8 (OE 5,7)

9 (OE P23)

10 ()E 9)

11 (OE 5, 10)
12 (TE P17,3)
13 (OE: P23)
14 (()E 13)
15 (OE 12, 14)
16 (=E: 3, 15)
17 (& : 11, 16)
0 (FB = (&) )
1(9F[())( )EE:( ?[s?)

20 (OE 17,19)

21 (& : 8, 20)
22 (Prem
23 (Prem

24 (&: 11,23)

— (AR))Ix] )
25 (OE 111.35)

(AF))[x]
26 (()E 25)

27 (OE 24, 26)
28 (OE: 4)

29 (()E: 28)
30 (OE 27,29)

31 (O1: 23, 30)



((FDx1 O (Fx) = (Gx)) 132 (()1: 31) i
Ox ((FD[x] O (Fx) = (Gx)) 133 (0O 22,32)

fF&(FD) = (P & Ox ((FD(x1 O (Fx) = (Gx))
134 (&: 21, 33) i

(fF&(FD = (&P & Ox ((FDx1 O (Fx) = (Gx))

0 FEG)
,1 35 (LOE 1118.30) j
fF&(FD) = (D) &Dx ((Fx1 O (Fx) =(Gx)) O F=2G
,1 36 (()E 35) i
FEG , 1 37 (OE 34,36) |

(M) = (MO &0 ((1 _(M))[i1 O (Fi) =(Gi)) OFEG
138 (O1: 2,37) i

( (M) =(AO &0 ((1_ (M)[i] O (Fi) =(Gi)) 0 FEG)
139 (()1: 38) i

OFOG ( (AF) = (MO & O ((1 _ (M))[i] O (Fi) = (Gi))
0 FEG)

| 40 (OI: 1,39) |
O
I 42. i

FOFOG ( (AF) = (MA@ & Oi (<[1,i] & <[i,(M)] O (Fi) = (Gi))

O FE G) i
F, G 11 (Prem i
(AF) = (ANG & 0O (<g1,i] &<i,(AF] O (Fi) =(Gi))
12 (Prem i
(AF) = (NG 3 (& 2) i
O (<[1,i] & <[i,(AF)] O (Fi) =(Gi))
4 (& 2) i
0 F , I 5 (TE P17, 3) i
i , 1 6 (Prem i
(1 _ (AR))I[i] 1 7 (Prem i
((L _(AR))Ii1 O <[1,i] & <[i,(AF)])
, ! 8 (OE WM 2. 3;

(AF): P17, 5) i



(1 _(AR))[i] O <1,i] & [0, (AF)]

9 (O)E 8)
<[1,i] & <[i, (AF)] 1 10 (OE 7,9)
(<[1,i] & <[i,(A)] O (Fi) = (Gi))
111 (OE: 4)
<[1,i] & <[i,(AF)] O (Fi) = (Gi)
12 (OB 11)
(Fi) = (Gi) 1 13 (OE 10, 12)
(1 _ (M))[i] O (Fi) =(Gi) 114 (O1: 7,13)
((L _ (AR))[i1 O (Fi) =(Gi)) 115 ()1 14)

Oi ( (1 _ (AP))[i] O (Fi) =(Gi) ) ,! 16 (O: 6,15)

(AF) = (AQ & 0O ((1 _ (M))[i] O (Fi) = (Gi))
117 (& 3,16)

( (AF) =(AG & 0O ((1_ (AR)I[i1 O (Fi) =(Gi))
0 FEG)
1 18 (OE P41)

(AF) = (NG & 00 ((2 _ (AR)[i1 O (Fi) =(Gi)) OFE

119 (OE 18)
FEG , 120 (OE 17,19)
(AF) = (NG & 0O (<g1,i] &<i,(AFH] O (Fi) =(Gi))
O FE G
021 (O1: 2,20)
( (AF) = (NG & O (<g[1,i] &<[i,(AF)] O (Fi) =(Gi))
O FE G)
122 ()1 21)
OFOG ( (AF) = (AQ & O (<g1,i] &<i, (AP O (Fi) =(Gi))
O FEG)
123 (0O1: 1,22
0

I 43. P43 says that sequences of Iength 1 which have the same.
value at the first entry, are equivalent.

FOOG( (W) =1 & (MG =1&(F1) =(G1) O0FEG)
F, G 11 (Prem

(MF) =1 & (MG =1&(F1) =(G1) ,' 2 (Pren



(A\NF) =1 13 (& 2) i

(A\G =1 14 (& 2) i
(F1) = (G1) ! 5 (& 2) i
( (AF) = (NG & 00 (g1,i] &<i,(AF)] O (Fi) =(Gi))
O FEG)
! 6 (OB P42) l
(AF) (NG & O (<[1,i] &<[i, (AR O (Fi) =(Gi))

0 FEG
7 (OE 6) i

I To show (AF) = (AQ & Oi (<[1,i] & <[i,(AP)] O (Fi) = (Gi))
i

(AF) = (MG 1 8 (=E 3,4) i

I To show. 0Oi (<[1,i]1 & <[i,(AF)] O (Fi) =(Gi)) i

i , 19 (Prem i
<[1,i] & <[i, (AF)] , 1 10 (Prem i
<[1,i] & <i,1] 1 11 (=E 3, 10) i
( <(1,i] &<[i,1] O 1=1i) 1 12 (OE V3.22)
<[1,i] & <[i,1] O 1 =i 113 (OE 12) i
1= 1 14 (OE 11,13)
(Fi) =(Gi) ,1 15 (=E: 5, 14) i

<[1,i] & <[i,(AF)] O (Fi) = (Gi) ,! 16 (O1: 10,15) |

(s(1,i] & <[i, (AR O (Fi) =(Gi))
017 (()1: 16) i

OF (<[1,i] & <[i,(AF)] O (Fi) =(Gi))
;118 (O: 9,17) i

(ANF) = (MG & Oi (<[1,i] & <[i,(M)] O (Fi) = (Gi))
1 19 (&: 8,18)

I Concl usi on. i

FE G ,1 20 (OE 7,19) i

(MF) =1 &(MNO =1&(F1) =(G1) 0 FEG
121 (O1: 2,200

((MF) =1 & (NG =1&(F1) =(G1) O FEG)
1022 ()1 21) i



OFOG ( (AF) =1 & (NG =1 &(F1) =(G1) O FEG)
123 (0OI: 1,22) i

0

I 44. P44 says that sequences of |length 2 which have the sane
value at their first and second entries, are equival ent. .

FOFOG( (M) =2 & (MG =2 &(F1) =(G1) &(F2) = (G2

O FEG) [
F, G 11 (Prem i
()\F):Z&()\G)—2&(F1)—(G1)&(F2)—(G2)
12 (Prem i
(AF) =2 13 (& 2) i
(NG =2 4 (& 2) i
(F1 =(G1 , ! 5 (& 2) i
(F2 = (G2 I 6 (& 2) i
( (AP = (NG & O (<g[1,i] &<[i,(AF)] O (Fi) =(Gi))
O FEG)
1 7 (DE P42) i
(AF) = (AG & 0O (<g1,i] &<i,(AF] O (Fi) =(Gi))
O FE G

8 (OB 7) i

I To show (AF) = (MG & Oi (<[1,i] & <[i,(M)] O (Fi) = (Gi))
i

(AF) = (AGQ 19 (=E: 3,4) i
I To show Oi (<[1,i] & <[i,(AF)] O (Fi) =(Gi)) i
i , 1 10 (Prem i
<[1,i] & <[i, (AF)] ,1 11 (Prem i
<[1,i] & <[i,2] 112 (=E 3, 11) i
( €I1,i]1 &<i,20 00 =100 =2)
)1 13 (OE V3.61) |
<[1,i] & <i,2] Oi =10i =2 ,! 14 (OE 13) i
i =10i =2 115 (OE 12,14) |
=1 ,1 16 (Prem i

(Fi) =(Gi) , ! 17 (=E 5, 16) i



i =10 (Fi) = (Gi) 118 (O1: 16,17) |

i =2 , 119 (Prem i
(Fi) =(Gi) ,! 20 (=E 6,19) i
i =20 (Fi) =(Gi) 121 (O1: 19,20)
(Fi) = (Gi) 1 22 ([E: 15,17, 20)

<[1,i] & <i,(AD)] O (Fi) = (Gi) ,! 23 (0O1: 11,22) |

(<[1,i] & <[i,(M)] O (Fi) =(Gi))
124 ()1 23) i

O0 (<(1,i] & <[, (AF)] O (Fi) =(Gi))
;125 (0O 10, 24) i

(ANF) = (MO & O ([1,i] &<[i,(M)] O (Fi) =(Gi))
126 (&: 9,25) i

' Concl usi on. i

F= G 1 27 (DE 8,26) |

i
®

(NF) =2 & (MO =2&(F1) =(G1) &(F2) =(G2) OF
128 (O1: 2,27)

( (NF) =2 & (MG =2 &(F1) =(G1) & (F2) = (G2
G)

129 (()1: 28) i

OFOG ( (M) =2 & (MG =2 & (F1) =(G1) & (F2) =(G2)
0 FEG)
1 30 (O0: 1,29) i

0

I 45. P45 says that sequences of |length 3 which have the sane
value at their first, second and third entries, are equivalent.

FOFOG ( (M) =3 & (MG =3 &(F1) =(G1) &(F2) = (G2
& (F3) = (G3)
0 FEG) i

F, G 11 (Prem i

(MF) =3 & (MG =3&(F1) =(G1) & (F2) = (G2
& (F'3) = (G3)

, 12 (Prem i
(AF) =3 1 3 (& 2) i
(A =3 14 (& 2) i



(F1) = (G1) 15 (& 2) i
(F2) = (G2 16 (& 2) i
(F3) = (G3) 7 (&E 2) i
( (A\F) = (MO & O (<[1,i1 & <[i,(M)] O (Fi) = (Gi))
0 FEG)

1 8 (OE: P42) i
(M) = (AQ & O (<[1,i] & <[i,(AR)] O (Fi) = (Gi))
0 FE=G

!9 (OE 8) i

I To show. (AF) = (AQ & O (<[1,i] & <[i,(M)] O (Fi) = (Gi))
i

(AF) = (AGQ ,1 10 (=E 3, 4) i
I To show Oi (<[1,i] & <[i,(AF)] O (Fi) =(Gi)) i
i , 111 (Prem i
<[1,i] & <[i, (AF)] , 1 12 (Prem i
<[1,i] & i, 3] 1 13 (=E 3, 12) i

( <[1,i] & <[i,31 0i =10i =20i =3)

, 1 14 (OE V3.62) |

<[1,i] &<(i,31 0i =101 =201 =3
115 ((OE 14) [
i =10i =20i =3 )1 16 (OE 13,15)
i =1 , 1 17 (Prem i
(Fi) =(Gi) ,! 18 (=E 5,17) i
i =10 (Fi) =(Gi) , 019 (O1: 17,18)
I =201 =3 , 1 20 (Prem i
i =2 , 121 (Prem i
(Fi) = (Gi) 122 (=E 6, 21) i
i =20 (Fi) =(Gi) 123 (O1: 21,22)
i =3 , 1 24 (Prem i
(Fi) =(Gi) , 1 25 (=E 7, 24) i
i =30 (Fi) =(Gi) 126 (O1: 24,25)

(Fi) =(Gi) ! 27 (CE: 20, 23, 26)
i



i =20i =30 (Fi) =(Gi) ,! 28 (01: 20,27) i

(Fi) =(Gi) ! 29 (CE: 16,19, 28)
i

<(1,i] & <[i,(AF)] O (Fi) = (Gi) ,! 30 (O1: 12,29) |

(11,11 & <[i,(AF)] O (Fi) =(Gi))
1031 (()1: 30 i

O (<[1,i] & <[i,(AF)] O (Fi) =(Gi))
132 (O 11,31)

(M) = (MO & O (<[1,i] & <[i,(A)] O (Fi) =(Gi))
133 (&: 10,32) i

I Concl usi on. i

FEG , 1 34 (OE 9,33 i
(AF) =3 & (NG =3 &(F1 =(G1 &(F2 = (G2
& (F3) =(G3

O F=E G

135 (O1: 2,34)

( (\F) =3 & (MG =3 &(F1) =(G1) & (F2) =(G2)
& (F3) = (G3)
0 FEG)
136 (()1: 35) i

OFOG ( (M) =3 & (MG =3 &(F1) =(G1) &(F2) =(G2)
& (F3) = (G3)
0 FEG)
| 37 (Ol: 1,36) |

0

I 46. The enpty relationship has |ength 0. i
F (M) =0 i

(0D &wo & (D) =(1 _0) O (M) =0)

, ! 1 (OE P18) i
8P &wWO &(PP) =(1 _0) O (M) =0 ,! 2 (OE 1) i
0 d & WO 1 3 (&: w0, P13)
(D) =& (1 _0) =9 14 (&: 1115.22,
VI2.18)
((D) =¢&(1_0) =90 (®D =(1_0) )

5 (OB 111.17)



(oD =9& (1 _0) =00 (D) =(1_0) ,! 6 (OE 5) i
(oD = (1 _0) 1 7 (OE 4,6) i
B d& WOl & (®D) = (1 _ 0) 18 (&: 3,7) i
(M) =0 1 9 (OE 2,8) i
O
| 47. i
FOF( FE® DO (M) =0) i
= 1 1 (Prem i
FE o ,1 2 (Prem i
(M) =0 &FE o | 3 (&: P46,2) |
( (M) =0 &FE® 0O (M) =0) ! 4 (DE P37)
(M) =0 &FE®0 (M) =0 1 5 (O)E 4) i
(A\F) =0 ! 6 (OE: 3,5) i
FE® 0O (M) =0 17 (01: 2,6) i
(FE® O (M) =0) 8 (01 7) i
OF ( FE® O (M) =0) 1 9 (Ol: 1,8) i
O

I 48. Pairing relationships, where the first pair is 1, have
length 1. i

FDa (M1=a) =1 i

a 11 (Prem i
8 (1" a) 1 2 (OE: P14)

8 (1"a) &l 3 (& 1V9.2,2))
((1=ab =(1°) L4 (OE 11112.18) j
(1 _1) = (1) ! 5 (OB VI2.31)
((1=ab =(1) &(1_1) =(1°) 1 6 (&: 4,5) i

(((1=ab =(1°) & (1 _1) =(1°) O ((1=aD =(1_1))
U0 7 (OE 111.17) i

((1=ab =(1) &(1_1) =(1) O ((1 ~ab =(1_1



8 (O)E 7) i
((1=ab =(1 _ 1) .1 9 (OE 86,8) i
B(l="a &awl &((1=ab =(1 1) ,! 10 (&: 3,9) i

(6(1l"a) &wl &((1=ab =(1_1) 0 (M1=a)) =1)

1 11 (OE P18) i
B(l="a) &wl &((L=*abD =1 _1) 0 NM1=a) =1
112 (OB 11) i
(M1 =a) =1 1 13 (OE 10,12) |
Da (M1 =a)) =1 I 14 (O 1,13)
O
I 49, i
FOFOa ( FE (1 =a) O (M) =1) i
F, a 11 (Prem i
F=(1ma) 12 (Prem i
(M1 =a) =1 ! 3 (OE P48) i
(M1=a) =1&FE (1= a) 4 (&8l 2,3) i
((Ml=a) =1 &FE(1=a) 0 (M) =1)
| 5 (OE: P37) i
(M1=a)) =1 &FE(1=a) O (M) =1
16 (OE 5) i
(\F) =1 1 7 (OE 4,6) i
FE(1=a) O (M) =1 o8 (O1: 2,7) i
(FE(1=a) O (MW) =1) 19 ((O)1: 8) i
OFJa ( FE (1 =a) O (M) =1) 1 10 (O1: 1,9) i
0
I 50. i
FOF( (M) =00 (FD) =9) i
= 11 (Prem i
(AF) =0 12 (Prem i

ccce( (AF) = 0 O (FD) =(1 _ 0 ) , 1 3 (OE P24) i



(M) =00 (FD =1 _ 0 14 (OE 3) i
(FD) = (1 _ 0) ! 5 (0E 2, 4) i
(FD) =(1_0) &(1_0)

((FD =(1_0) &(1_0)

1 6 (&: VI2.18,5) |

n
S

o0 (FD =9)
07 (OE 111.15) i

(FD =(1_0 &(1_0 =¢0 (FD) =9
8 (OB T7) i
(FD = ¢ ,! 9 (OE 6,8) i
(MF) =00 (FD =g 110 (O1: 2,9) i
( (M) =00 (FD) =9) 111 (01 10) i
OF ( (ANF) =00 (FD =¢) I 12 (O: 1,11) i

0

I 51. The only finite sequences of O length are equivalent to
the enpty rel ationship. i

FOF( (N =00 FE o) i

= 1 1 (Prem i
(AF) =0 1 2 (Prem i
ccee( (MF) = 0 O (FD) = 9) 1 3 (OE P50) i
(AF) =00 (FD) =9 4 (OE 3) i
(FD = ¢ 1 5 (0E 2,4) i
((FD =90 FE o) 1 6 (OE: 1115.24) |
(FD) =D F=Eo 17 (OE 6) i
E= o ! 8 (OE: 5,7) i
(\F) =00 FE o 19 (01: 2,8) i
((ANF) =00 FE o) 110 ((O)1: 9) i
OF ( (AF) =00 FE o) I 11 (O: 1,10)

0

I 52. The only sequences of length 1 are equivalent to a pairing
relationship (where the first pair is 1). .



FOF((AW) =10 bFE (1=bh)) i

= 11 (Prem i
(M) =1 1 2 (Prem i
eeee( (M) =1 0 (FD) = (1 _ 1)) 13 (OB P24) i
(ANF) =10 (FD) =(1 _ 1) 14 ()E 3) i
(FD = (1 _ 1) ! 5 (0E 2,4 i
(FD) = (1 _1) &(1_1) =(1°) 16 (&: VI2.31,5) |

((FD =(1_1) &(1_1) =(1) O (FD =(1v))
V7 (OE 111.15) i

(FD =(1_1) &(1_1) =(1°) O (FD =(1°)

8 (OB T7) i

(FD) = (1°) ,1 9 (OE 6,8) i

0 F 1 10 (TE P17,2) |

(6FOfF) 1 11 (OE P2) i

6F O fF 112 (()E 11) i

fF 1 13 (OE 10,12) |

(FD) = (1°) & fF 114 (& 9, 13) i
FF (1) /! 15 (81: 1118.10, 14)

|

(FF (1) O b FE (1 =b) ) 116 (OE 11112.23)

i

FF (1°) O b FE (1 = b) 117 (()E: 16) i

(b FE (1= h) )1 18 (OE 15,17)

(NF) =10 b FE(1=h) 119 (O1: 2,18)

( (W) =10 b FE(1=h)) 120 (()1: 19) i

OF ( (\F) =10 b FE(1=b)) 1 21 (O1: 1,20)

O
I 53. i

F OalF ( (M) =1 & (F1) =a) i



a
(M1 %a) =1
((1=a)’1) =a
(M1®a) =1&((1=a)’1) =a
((M1l=a) =1&((1=a)"1 =a)
F( (M) =1&(F1) =a)

OalF ( (AWF) =1 & (F 1) =a)

O

| 54,

F OnOniOF ( s tmn] & (AF) = n

O (A ((Odm ° (F O((m1) _ n)))

nm#F
<mn] & (AF) =n
s[m n]

(AF) =

=)

( (M) =n0 (FD =(1_n))
(AF) =n 0 (FD) =(1_n
(FD =(1 _n)

( stmn O om )

simn] O wm

Wi n

W1 & wm

(w1 &wnm O <1, (m1)] )
W1 & om O <1, (ml)]
<[1, (mHl)]

wn & wl]

( <1, (m1)] O ((m1) _n) O(1_n))

[EEN

=

N

w

N

(o3}

(o¢]

o

10

11

12

13

14

15

16

(Prem
(OE: P48)

(OE: 11112, 24)
(&: 2,3)

(O1: 4)

(O: 5)

(Ol 1,6)

=(n-m )

(Prem

(Prenm
(& 2)

(&E: 2)
(OE: P24)
(OE 5)
(OE 4,6)
(OE: V3. 6)
(OE 8)

(OE 3,9)

(& : 1V9.2,10)

(OE: V3. 34)
(OE 12)

(OE 11, 13)

(& : 1V9.2,10)

(OE: WM 2. 26;



(m+l):

<1, (mt1)] O ((mel) _n) O(1 _n) ! 17
((m1) _n) O (1 _ n) 1 18
(FD) = (1 _n) & ((m1) _n) O(1 _ n)
;119
((FD =(1_n) &((m1) _n) O(1_n)
O ((FO((m1) _n))D = ((m1) _n) )
, 120
(FD) = (1 _n) & ((m1) _n) O(1 _ n)
O ((FO(m1) _n))D = ((m1) _ n)
21
((FO((m1) _n)Db =((m1) _n 1 22

((FO((m1) _n))D = ((m1) _n) &<mn]

, 123

V1.7, 15)
(OE 16)

(OE 14,17)

(& : 7,18)

(OE: 1117.32)

(OE 20)

(OE 19, 21)

(&: 3,22)

( ((FO((m1) _n))D = ((m1) _n) & sgmn
O ( ((Om ° (FO((m1) _n))D)y =(1_ (n-m) )

, 124

((FO((m1) _n))D = ((m1) _n) & <gmn

(OE: VI2.57)

O ( ((Bm ° (FO((m1) _n)))P) =(1 _ (n-m)

, 125

(OE 24)

( ((Om ° (FO((m1) _nm))P) =(1_ (n-m)

126
(wm O f(0Om ) 127
wnm O f(0Om ! 28
f (0Om 129
o F 130
(6FD0OfF) 131
eF O fF 132
fF 1 33
( fFO f(FO(mL) _n))) 1 34
fF O f(FO((m1) _ n)) 1 35

f(F O((ml) _ n)) 136

(OE 23, 25)
(OE: V10. 10)
(OE 27)
(OE 10, 28)
(TE: P17, 4)
(OE: P2)
(OE 31)
(OE 30, 32)
(OE: 1118.4)
(()E 34)

(OE 33, 35)



f(Om &f(F O((m1) _ n)) , 137 (&l: 29, 36) i

( f(Om &f (F O((m1) _n))
O f((Om ° (FO((ml) _n))) )
1 38 (OE 11110.22)
i

f(Om &f(FO((m1l) _n)) O f((Om ° (F O((m1) _ n)))
1 39 (()E 38) i

f((Om ° (FO((m1) _ n))) 1 40 (OE 37,39) |
( ((Om ° (FO((m1) _m))P) =(1_ (n-m)

& f ((Om ° (F O((m1) _ n)))
141 (&: 26,40)

( <imn O o(n-mM7] ) , 1 42 (OE V5. 8) i
simn] O «(n-m] 143 ((OE 42) i
W (N-M] ! 44 (OE 3,43)

( ((Om > (FO((m1) _nm))P) =(1_ (n-m)
& f ((dm ° (F O((m1) _ n)))

& Wi (n-m]
145 (& 41,44)
( ( ((Om o (FO((m1) _n)))D) =(1_ (n-m)
& f ((Om ° (F O((m1) _ n)))
& wf(n-m]
O (A ((Om ° (F O((mt1) _n))) ) =(n-m )
1 46 (OE: P19;

(n-m: V5.7,3) i

( ((Om ° (FO((m1) _m))P) = (1 _ (n-m)
& f ((Om ° (F O((m1) _ n)))
& o (n-m]

O (A ((Om ° (FO((m1) _n))) ) =(n-m
147 (()E 46) i

(A ((Om ° (F O((m1) _n))) ) = (n-m
! 48 (OE 45,47)

stmn] & (AF) =n 0O (A ((Om ° (F O(C(m1) _n))) ) =(n-m
149 (O1: 2,48)

( Sfmn] & (AF) =n

O (A ((Adm ° (F OC(m1) _n))) ) = (n-m )
, 150 (()I: 49) i



OnOnidF ( ffmn] & (AF) =n

O (A ((Om ° (FO((m1) _n))) ) =(n-m )
| 51 (O1: 1,50)

I
| 55,

F OGOc ( 8 G & wic]
O (((8c) = 9D = ((c+1) _ (c+(AG)) )

Gc 11 (Prem
8 G & wcl , ! 2 (Prem
0 G 1 3 (& 2)
wf C] 14 (& 2)

( Ix (¥ ((©\c) °> G[x,y] = ((c+l) _ (c+(AGQ))I[x])
O (((8c) » 9D = ((c+1) _ (c+(2Q9)) )
1 5 (OE: 1115.13)

Ox (¥ ((©c) ° §Ix,y] = ((ctl) _ (c+(AQ))[x])
O (((©c) » 9D = ((c+1) _ (c+(29))

16 (OE 5)
wec] & 1] 7 (& 1V.2,6)
(wfc] & w1 O (c+l) = (1+c) ) ! 8 (OE V2.5)
wcl & w1l O (c+l) = (1+c) 9 (OE 8)
(c+1) = (1+c) 1 10 (OE 7,9)
(6GO W(AG] ) 111 (DB P21)
6 GO W(AG] 112 (OB 11)
W (AG) ] 1 13 (OE 3,12)
wcl & o (AG)] 114 (&: 4,13)
( wcl & w(AG] O (c+(AQ) = ((AQ+c) )

! 15 (OE: V2.5;

(AQ: P17, 3)

wicl & (AN] O (c+H(AQ) = ((AQ+c) ,! 16 (()E: 15)
(c+(AG)) = ((AG +c) 117 (OE 14, 16)

X ,1 18 (Prem



( (1 _ (AQ)[(x-¢c)] = ((1+c) _ ((AGQ+c))[x] )
)1 19 (OB VI2.48;
(AG: P17, 3) i

(1 _ (AG)[(x-¢c)] = ((1+c) _ ((AG+c))[X]
120 (OE 19 i

(1 _ (AG)[(x-c)] = ((c+l) _ ((AQ+c))[x]
121 (=E 10,20) i

(1 _ (AG)[(x-c)] = ((c+l) _ (c+(AQ))I[x]
22 (=E 17,21) i
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