I CHAPTER 2
FINI TE | NTERVALS;

I This chapter introduces and devel ops the concept of finite
intervals. The finite interval (b _c) is satified by those
finite nunbers betweeen b and c (inclusive).

' 1. (b _c) represents the finite interval between b and c
(i nclusive).
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I P27 and P28 are opposite hal ves of P29, which they serve to
pr ove. i

I 27.

F DaObOc ( <[a, (c+1)] & <[c, b]
O ((a _c) O((c+tl) _b)) O(a _b))

a, b,c , 11 (Pren
<[a, (c+l)] & <[c, b] 12 (Prem



<[a, (c+1)] 13 (& 2) i

<[c, b] 14 (& 2) i
( <fc,by O (a_c) O(a_h)) | 5 (OE: P25) i
<fc,b] O (a _c) O (a _ b) 1 6 (()E 5) i
(a_c) O (a _b) 1 7 (OE 4,6) i
wc] & of1] 1 8 (TE V1.7,3) |
( sfa,(c+l)] O ((c+l) _b) O (a _b) )

1 9 (OE: P26;

(c+1): V1.7,8) i
Sla, (c+1)] O ((c+1) _b) O (a _b) ! 10 (OE 9) |
((c+1) _b) O (a _ b) 111 (OE 3,10) |

(a _c) O(a_b) &((c+l) _b) O (a _ b
12 (& 7,11) i

( (a _c) O(a_b) &((ctl) b)) O (a _b
O ((a _c) O((c+l)) _b)) O (a _Db))
113 (DE 112.14)

(a_c) O(a_b) &((c+tl) _b) O (a _b)
O ((a_c) O((c+tl) _b)) O (a _Db)
114 (()E 13) i

((a _c) O ((c+l) _b)) O (a _bh) 115 (OE 12,14)

<[a,(c+l)] & <g[c,b] O ((a _c) O ((c+tl) _b)) O (a _b)
,V 16 (O1: 2,15) i

( <fa, (c+l)] & <[c,b] O ((a _c) O ((c+l) _b)) O (a _b))
17 ()1 16) i

OalblOc ( <[a,(c+l)] & <[c, b]
O ((a _c) O((c+l) _b)) O (a _b))
| 18 (0O1: 1,17) i

0

I 28. i

F OaObOc ( wic] O (a _b) O ((a _c) O ((c+l) _ b)) ) i
a,b,c 11 (Prem i

W C] 12 (Prem i
X , 13 (Prem i



(a _ b)[x] 1 4 (Prem
( (a _b)[x] O ga,x] &<[x,by ) ,!' 5 (0E P3)
(a _b)[x] O <ga,x] & <[x,Db] 16 (()E 5
<[a, X] & <[X, b] 17 (OE 4,6)
<[ a, X] 18 (& 7)
<[ X, b] 19 (& 7)
( gfa,x] O wx] ) ,! 10 (OE V3.7)
S[a, x] O wx] 111 (OE 10)
o X] 1 12 (OE 8,11)
W X] & wc] 113 (&E 2, 12)
(wx] &owc] O <[x,c] Os[(c+l),x] )
1 14 (OE V3.65)
WXx] & wc] O g[x,¢c] O<g(c+l),x),! 15 (()E 14)
<[x,c] O <(c+l), x] ,!1 16 (OE 13, 15)
<[ X, C] , 117 (Prem
<[a, X] & <[X, C] , 118 (&: 8,17)
( ffa,x] & <[x,c] O (a _c)[x] )

1 19 (OE P4)
<[a,X] & <£[x,c] O (a _ c)[(x] 120 (OE 19
(a _c)[x] , 121 (OE 18, 20)
(a _c)[x] O((c+l) _ b)[x] 122 (O: 21)

<[x,c] O (a _c)[x] O((c+l) _ b)[x]

123 (O1: 17, 22)
<[(c+l1), x] , 124 (Prem
<[(c+l),x] & <[Xx, b] , 125 (&: 24)
wcl & wl] 1 26 (TE V1.7,24) |
( =[((c+l),x] & <[x,b] O ((c+l) _ b)[x] )

127 (OE P4

(c+1): V1.7, 26)
S[(c+l),x] & <[x,b] O ((c+1l) _ b)[x]



128 (OE 27) i
((c+l) _ b)[x] , 129 (OE 25,28) |
(a _c)[x] O((c+l) _ b)[x] ,1 30 (O: 29) i

<[(c+1l),x] O (a _c)[x] O ((c+l) _ b)[x]

, 131 (OI1: 24,30)

(a _c)[x] O ((c+l) _ b)[x] 1 32 ([E: 16, 23, 31)
i

( (a _c)ix] O ((c+l) _ b)[x]

0 ((a _c) O ((c+l) _Db))ix] )
! 33 (OB 112.4)

(a _c)ix] O((c+l) _b)ix} 0O ((a _c) O ((c+l) _ b))[x]
1 34 (()E 33) i

((a _c) O((c+tl) _b))ix] , 1 35 (OE 32,34) |

(a _b)yix] O ((a _c) O ((c+l) _b))Ix]

1 36 (O1: 4,35

( (a_b)xy O ((a_c) O ((c+tl) _Db))[x] )
10 37 (()1: 36) i

Ox ( (a _b)ix] O ((a_c) O ((c+l) _b))ix] )
138 (O0: 3,37) i

(a _b) O((a _c) O ((c+l) _ b)) 139 (B I11.1,38)
i

wic] O (a_b) O((a_c) O((c+l) _Db))
140 (O1: 2,39)

(el O (a_b) O0((a_c) O ((c+tl) _Db)) )
1041 (()1: 40 i

OalbOc ( wc] O (a _b) O((a _c) O ((c+l) _ b)) )
42 (OI: 1,41) i

I
I 29. i

F DaObOc ( <[a, (c+1)] & <[c, b]

O ((a_c) O ((c+tl) _b)) =(a_Db)) i
a,b,c 11 (Prem i
<[a, (c+l)] & <[c, b] , 12 (Prem i

( <fa,(c+1)] & <[c,b] O ((a _c) O ((c+tl) _b)) O (a _b) )



, I3 (0OE: P27) i

<[a, (c+l)] & <[c,b] O ((a _c) O ((c+l) _ b)) O (a _ b)

4 (0OE 3) i
((a _c) O((c+l) _b)) O (a _Db 15 (OE 2,4) i
<[a, (c+l)] 16 (& 2) i
wc] & wl] ' 7 (TE V1.7,6) |
W[ C] I 8 (& 7) i
(el O (a_b)y O0((a_c) O ((c+tl) _b)) )

, 19 (0OE P28) i
wicl O (a_b) 0O((a_c) O ((c+l) _ b))

110 (OE 9) i
(a _b) O((a _c) O ((ctl) _ b)) , ! 11 (OE 8,10) i
((a _c) O ((c+l) _Db)) O (a _b)
& (a _b) O((a _c) O ((c+tl) _ b))

112 (&: 5,11) i

( ((a_c) O ((c+tl) _b)) O (a _Db)
& (a _b) O((a _c) O ((c+l) _ b))
O ((a_c) O ((c+tl) _b)) =(a _b) )
, ! 13 (OE 111.8) i

((a_c) O ((c+l) _b)) O (a _Db)
& (a _b) O((a _c) O ((c+l) _ b))
O ((a _c) O ((c+tl) _b)) =(a _b)
14 (OE 13) i

((a _c) O((c+l)) _ b)) =(a _b) , 115 (OE 12,14) |

<[a, (c+l)] & <g[c,b] O ((a _c) O ((c+tl) b)) = (a _b)
016 (O1: 2,15) i

( <fa, (c*+l)] & <[c,b] O ((a _c) O ((c+l) _Db)) =(a _b) )
117 ()1 16) i

OalbOc ( <[a,(c+l)] & <[c, b]
O ((a _c) O ((c+l) _b))

(a _b))
1 18 (O1: 1,17)

0

I 30. The finite interval (b _b) is equivalent to the singleton
(b*), when b is a finite nunber. i

FOb (b O (b _b) =(b%)) [



11 (Prem
W b] 12 (Prem
X 1 3 (Prem
( (b _b)[x] = <[b,x] & <[x,b] ) 1 4 (OE P2)
(b _b)[X] = <£[b,x] & <[X, b] I 5 (0O)E 4
( (b*)[X] = x =b) ,1 6 (OE 118.2)
(b*)[x] =« x =b 1 7 ((O)E 6)
(b _ b)Ix] .1 8 (Prem
(b _b)[x] O <[b,x] & <[x,b] , 1 9 (=<E 5
<[b, X] & <[X, b] , 110 (OE 8,9)
<[ b, X] 1 11 (& 10)
<[ X, b] 112 (&E 11)
<[X,b] & <[b, X] 113 (&: 11, 12)
( <[x,b] & <[b,x] O x =b) 1 14 (OB V3.22)
<[X,b] & <[b,x] O x =D 115 (OE 14)
X =b )1 16 (OE 13,15)
x =b O (b*)[x] 117 (=E7)
(b*) [X] )1 18 (OE 16,17)
(b _b)[x] O (b*)[x] 1 19 (O1: 8,18)
(b*)[x] ,1 20 (Prem
(b*)[(x1 O x =D 121 (=E 7)
X =Db , 122 (OE 20, 21)
( bl O <b,b]) 1 23 (OB V3.23)
w b] O <[b,b] 124 (()E 23)
<[ b, b] 1 25 (OE 2,24)
( <[b,b] O (b _b)[by ) ,1 26 (OE P7)

<(b,b] O (b _ b)[b] 127 (OE 26)



(b _ b)[b] , 1 28 (OE 25,27) |

(b _ b)[x] 129 (=E: 22,28)

(b*)[x] O (b _ b)[x] 130 (O1: 20,29)

(b _b)[x] = (b*)[x] 131 (=l: 19,30) |

( (b _Db)x1 = (b*)(x] ) 132 (()1: 31) i

Ox ( (b _b)[x] < (b*)[x] ) 133 (O 3,32)

(b _b) =(b*) 1 34 (B 111.7,33)

i

Wbl O (b _b) =(b*) 135 (O1: 2,34)

(@b O (b _b) =(b*)) 136 (()1: 35) i

Ob ( wb] O (b _b) = (b)) | 37 (O: 1,36) |
O

| 31. Corollary of P30. i

F(1 _ 1) =(1°) i

(w1 O (1 _1) =(1%)) 1 1 (DE: P30) i

Wl O (1 _1) =(1%) A2 (OB 1) i

(1 _1) =(1°) 3 (OE 1V9.2,2)
O

1 32. i

F ObOc ( g[b,c] O (((b+l) _c¢) O (b*)) =(b _c) ) i

b, c , 11 (Prem i
<[ b, c] , ! 2 (Prem i
( <(b,c] O wb] ) 1 3 (OE V3.6) i
<[b,c] O w[b] 14 (()E 3) i
W[ b] ' 5 (0OE 2,4) i
( wfb] O <b,(b+1)] ) ,1 6 (0OE V3.35) i
w bl O <[b,(b+l1)] IV 7 ((O)E 6) i

<[ b, (b+1)] 1 8 (OE 5,7) i



<[b, (b+1)] & <[b, c]

( g[b,(b+1)] & <[Db, ]

O ((b _b) O ((b+1) _c))

1}
—~
O

19 (& 2,

~©))

110 (OE:

<(b, (b+1)] & <[b,c] O ((b _b) O ((b+l) _c)) =
!

((b _b) O ((b+1)

wb) O (b _b) =(b*)

(b _b) = (b*)

_¢) =(b _c)

(b O (b _b) =(b*) )

11 (O E
! 12 (DE
113 (DE:
14 (OE

115 (OE

8)

P27)

(b _c)
10)

9, 11)
P30)
13)

5, 14)

(b _b) =(b*) & ((b _b) O ((b+l) _c)) = (b _c)

( (b _Db) =(b*) & ((b _b) O ((b+l)

O ((b*) O ((b+1)

116 (&

_¢) =(b

~¢)) =(b_c))

(b _b) =(b*) & ((b _Db) O ((b+1)

O ((b*) O ((b+1)

_¢)) =(b _c)

((b*) O ((b+1) _c)) = (b _c)

( ((b*) O ((b+1)
O (((b+1)

((b%) O ((b+1)
0 (((b+1) _ c)

(((b+1)

<[b,c] O (((b+1l) _ c)

( g[b,c1 O (((b+1)

ObOc ( <[b, c]

O (((b+1)

0 (b*))

_©)

_¢) =(b _c)
_¢) bo(b*)) =(b_c))

~¢)) =(b _c)
0 (b*)) =(b _c)

_¢) d(b*)) =(b _c)

(b

0 (b*))

117 (OE:

118 (O)E

119 (OE

1 20 (OE:

121 (OE

122 (OE

_©)

_c) O(b*)) =(b

123 (01:

_¢))
24 (O

(b _c))
| 25 (Ol

12, 15)
_0©)

112. 44)

_¢)) =(b _c)

17)

16, 18)

112.19)

20)

19, 21)

2, 22)

23)

1, 24)



F ObOc ( <[b,(c+1)] O ((b _c) O ((c+1)*)) = (b _ (c+1)) )

b, c 11 (Prem
<[b, (c+1)] , 12 (Prem
wcl & ofl] 1 3 (TE V1.7,2)
( wc] & w1 O <c,(c+l)] ) 1 4 (OE V3.33)
wcl & Wl O <c, (c+l)] 15 (()E 4)
<[c, (c+l)] , 1 6 (OE 3,5
<[b, (c+l)] & <[c, (c+l)] U7 (& 2,6)

( <[b,(c+l)] & <[c, (c+1)]
O ((b _c) 0O ((ctl) _ (c*l))) = (b _ (c+l)) )
, 1 8 (OE P29;
(c+1l): V1.7,3)
<[b, (c+l)] & <[c, (c+l)]
O ((b _c) O ((c+l) _ (c+l)))

(b _ (c+1))
9 (OE 8)

((b _c) O ((c+l) _ (c+l))) = (b _ (c+1))
1 10 (OE 7,9)

(wcl &l O of(c+l)] ) 1 11 (OE: V1. 8)
Wcl & Wl O wi(c+l)] 112 (OE 11)
W (c+1)] 113 (OE 3,12)

(wi(c+l)] O ((c+l) _ (c+l)) = ((c+l)*®) )
! 14 (OE: P30;
(c+l): V1.7,3)

o (c+l)] O ((c+l) _ (c+1)) = ((c+1)*)

115 (OE  14)
((c+l) _ (c+1)) = ((c+1)*) 1 16 (OE 13, 15)
((c+1l) _ (c+1l)) = ((c+1)*®)
& ((b _c) O ((c+l) _ (c+1l))) = (b _ (c+l))

, 117 (&: 10, 16)

( ((c+l) _ (c+1l)) = ((c+1)°)
& ((b _c) O ((c+l) _ (c+l))) = (b _ (c+1))
O ((b _c) O ((c+1)*)) = (b _ (c+1)) )
1 18 (OE 112.46)

((c+l) _ (c+1)) = ((c+1)*)



& ((b _c) O ((c+l) _ (c+1))) = (b _ (c+1))
0 ((b _c) O ((c+1)*)) = (b _ (c+l))

((b _

119 (OE 18)
¢) O ((c+1)*)) = (b _ (c+l)) ,! 20 (OE 17,19)
<[b, (c+1)] O ((b _c) O ((c+1)*)) = (b _ (c+l))

( g[b,(c+1l)] O ((b

121 (01 2,20)

c) O ((c+1)*)) = (b _ (c+l)) )
122 (O 21)

Oblc ( <(b, (c+1)] O ((b _c) O ((c+1)®)) = (b _ (c+l)) )

0

I 34.

1 23 (O1: 1,22)

F ObOc ( wib] O ((b+1) _c) =((b _c) \ (b%)) )

b,

c 11 (Prem
@[ b] 1 2 (Pren)

( <(b,c] O~ <[b,c] ) 1 3 (DE: 13.18)
<[b,c] O~ <b,c] 4 ()E 3)
<[b, c] 1 5 (Prem
( stb,c] O (((b+tl) _c) O (b*)) =(b _c) )

! 6 (OE P32)
stb,c1 O (((b+1l) _c) O (b*)) = (b _c)

7 (()E 6)
(((b+1) _c) O (b*)) =(b _c) ! 8 (HE 57)

( (((b+1) _c) O (b*)) =(b _c)
O (b _c) =(((b+l) _c) O (b*)) )
19 (OE: 111.10)

(((b+1) _c) O (b*)) = (b _c)
0 (b _c) = (((b+l) _c) O (b%))

110 (OE 9)
(b _¢c) = (((b+1) _c) O (b*)) ,! 11 (OE 8,10)
= ((b+1) _c)ib] ! 12 (OE P11)

(b _c) = (((b+l) _c) T (b*)) &~ ((b+l) _ c)[b]
113 (& 11,12)



( (b _c) = (((b+tl) _c) O (b*)) & -~ ((b+1l) _ c)[b]
0 ((b+l) _c) =((b _c) \ (b*)) )
, ! 14 (COE 118.61)
(b _c) = (((b+tl) _c) O (b*)) &~ ((b+l) _ c)[h]
0 ((b+1) _c) = ((b _c) \ (b%))
115 ((O)E 14)
((b+1) _c) =((b _c) \ (b*)) , 116 (OE 13, 15)
<[b,c] O ((b+1) _c) =((b _c) \ (b%))
117 (O1: 5,16)
= <[ b, C] ,1 18 (Prem
( = g[b,c] O (b _c) =09) , 119 (OE P16)
- <[b,c] O (b _c) =0 , 120 (OE 19
(b _c¢) =0 , 121 (OE 18, 20)
((b_c)y=0e0 ((b_c)\ (b%)) =9)
, 122 (OE 117.52)
(b_c) =00 ((b_c)\ (b*)) =¢
123 (OE 22)
((b _c) \ (b*)) =0 , 1 24 (ODE 21, 23)
( wby O gb,(b+1)] ) , 1 25 (OE V3. 35)
w bl O <[b, (b+1)] 126 (()E 25)
<[ b, (b+1)] 127 (OE 2, 26)
wb] & 1] 128 (&l: 1V9.2,2)
( <{b,(b+1)] O ((b+l) _c) O (b _c) )
, 1 29 (DE P26;
(b+1): V1.7, 28)
<[b, (b+1)] O ((b+1l) _c) O (b _c)
, 130 (()E 29)
((b+1) _c¢) O (b _c) , 1 31 (OE 27, 30)
(b_c) =& ((b+tl) _c) O (b _c)
132 (&: 21, 31)
( (b_c) =¢&((b+tl) _c) O (b _c)
O ((b+tl) _c) =9)
,1 33 (OE 115.11)



(b _c) =@&((b+tl) _c) O(b _c) O ((b+tl) _c) =0
134 (()E 33) i

((b+1) _c) =0 , ! 35 (OE 32,34) |

((b+l) _c) =& ((b_c) \ (b*)) =9

,! 36 (&: 24, 35) [

( ((b+1) _c) =9 & ((b _c) \ (b*)) =9
O ((b+1) _c) =((b _c) \ (b%)) )
137 (OB 111.17)

((b+1) _c) =& ((b _c) \ (b*)) =9o
O ((b+1l) _c) = ((b _c) \ (b*))

,1 38 (()E 36) i
((b+1) _c¢) =((b _c) \ (b*%)) ,! 39 (OE 36,38) |

- <[b,c] O ((b+1l) _c) = ((b _c) \ (b*))
, 140 (O1: 18, 39) i

((b+1) _c) = ((b _c) \ (b*)) 1 41 ([E 4,17, 40) |

wbl O ((b+1) _c) = ((b _c) \ (b%))
42 (O1: 2,41)

(b O ((b+l) _c) =((b _c) \ (b*)) )
143 ()1 42) i

((b_c)y\ (b*)))
| 44 (O1: 1,43)

ObOc ( wb] O ((b+l) _ c)

0
I 35. i
F DalObOcOd ( <[b,c] O ((a _b) n(c _d)) =9) i
a,b,c,d , 11 (Prem i
<[ b, c] , 12 (Prem i

( Ox ((a _ b)[x] & (c _d)[x] O F)

O ((a_b) n(c_d) =0)
13 (OB 115.27)

Ox ((a _ b)[x] & (c _ d)[x] O &F)
O ((a_b) n(c_d) =9
4 (0OE 3) i

X , 15 (Prem i
(a _ b)[x] & (c _ d)[x] , 1 6 (Prem i



(a _ b)[x] !

(c _ d)[x] !

( (a _b)ix] O <[x,b]) !

(a _ b)[x] O <[x,b] !

<[ x, b] !

( (c _d)[xy O <g[c,x] ) !

(c _d)[x] O <[c,X] !
<[c, X] !
<[c, x] & <[x, b] !

( <[c,x] & <[x,b] O <c,b] ) , !
<[c,X] & <[x,b] O <c,Db] , !
<[c, b] !
<[b,c] & <[c, b] , !

( <[b,c] & <[c,b] O F ) |
<[b,c] & g[c,b] O F , !

F N

(a _b)[x] &(c _d)[x] O F , !
((a _ b)[x] & (c _d)[x] O F) !
Ox ((a _ b)[x] & (c _ d)[x] O F) , !
((a_Db) n(c_d) =0 !
<[b,c] O ((a_Db) n(c _d)) =0 o

( <(b,c]1 O ((a_Db) n(c_d) =0) ,!

7 (& 6)

8 (&E: 6)

9 (OE: P6)

10 (OE 9)

11 (OE 7,10)
12 (OE: P5)
13 (O)E 12)
14 (OE: 8,13)
15 (&l : 11, 14)
16 (OE: V3. 20)
17 (()E 16)
18 (OE 15, 17)
19 (&E: 2,18)
20 (OE: V4. 19)
21 (()E: 20)
22 (OE 19,21)
23 (O1: 6,22)
24 (()1: 23)
25 (0Ol: 5,24)
26 (OE 3,25)
27 (O1: 2,26)
28 (()I: 27)

OaObOcOd ( <(b,c] O ((a _b) n(c _d)) =09)

!
I
! 36.

F DaObOc ( <[a, (c+1)] & <[c, b]

O ((a _c) O((c+tl) _ b)) =(a _Db)

29

& ((a _c) n ((c+l) _Db)) =9)

(01 1,28)



a, b,c 11 (Prem
<[a, (c+l)] & <[c, b] , 12 (Prem

( g[a,(c+tl)] & <[c, b]
O ((a _c) O ((c+l) _ b))

(a _ b))
1 3 (OB P29)

<[a, (c+l)] & <[c, b]
O ((a_c) O ((c+l) _b)) =(a _b)

4 (OE 3)
((a_c) O((c+l) _b)) =(a_b)y ! 5 (0E 24)
<(a, (C+1)] 16 (&E: 2)
W] & ofl] 1 7 (TE: V1.7,6)
W C] 18 (& 7)
( wicl O <c,(c+1)] ) 1 9 (DE: V4. 26)
wecl O <fc,(c+l)] 110 (OE 9)
<[c, (c+1)] ! 11 (OE 8,10)

( <tc,(c+l)] O ((a _c) n ((ctl) _Db)) =0¢)
112 (OE P35;
(c+l): V1.7,7)

<tc,(ctl)] O ((a _c) n ((ctl) _Db)) =0

113 (OE 12)
((a _c¢c) n((c+tl) b)) =0 , 1 14 (OE 11,13)
((a _c) O ((c+tl) _ b)) =(a _b)
& ((a _c) n ((ctl) _Db)) =9

, 115 (&: 5,14)

<[a, (c+l)] & <[c, b]
O ((a _c) O ((c+tl) _ b)) =(a _b)
& ((a_c) n((ctl) _b)) =90
116 (O1: 2,15)

( <[a,(c+l)] & <[c,b]
O ((a_c) O ((c+l) _ b)) =(a _b)

& ((a_c) n((ctl) _b)) =9)
117 ()1 16)

OaObOc ( <[a, (c+l)] & <[c, b]
O ((a_c) O((c+l) _b)) =(a _b)

& ((a _c) n ((c+l) _Db)) =9)
1 18 (O1: 1,17)



37.

F OAOBOaOb ( wia] & wib] & A= (1 _a) &B = ((a+l) _ (at+h))

O (AOB) =(1 _(ath)) & (An B =09)

A B, ,a, b 11 (Prem

wal & Wbl & A=(1_a) &B = ((a+tl) _ (ath))

12 (Prem

wa] & wfb] 13 (&E: 2)

o[ a] 14 (&E: 2)
A=(1_a) &B=((a+tl) _ (at+h)) 15 (&l 2)
(wfa] O <1,(a+1)] ) 1 6 (OB V3.37)
wa] O <[1,(a+1)] 17 (()E 6)
<[1, (a+1)] 1 8 (OE 4,7)

( ofa] & wb] O <[a,(a+h)] ) 1 9 (DE: V3.33)
wa] & wb] O <[a,(a+h)] 110 (()E: 9)
<[a, (a+h)] 111 (OE 3,10)
<[1, (a+1)] & <[a, (a+h)] 112 (& 8, 11)

( €[1,(a+l)] & <g[a, (atb)]
O ((1 _a) O ((atl) _ (atb))) = (1 _ (ath))
& ((1 _a) n ((atl) _ (ath))) =9)
, 1 13 (UOE P36;
(atb): V1.7,3)

<[1,(a+l)] & <[a, (atb)]
O ((1 _a) 0O ((a+l) _ (a+h))) = (1 _ (a+b))
& ((1 _a) n ((a+tl) _ (ath))) =9
! 14 (()E 13)

((1 _a 0O ((atl) _ (atb))) = (1 _ (atb))
& ((1 _a) n ((a+tl) _ (ath))) =9
1 15 (OE 12, 14)

((1 _a) O ((atl) _ (atb))) = (1 _ (atb))
,! 16 (&E 15)
((1 _a n ((a+tl) _ (ath))) =0 117 (& 15)

A= (1 _a) &B=((atl) _ (ath))
& ((1 _a) O ((atl) _ (atb))) = (1 _ (atb))
;1 18 (&: 5,16)



( A=(1 _a) &B=((atl) _ (ath))
& ((1 _a) O ((a+tl) _ (atb))) = (1 _ (ath))
O (AOB) = (1 _ (at+h)) )
119 (OE 112.43)

A= (1 _a) &B=((a+tl) _ (a+h))
& ((1 _a) O ((a+tl) _ (atb))) = (1 _ (ath))
0 (AOB) = (1 _ (a+h))
120 (OE 19) i

(AOB) =(1 _ (at+h)) 1 21 (OE 18,20)

A=(1 _a) &B=((a+tl) _ (a+h))
& ((1 _a) n ((atl) _ (ath))) =0
122 (&: 5,17) i

( A=(1 _a) &B=((atl) _ (ath))
& ((1 _a) n ((a+tl) _ (ath))) =9
O (AnB =9)
1 23 (OE 113.39)

A=(1 _a) &B=((a+tl) _ (ath))
& ((1 _a) n ((atl) _ (ath))) =9

0 (AnB) =9

124 (OE 23) i
(An B) =0 125 (OE 22,24)
(AOB) =(1 _(ath)) & (An B) =0 ,! 26 (&: 21,25 |

wa & wbl] &A=(1 _a &B=((atl) _ (ath))
O (AOB) =(1 _(ath)) & (A n B =90
U027 (O 2, 26) i

( wa & wb] &A=(1_a) &B=((atl) _ (atb))
O (AOB) =(1 _ (ath)) & (A n B) =0)
128 (()I1: 27) i

OAOBOalb ( wfa] & wib] & A=(1 _a) &B = ((atl) _ (ath))
O (AOB) =(1 _(ath)) & (An B =0¢)
, 129 (0O 1, 28) i

0

I 38. If Pis contained in the finite interval (0 _ n) but is not
satisfied by 0, then Pis in fact contained in the finite interval

(1 _n). i
FoOnOP( PO(O _n) &=-P0O OPO(1 _n)) i
n, P 11 (Prem i

PO _n &~ PO , 12 (Pren i



PO(O0 _ n

- P[O]

(POCO_n O(P\(0)) OO0 _n \ (0%)) )

1 3 (& 2)

14 (&E 2)

1 5 (OE

PO _n) O (P\ (0%)) OCCO_n)\ (0%))

(P\ (0%)) O ((0_n)\ (0%))

( = PO} O (P\ (0%))

-~ P[O] O (P\ (0%)) =

P

P)

6 (OE
1 7 (OE
18 (OE

!9 (OE

117.28)

5)
3, 6)
118. 50)

8)

(P\ (0°)) =P )1 10 (OE 4,9)
(P\ (0%)) =P & (P\ (0%)) O ((0_n)\ (0%))
111 (& 7, 10)
( (PN (0%)) =P &(P\ (0%)) O ((0_n) \ (0%))
O PO _n)\ (0%)))
112 (OE 111.30)
(P\ (0%)) =P & (P\ (0%)) O ((0_n) \ (0%))
O P OO0 _n)\ (0%))
113 (OE 12)

POCCO_n)\ (0%))

1 14 (OE 11,13)

( o0y O ((0+1) _n) = ((0 _n) \ (0%)) )

0] O ((0+1) _n) =((0_n)\ (0%))

((0+1) _n) =((0 _n) \ (0%))

(1 _n) =((0_n\ (0%))

1 15 (OE:

P34)

1 16 (()E 15)

, 117 (OE w0, 16)

118 (=E V2.67,17)

(1 _n) =(0_n\ (0%)) &P OO _n)\ (0%))

119 (&

14, 18)

( (L _n =(0_n\ (0)) &P OO0 _n\ (0%))

OPO(1 _n))

1 20 (OE

111.31)

(L _n) =((0_n)y\ (0%)) &P O((0_n)\ (0%))
121 (OE 20)

O PO(1 _ n)



PO(1 _n) 122 (OE 19, 21)
PO(O _n) &-P0] 0PO(1 _n) 123 (0O1: 2,22

(PO(O _n) &-PO] OPO(1 _n))
124 (O)1: 23)

OnOP ( PO(O0 _n) &=P0] O PO (1 _n))
| 25 (O0: 1,24)

I
I 309.

F OPObOcOx ( PO (b _c) &PIx] O PO w&-P=g9)

P, b, c, x 11 (Prem
PO(b_c) &Px] 12 (Prem
PO (b _c) 13 (&E 2)
Pl X] 14 (&E: 2)
(b_c¢) 0w 1 5 (OE: P23)
PO(b_c) &(b_c¢) 0w 1 6 (&: 3,5)

(PO(b _¢c) &(b_¢) Dwl POw)

1 7 (OE 111.5)
PO(b _¢) &(b _¢) Dwd POw ,!' 8(OE 7)
PO w , ' 9 (OE 6,8)
X P[X] 110 (O: 4)
(X P[x] O -~P=g¢q) 1 11 (OE 115.7)
X P[x] O ~P=g¢ 112 (OE 11)
~P=z=g 1 13 (OE 10, 12)
POw&-P=g¢ 114 (& 9,13)

PO(b ¢) &P[x] D POw&-~P=g¢ ,! 15 (O1: 2,14)

(PO(b _¢c) &P(x] O PO w&-P

?)
116 (()1: 15)

OPObOcOx ( PO(b _c) &PIx] O PO w&-P=¢@)
| 17 (O1: 1,16)



I 40. If those things satisfying P are all

| ess than or equal

n, then Pis contained in the finite interval (0 _ n)

F onOP ( Oy (Ply] O <[y,n]) O PO(0 _n))

n, P

Oy (Plylr O <y, n])

X

PLX]

(Prx] O

<[x, n])

P[x] O <£[x,n]

<[ X, N]
( <[x,n]

<[x,n] O

0 wx] & wnl)

W X] & wn]

W X] & wn]

of X]

(wx] O <0,x])

W x] O <0, x]

<[ 0, X]
<0, X] &
( <[0,x]

<[0, X] &

<[ X, N]
& g[(x,n] O (0 _ n)[(x] )

<[(x,n O (0 _ n)[X]

(0 _ n)[x]

P[x] O (O

_ n)Ix]

( Pix1 O (0 _ n)[x] )

Ox ( P[x] O

PO (0 _ n)

(0 _ n)[x] )

Oy (Plyl O <[y,n]) O P O (0 _ n)

( Oy (Pryl O <{y,n]) 0 P O(0_n))

OnOP ( Oy (Pry]

O <y,n) O P OO0 _ n)

)

1 (Pren
2 (Prenm
3 (Prem
4 (Prem

5 (OE 2)

6 (OE

5)

7 (OE 4,6)

8 (OE: V3.5)

9 (OE
10 (OE

11 (&E:

12 (OE V3. 24)

13 (()E

14 (OE 11, 13)

15 (& :
16 (OE:

17 (O E

18 (OE 15,17)

19 (O1I:

20 (()1:
21 (00 :

22 (%

23 (O1:

24 (()1:

25 (0Ol :

8)
7,9)

10)

12)

7, 14)
P4)

16)

4, 18)
19)

3, 20)

111.1, 21)

2, 22)

23)

1, 24)

to



0

I 41.

F DaObOc ( <fa,b] O (b _c) O (a ») )

a, b, c
<[ a, b]
X

(b _ ¢)ix]

( (b _co)ix) O g[b,x] & <[x,c] )

(b _c)[x] O <b,x] & <[x,C]

<[b, X] & <[X, C]
<[ b, X]
<[a, b] & <[b, x]

( <[a,b] & <[b,x] O <a,x] )
<[a,b] & <[b,x] O <a,X]
<[ a, X]
( <fa,x] O (a o)[x] )
<[a,x] O (a )[x]
(a «)[X]

(b _c)ix] O (a «)[x]

( (b _c)ix] O (a x)[x])

Ox ( (b _c)ix1 O (a ©)[x] )

(b _c) O (a «

<[a,b] O (b _c) O (a )

( <fa,b] O (b _c) O (a «) )
Oalblc ( <fa,b] O (b _c) O (a «) )
0

A W N

»

\l

(0¢]

9

10

11

12

13

14

15

16

17

18

19

20

21

(Prem
(Prem
(Prem
(Prem

(OE: P3)
(OE 5)
(OE 4,6)
(&E: 7)

(&: 2,8)
(OE: V3. 20)
(()E 10)
(OE 9,11)
(OE: V9. 4)
(OE 13)
(0E 12, 14)
(O1: 4,15)
(()1: 16)
(O: 3,17)
(& : 111.1,18)
(O1: 2,19)
(O)1: 20)
(O: 1,21)

I 42. Evidentally, the proposition could be inproved to

ObOc ( wfb] O (b _c¢) O (b ) )



F ObOc ( wb] O ((b+l) _ c) O (b o) )
b, c
o[ b]
( wb] O <[b,(b+1)] )
Wby O <b, (b+1)]
<[ b, (b+1)]

Wbl & o]

( g[b,(b+1)] O ((b+1) _c) O (b o) ),!

<[b, (b+1)] O ((b+1l) _c) O (b «)
((b+1) _c) O (b o)
wb] O ((b+l) _c) U (b «)
(wby O ((b+l) _c) O (b ) )
ObCc ( wfby O ((b+l) _c) O (b ) )
0

[EEN

(Prem
(Pren

3 (OE: V3.35)

N

4 (OE 3)
5 (OE 2,4)
6 (&: 1V9.2,2)

7 (OE: P41;

(b+1): V1.7,6)

18 (OE 7)

9 (OE 5,8)
10 (O1: 2,9)
11 (()1: 10)

12 (O1: 1,11)

I' P43 through P55 relate intervals with their translations.

I 43.

F OnOnkOx (- @ikl & (n _ m[x] = ((n+k) _ (mk))[(x+k)] )

n, mk, x
( (n_mMix] = <[nx] &<[x,m )
(n _mMI[x] = <[n,X] & <[x, M
Wkl & (n _ m[x]
o K]
(n _ m[x]
(n _mM[x] O €[n,x] & <[x,mM
[N, X] & £[x, M
<[ n, X]
<[x, m

<[n, x] & wk]

1 (Prem
2 (OE P2)

3(OE 2)

N

(Prem

(&E: 4)

> O

(&E: 4)
7 (-E 3)
8 (OE 6,7)
9 (& 8)
10 (&E: 8)

11 (&: 5,09)



( <In,x] & k] O <(n+k), (x+k)] ) ,! 12 (OE V3.28) |

<(n, x] & wik] O <[(n+k), (x+K)] 113 (OE 12) i
<[ (n+k), (x+K)] 1 14 (OE 11,13)
<[X, N & kK] , 115 (& : 5,10) i
( <Ix,m & okl O <(x+k),(m+k)] ) ,! 16 (OE V3.28) |
(X, m & okl O <[(x+k), (mtk) ] 117 (O)E 16) i
<[ (x+K), (mrk) ] )1 18 (OE 15,17)
S[(n+k), (x+k)] & <[(x+K), (mtk)] 119 (& : 14,18) i
Wwn & k] 1 20 (TE V1.7,14)
W X] & K] 1 21 (TE V1.7, 14) |
W m & oKk 1 22 (TE: V1.7,18)

( st(n+k), (x+k)1 & <{(x+k), (mtk)] O ((n+k) _ (m+k))[(x+k)] )
, 1 23 (OE P4
(n+k): V1.7, 20;
(x+k): V1.7, 21;
(mtk): V1.7, 22) i

<[ (n+k), (x+K)] & <[(x+k), (mrk)] O ((n+k) _ (mrk) ) [(x+K) ]
124 (()E 23) i

((n+k) _ (m+k)) [(x+K)] 1 25 (OE 19,24) i

okl & (n _ m[x] O ((n+tk) _ (mtk))[(x+k)]
126 (O1: 4,25)

((n+k) _ (mrk)) [ (x+k)] , 1 27 (Pren i
{a : <[(n+k),a] & <[a,(mk)]}[(x+k)] ,! 28 (DE P1,27) |

Ox ( {a : <[(n+k),a] & <[a, (mtk)1}[X]

= <[(n+k), x] & <[x, (mrk)] )
, 1 29 (Pred) i

W X] & k] 1 30 (TE VI1.7,27)

( {a: s[(n+k),al & <{a, (mrk)1}[(X+k)]
= s[(n+k), (x+k)] & <[(x+k), (m+k)] )
,! 31 (OB 29;
(x+k): V1.7, 30) i

{a : <[(n+k),a] & <[a, (mtk)]}[(x+Kk)]
= <[(n+k), (x+k)] & <[(x+k), (m+k)]
132 (OE 31) i



{a : <[(n+k),a] & <[a, (mrk)]}[(x+K)]
O <((n+k), (x+k)1 & <[(x+Kk), (m+k)]

,1 33 (=E 32)
S[(n+k), (x+k)] & <[(x+k), (mtk)] ,1 34 (OE 28, 33)
<[ (n+k) , (X+K) ] ,1 35 (& 34)
<[ (x+K), (mrk) ] 1 36 (& 34)
o K] ,1 37 (& 30)
( <(n+k), (x+k)] O <[n,x] ) 1 38 (OB V3.42)
<[(n+k), (x+k)] O <[n,Xx] , 139 (()E 38)
<[ n, X] )1 40 (OE 35, 39)
( <t (x+k), (mrk)] O <[(x,m ) 1 41 (OE V3. 42)
<[ (x+k), (mrk)] O <[x, m 142 ((VE 41)
<[ x, M , 1 43 (OE 36, 42)
<[n,X] & <[x,mM 1 44 (& : 40, 43)
[N, X] & <[x,m O (n _ m[x] , 1 45 (=<E 3)
(n _ mI[x] 1 46 (OE 44, 45)
Wkl & (n _ m[x] 1 47 (&l: 37, 46)

((n+k) _ (mtk))[(x+k)] O k] & (n _ m[x]
148 (O1: 27,47)

Wkl & (n _ m[x] = ((n+k) _ (mk))[(x+k)]
149 (=1: 26,48)

( okl & (n _ mM[(x] = ((n+k) _ (mtk))[(x+k)] )
150 (()1: 49)

OnOnmidkDx (- oXk] & (n _ m[x] = ((n+k) _ (mk))[(x+k)] )
! 51 (OI: 1,50)

O

| 44,

F OnOnikOx (- ikl & (n _ m[x] O ((n+k) _ (mk))[(x+k)] )
n, mKk, x 11 (Prem

( okl & (n _ mM[x] = ((n+k) _ (mrk))[(x+k)] )
1 2 (OE: P43)



Wkl & (n _ m[x] < ((n+k) _ (m+k))[(x+k)]

3 (0OE 2)
okl & (n _ m[x] O ((n+tk) _ (mtk))[(x+k)]
14 (=E 3)
( okl & (n _ m(x] O ((n+k) _ (mk))[(x+k)] )
U5 (01 4)
OnOnkOx ( ikl & (n _ mx] O ((n+k) _ (mrk))[(x+k)] )
| 6 (O: 1,5)
0
| 45,

F OnOnOkOx ( ((n+k) _ (mek))[(x+k)] O (n _ m[x] )

n, mKk, x ,1 1 (Prem
((n+k) _ (mtk)) [(x+k)] 12 (Prem
(k] & (n _ m[x] = ((n+tk) _ (mk))[(x+k)] )

! 3 (OE P43)
Wkl & (n _ mM[x] = ((n+tk) _ (mkk))[(x+k)]

4 (0OE 3)
((n+k) _ (mk))[(x+k)] O okl & (n _ m[x]

' 5 (=E 4
Wkl & (n _ mMI[X] , ! 6 (OE 2,5)
(n _ mMix] 1 7 (& 6)

((n+k) _ (mk))[(x+k)] O (n _ m[x] 08 (0O1: 2,7)

( ((n+k) _ (mk)) [(x+k)]1 O (n _ m[x] )

9 (01 8)
OnOmidkOx ( ((n+k) _ (mtk))[(x+tk)] O (n _ mM[x] )

| 10 (O: 1,9)
O
I 46.

F OnOnOkOx ( (n _ m[(x-k)] O ((n+k) _ (mrk))[x] )

n, mk, x 11 (Prem
(n _ mMr(x-k)] 1 2 (Prem
<[k, X] , 1 3 (TE V5.7)

( <(k,x] O (k] ) 1 4 (OE V3.6)



<[k, x] O wik] 1 5 (OE 4 i

o K] , 1 6 (OE 3,5 i
k] & (n _ mM[(x-k)] I 7 (& 2,6) i
( okl & (n _ mi(x-k)1 O ((n+k) _ (m+k))((x-k)+k)] )

, ! 8 (OE P44,

(x-k): V5.7,3) i

Wkl & (n _ mp(x-k)1 O ((n+k) _ (mrk))[((x-k)+K)]

9 (01 8) i

((n+k) _ (mtk)) [((x-k) +k)] 110 (O1: 7,9) i

( <k, x] O ((x-k)+k) = x ) 111 (OB V6.3) |

<tk, x] O ((x-k)+k) = x 112 (()E 11) i

((x-k)+k) = x 113 (OE 3,12)

((n+k) _ (mrk))[x] 1 14 (=E: 10,13) i

(n _ mM(x-k)] O ((n+k) _ (mrk))[x] ! 15 (O1: 2,14)
( (n _ mi(x-k)1 O ((n+k) _ (mrk))[x] )

116 (()1: 15) i

OnOnOkOx ( (n _ m(x-k)1 O ((n+k) _ (mk))[x] )
1 17 (O 1,16)

0
I 47. i

F OnOnOkOx ( ((n+k) _ (mtk))[x1 O (n _ mM[(x-k)] ) i

n, mk, x 11 (Prem i
((n+k) _ (m+k))[X] 1 2 (Prem i
{a: <[(n+k),a] & <[a, (Mk)]1}[X] 1 3 (DE: P1,2) :

Ox ( {a : <[(n+k),a] & <[a, (mk)1}[X]

= <[(n+k),x] & £[x, (mtk)] ) ( N
' 4 (Pre i

( {a: <((n+k),a] & <[fa, (mrk)]}[X]
< S[(n+k),X] &S[X,(I'Tﬂ'k)] )
15 (OB 4) i

{a : <[(n+k),a] & <[a,(Mmk)1}[X] = <[(n+k),x] & <[x, (mtk)]
16 (OE 5) i

{a: <[(n+k),a] & <(a, (mk)1}Ix] O <(n+k), x] & <[x, (mk) ]



1 7 (=E 6)

< (n+k), X] & <[X, (MHk) ] 1 8 (OE 3,7)
<[ (n+k) , x] 1 9 (&E: 8)

( <[(n+k),x] O <k, x] ) 110 (OB V3. 41)
<((n+k),x] O <[k, X] 111 (()E: 10)
<tk, ] ! 12 (OE 9,11)
( <(k,x] O ((x-k)+k) = x ) ! 13 (DE: V6. 3)
<k, x] O ((x-k)+k) = x 114 (()E 13)
((x-K)+k) = x 115 (OE 12, 14)
((n+k) _ (mtk)) [((x-k) +k)] 116 (=E: 2, 15)

( ((n+k) _ (mrk))[((x-k)+k)] O (n _ m[(x-k)] )
, 117 (OE: PA45;
(x-k): V5.7,12)

((n+k) _ (mrk))[((x-k)+k)] O (n _ m[(x-Kk)]

18 ()1 17)
(n _ m[(x-k)] ! 19 (OE 16,18)
((n+k) _ (mrk))(x1 O (n _ mi(x-k)] 120 (O1: 2,19)
( ((n+k) _ (mrk))(x1 O (n _ m[(x-k)] )’! 21 (O)1: 20)

OnOnkOx ( ((n+k) _ (mrk))[x] O (n _ m[(x-k)] )
I 22 (0O 1,21)

0
I 48.

F OnOnOkOx ( (n _ m[(x-kK)] = ((n+k) _ (mk))[x] )

n, mk, x 11 (Prem
( (n _ mi(x-k)1 O ((n+k) _ (mrk))[x] )

! 2 (OE: P46)
(n _ mi(x-k)1 O ((n+tk) _ (mrk))[x] 13 (0OE 2)
( ((n+k) _ (mrk))(x1 O (n _ m(x-k)] )

' 4 (OB P47)

((n+tk) _ (mrk))[x] O (n _ m[(x-k)] S (OE 4)



(n _ mMi(x-k)] = ((n+k) _ (m+k))I[X] 16 (=11 3,5)
( (n_mMi(x-k)] = ((n+k) _ (mrk))[x] )
A7 ()1 6)
OnOnidkOx ( (n _ mM[(x-K)] = ((n+k) _ (mtk))[Xx] )
8 (O: 1,7)
0
I 49,

F OnOnikOx ( <k, n] & (n _ m[x] < ((n-k) _ (mK)[(x-k)] )

n, mKk, X
( stk,n1 O ((n-k)+k) =n)
<tk,n] O ((n-k)+k) = n

( stk,m O ((mk)+k) = m)
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144 (O1: 18, 43)

(1 _ (mn))[X] ,1 45 (Prem

( (2 _(mn))[x] O wx] ) 146 (OE P22,
(mn): V5.7,4)



(1 (mn))ix] O ofx] 147 (O E 46)

W X] | 48 (OE 45,47)
W X] & ofn] 149 (&: 7,48)
( wx] &an O (On)(x,(x+n)] ) ,! 50 (OE V10.5)
Wx] & wnl O (On)[x, (x+n)] .1 51 (()E 50)

(On) (X, (x+n)] ! 52 (OE 49,51)
(((n+1)-n) _ (mn))[x] 1 53 (=E 14, 45)

( (((n+1)-n) _ (mn))[(x] O ((n+l) _ m[(x+n)] )
,! 54 (OE: P55;
(n+l): V1.7, 11)

(((n+1)-n) _ (mn))[(x] O ((n+l) _ m[(x+n)]

.1 55 (()E: 54)
((n+l) _ m[(x+n)] ,! 56 (OE 53,55)
((n+1) _ m[(x+n)] & (FD) = ((n+1) _ m

, I 57 (& : 3,56)

( ((n+1) _ m[(x+n)] & (FD) = ((n+1) _ m

O (FB[(x+n)1)
, ! 58 (LE 111.36;
(x+n): V1.7, 49)

((n+1) _ m(x+n)] & (FD) = ((n+1) _m O (FD>[(x+n)1_

1 59 (()E: 58)
(FD [(x+n)] 1 60 (OE 57,59)
( (FOI(x+n)1 O Oy Fi(x+n),y1 ) ! 61 (OE 1115.3;

(x+n): V1.7, 49)
(FD[(x+n)] O Oy F(x+n),y] ! 62 (()E 61)
Oy FL(x+n),y] ,! 63 (OE 60, 62)
FL(x+n), Y] ! 64 (OE 63)
(On) [, (x+n)] & F[(x+n),y] 1 65 (&: 52,64)

( (Onm)Ix, (x+n)] & FL(x+n),yl O ((On) ° F)[x,y] )

,! 66 (CE 11110.5;

(x+n): V1.7,49)

(An)[x, (x+n)] & F((x+n),y]l O ((On) ° F)[X, Y]
1 67 (()E: 66)



((On) ° F)[Xx,VY] ,! 68 (OE 65,67) |
Oy ((On) ° F)[x,vVY] , 169 (O: 68) i

(1 _ (mn))ix] 0 Oy ((On) ° F)IX,y]
170 (O1: 45,69) |

Oy ((On) ° F)[x,y] < (1 _ (mn))[x]
71 (<1 44,70)

(y ((dn) ° AIx,y] < (1 _(mn))[x])

U 72 ()1 71 i
Ox(y ((On) ° F)[x,y] = (1 _ (mn))[x])

173 (0 72) i
(((On) = D =(1 _ (mn)) ! 74 (OE 16,73) |

(FD) = ((n+1) _m & <(nm O (((On) e D =(1 _ (mn))
175 (O1: 2,74) i

( (FD) = ((n+1) _m & <n,m O (((On) - HD =(1 _(mn)) )
1076 (()1: 75) i

OnOniOF ( (FD) = ((n+1) _ nm) & <[n, m
O ( ((On) e D) =(1 _ (mn)) )
| 77 (O1: 1, 76) i

0

I 58. The finite interval between 1 and n nunbers n (when n is a
finite nunber). i

FOn( wn O Nn, (1 _n)]) i

I W proceed by induction, taking ¢ to be

Uin, (1 _ n)J
It nmust be shown that
N[0, (1 _ 0)]

and
OnOm ( winl &o[n,nm & N[n, (1 _nN]1 O N[m(1l _m]) i

I To prove: T[0,(1 _ 0)] i

( <(0,1] O (1 _0) =09) 11 (OB P17) i
<[0,11 O (1 _0) =9 L2 (0B 1) i
(1 _0) =g¢ 13 (OB V4.27,2)

( (2 _0 o0 TO,(1 _0)] ) ,1 4 (OE 1V3.2) i



(1 _0) =¢ 0 N[0, (1 _0)] 1 5 (()E 4)
.00, (1 _ 0)] 1 6 (OE 3,5)

I To prove:
OnOm ( «wn] &ofnmM & N[n, (1 _n]1 O Nm(1l _m] )

n, m 107 (Prem
wn &onm & T[n, (1 _ n)] ,! 8 (Prem
wnl & o[n,m 19 (& 8)
o[ N] 1 10 (&E: 8)
( wn &o[nm O wn ) 1 11 (OE 1V8.2)
wn &o[nm O wm 112 (OE 11)
o[ M 1 13 (OE 9,12)
- (1 _ n)[(n+1)] ! 14 (OE P12)
wn &ofnm &~ (1 _n[(nt])] & T[n, (1 _n)]

1 15 (& 8,14)

Wwn & 1] 116 (& : 1V9.2,10)

(wn &o[n,mM &= (1 _n)i(n+tl)] & T[n, (1 _ n)]
O Nim ((1 _n) O ((n+1)*))] )

P17 (OB 1V2.12;

(n+l): V1.7,16)

wn &onm&-(1 _n)[(n+tl)] & N[n, (1 _ n)]
O M[m ((1 _n) O ((n+l)*))]

118 (()E 17)
Nim ((1 _n) O ((n+1)*))] ,! 19 (OE 15,18)
Qm & MUIm((1 _n) O ((n+1)*))] 120 (&: 13,19)
(wn O <[1,(n+1)] ) 121 (DE V3.37)
wn O <1, (n+1)] 122 (()E 21)
<[1, (n+1)] 1 23 (OE 10, 22)

( <(1,(n+1)] O ((1 _n) O ((n+l)*)) = (1 _ (n+1)) )
1 24 (OE P33)

<1, (n+1)] O ((1 _n) O ((n+1)®)) = (1 _ (n+l))
125 ()E 24)



((1 _n) O((n¥l)*)) = (1 _ (n+l)) ,! 26 (OE 23,25) i

om & Nim ((1 _n) O ((n+1)*))]
& ((1 _n) O ((n+1)®)) = (1 _ (n+1))
127 (& 20,26)

(am & N[m ((1 _n) O ((n+1)*))]
& ((1 _n) O ((n+1)*)) = (1 _ (n+l))
O Nim (1 _ (n+1))] )
, ! 28 (OE: 1V4.5) i

Wm & T[m((1 _n) O ((n+1)*))]
& ((1 _n) O ((nt1)*)) = (1 _ (n+l))
O Nfm (1 _ (n+l))]

129 (OE 28) i
Tim (1 _ (n+1))] ,1 30 (OE 27,29)
( wn &ofnm O (n+tl) = m) 131 (DB V2.47)
wn &o[nm O (n+l) = m 132 (OE 31) i
(n+1) = m 1 33 (OE 9,32) |
Tm (1 _m] ! 34 (=E 30,33) |

on &ofnnm & N[n, (1 _n)] O NW[m(1l _m]
135 (O1: 8,34) i

( &n &o[nm & N(n, (L _n] O N(m(1_m] )
136 (()1: 35) i

OnOm ( «in] &o[n,mM & T[n, (1 _n)] O N[m(1 _mM] )
! 37 (0O0: 1,36) i

On ( wn O N[n, (1 _n)] ) I 38 (Induct: 6,37)
i

0

I 59. The finite interval between 0 and n nunbers (n+l) (when n
is a finite nunber). i

FOn (wn O NU[(n+1),(0 _n)] ) i

n 11 (Prem i
W[ N] 12 (Prem i
wn & uyl] IV 3 (& 1V9.2,2)

(N & Wi O w(n+l)] ) , ! 4 (OE V1.8) i



wn &l O «f(n+l)] 15 (OB 4) i

o (n+1)] , 1 6 (OE 3,5 i
( of(n+l)] O N[(n+l), (1 _(n+l))] ) ,! 7 (OE PS8

(n+l): V1.7, 3) i
W (n+1)] O T[(n+l), (1 _ (n+1))] 8 (OB 7) i
TNL(n+1), (1 _ (n+l))] ,1" 9 (OE 6,8) i
W (n+l)] & N[(n+l), (1 _ (n+1))] ,1 10 (&l: 6,9) i
0] & win] & of1] 111 (& wo, 3) i
(00 &own &awl O (0_n) ~ ((0+1) _ (n+l)) )

, 112 (UE: P56) i
0] & wn &l O (0 _n) ~ ((0+1) _ (n+l))

113 (OE 12) i
(0 _n) ~ ((0+1) _ (n+1)) 1 14 (OE 11,13)
(0 _n) ~ (1 _ (n+1)) 1 15 (=E V2.67, 14)

o (n+1)] & TL[(n+1), (1 _ (n+1))] & (0 _n) ~ (1 _ (n+l))
1 16 (&: 10,15) |

( (n+l)] & N[(n+Dl), (1 _(n+1))] & (0 _n) ~ (1 _ (n+l))
O TN[(n+1),(0 _n)] )

117 (DE 1V4.3;
(n+1): V1.7, 3) i

W (n+1)] & Nr(n+1), (1 _ (n+1))] & (0 _n) ~ (1 _ (n+l))
O T[(n+l),(0 _ n)]

118 ((OE 17) i

T[(n+1), (0 _ n)] 1 19 (OE 16,18) |
wn O T[(n+l), (0 _ n)] 120 (O1: 2,19)
( wn O N[(n+l), (0 _n)] ) 021 ()1 20) i
On ( win O N[(n+1),(0 _n)] ) | 22 (O1: 1,21)

0

I 60. The finite interval between n and m nunbers ((mn)+1l) (when
nis less than or equal to n). i

F OnOm ( <tn,m O A[((mn)y+1),(n _m] ) i
n , 11 (Pren i



<[n, M , 12 (Prem i

( stn,m 0O o(mn)] ) ! 3 (0E V5.8) i
stn,m O «(mn)] 4 (0OE 3) i
o (mn)] 5 (OB 2,4) i
W (mn)] & 1] 16 (&: 1V9.2,5)
(w(mn] &owl O o((mn)+1)] ) ! 7 (0B VI8
(mn): V5.7,2) i
w(mn)] & w1l O «f((mn)+1)] 8 (OE 7) i
o ((mn)+1)] 19 (0OE 6,8) i

ceee( o (mn)] O Tf((mn)+1),(0 _ (mn))] )
1 10 (DE: P59:
(mn): V5.7,2) i

o (mn)] O NL((mn)+1), (0 _ (mn))]

111 (()E 10) i
TI((mn)+1),(0 _ (mn))] , 112 (OE 5,11) i
W ((mn)+1)] & N[((mn)+1),(0 _ (mn))]

113 (&l: 9,12) i
0] & wf(mn)] 114 (& : WO, 5) i
( <in,m O wn] ) ! 15 (COE: V3.6) i
<In,m 0O wn] ,1 16 (()E 15 i
o n] 117 (OE 2,16) i
W0 & W(mn)] & wn] 118 (& : 14,17) i
( W0 & w(mn)] & wn

O (0 _(mn)) ~ ((0+n) _ ((mn)+n)) )
, 119 (OE P56;

(mn): V5.7,2) i

W0 & w(mn)] & «n O (0_(mn)) ~ ((0+n) _ ((mn)+n))

120 (()E 19) i
(0 _(mn)) ~ ((0+n) _ ((mn)+n)) 1 21 (OE 18,20)
( wn O (0+n) =n) 1 22 (DB V2.33)
wn O (0+n) = n 123 ()E 22) i

(0+n) = n 1 24 (OE 17,23)



(O _(mn)) ~(n _ ((mn)+n)) , 125 (=E 21, 24)

( <(n,m O ((mn)+n) = m) 1 26 (OE: V6.3)
stnnm O ((mn)+n) =m P27 (()E 26)

((mn)+n) = m 1 28 (OE 2,27)
(0 _(mn)) ~(n_m 1 29 (=E 21, 28)

W ((mn)+1)] & NL((mn)+1), (0 _ (mn))]

& (0 _(mn)) ~(n_m I 30 (& : 13, 29)

(o ((mn)+1)] & N[((mn)+1),(0 _ (mn))]
& (0 _(mn)) ~(n_m
O Nr((mn)+1),(n _mM] )

1 31 (OE V4. 2;
((mn)+1): V1.7,86)

W ((mn)+1)] & NL((mn)+1), (0 _ (mn))]
& (0 _(mn)) ~(n _m
O Np((mn)+1), (n _m]

1 32 (()E: 31)
ML((mn)+1),(n _mM] ,! 33 (OE 30, 32)
stn,m O T((mn)+1),(n _ m] 134 (0O1: 2,33)
( stn,m O NL((mn)+1),(n _mM] ) 135 (()1: 34)
OnOm ( <(n,m O A[((mn)+1),(n _m] ) ! 36 (O 1,35)
O
| 61. Every finite interval is finite.
F ObOc f (b _ ©)
b, c 11 (Prem
( <[b,c] O~ <[b,c] ) 1 2 (OE 13.18)
<(b,c] O - <[b,c] 13 (O)E 2)
<[b, c] 1 4 (Prem
( <tb,c] O N[((c-b)+1),(b _c)] ) .1 5 (OE P60)
<(b,c] O T[((c-b)+1),(b _ c)] 16 (OB 5)

Tr((c-b)+1),(b _ c)] 1 7 (OE 4,6)



W (c-b)] & w1]

(w(c-b)] & wl] O w((c-b)+1)] )
wi(c-b)] & wl] U w((c-b)+1)]

w ((c-b)+1)]

W ((c-b)+1)] & T[((c-b)+1),(b _c)]

8 (TE VI1.7,7)
9 (OE: VI.8)
10 (OE 9)

11 (OE 8, 10)

12 (&: 7,11)

( Wf((c-b)+1)] & N[((c-b)+1),(b _c)1 O f (b _c) )

1 13 (OE 1V5.2;
((c-b)+1): V1.7,8)

o ((c-b)+1)] & N[((c-b)+1),(b _c)] O f (b _c)

f (b _c)
<[b,c] O f (b _c¢)
- <[b, c]

( = <[(b,c] O (b _c)

®)

- g[b,c] O (b _¢) =90

—~
—~
O
I
(@)
~
1}

o0 f (b _c))
(b_c) =0 f (b _c)
f (b _c)

= g[b,c] O f (b _c¢)

f (b _c)
ObOc f (b _ )
0
I 62.

F OPObOc ( PO (b _c) O fP)
P, b, c
PO(b_c)
f (b _c)

f (b_c)y &P O (b _c)

114 (OE 13)

15 (OE 12,14)
16 (O1: 4,15)
17 (Prem

18 (LE: P16)
19 (()E 18)
20 (OE 17, 19)
21 (OE: 1V5.8)
22 (()E 21)
23 (OE 20,22)
24 (O1: 17,23)
25 (O: 3,16, 24)

26 (OI: 1,25)

1 (Prem
2 (Prem
3 (OE: P61)

4 (&8: 2,3)



( f(b_c)y &P O (b _c) O fP) , ' 5 (0OE: 1V5.12)

f(b_c)&PO(b_c)yOfeP 1 6 (()E 5)
fP 1 7 (OE 4,6)
PO(b_c) O fP 18 (0O1: 2,7)
(PO(b_c)OfP) 19 ()1 8)
OPObOc ( PO (b _c) O f P) | 10 (O1: 1,9)
O
l 63.

F OPObOcOx ( PO (b _¢c) &P[x] DO PO w&-P=@&f P)

P, b, c, X 11 (Prem
PO (b _c) &P[X] 1 2 (Pren
(PO(b_c) &Px] DO PO w&-~P=¢)

| 3 (DE: P39)
PO(b_c) &Px] DO POw&-P=g

4 (0OE 3)
Plw&-P=g 1 5 (OE 2,4)
PO (b_c) 16 (& 2)
(PO(b_c)yOfP) ! 7 (DE: P62)
PO(b_c) OFfP 18 (()E 7)
fp 1 9 (OE 6,8)
Polw&-P=@&f P 1 10 (&: 5,9)

PO(b _c¢) &Px] O PO w&-P=@&fP
111 (O1: 2,10)

(PO(b _¢) &Px] O PO w&-P=@&f P)
12 ()1 11)

OPObOcOXx ( PO(b _c) &P(x] O PO wW&-P=@&f P)
1 13 (O 1,12)

0
I 64.

FOP ( xOy(wyl & Plyl O <y,x]) O f (wn P))



P 11 (Prem

xOy(wiyl & Plyl O <[y, Xx]) 12 (Prem
Oy(wlyl & Pyl O <y, z]) 3 (B 2)
y , ' 4 (Prem
(0w n P)LY] I 5 (Prem
( (wn Ply] O oyl & Pyl ) , 1 6 (OE 113.3)
(wn Pyl O oyl & Ply] 7 (()E 6)
Wyl & Ply] , ! 8 (OE 5,7)
(wyl & Pyl O €y, z]) , 19 (OE 3)
Wyl & Pyl O €[y, z] 110 (OE 9)
<y, z] )1 11 (OE 8,10)
(wn Pyl O €y, 2] 112 (O1: 5,11)
((wn Pyl O <y, z]) 113 ()1 12)
Oy ((wn Pyl O €y, 2z]) 114 (0O 4,13)

( Oy ((wn Pyl O <[y, z]) O (wn P) 0O(0_2))

! 15 (OE: P40)
Oy ((wn Pyl O <[y, z]) O (wn P) ?!(26_(%%: 5
(wn P) O(0 _ z) 117 (O1: 14, 16)
((wnP) OO _2z)0f(wnP) ) ,lI 18 (IE P62)
(wnP) O(0_2z) 0 Ff (0n P 119 (()E 18)
f (wn P 1 20 (OE 17,19)

kOy(wy] & Ply] O €y,x]) O f (won P),! 21 (Ol: 2,20)

( xOy(wyl & Pyl O <y,x]) O f (0 n P))
122 ()1 21)

OP ( xOy(wyl & Ply] O <[y,x]1) O f (wn P))
I 23 (0O 1,22)



