I CHAPTER 8
BASI C LAWS OF MJLTI PLI CATI ON;j

I This chapter establishes nost of the basic |aws of nultiplica-
tion. Anong the highlights:

P14: 1 is Left Miultiplicative Identity

P16: Right Distributive Law of Miltiplication over Addition
P18: 1 is Rght Miulitplicative ldentity

P19: (2 x2) =4

P20: Left Distributive Law of Miltiplication over Addition
P25: Commutative Law of Miltiplication

P28: Associative Law of Miltiplication

P35-P36: Distributive Laws of Multiplication over Subtraction
P42-P45: Cancel lation Laws of Miltiplication

P66: The Division Al gorithm (Existence)

P68: Uni queness of the D vision Algorithm

I nduction proofs will be nore used than in the chapter of addi-
tion, where they were shunned to the advantage of appeals to
first principles. The devel opnment of propositions is ad hoc, and
ot her devel opnents are possi bl e. i
1. i

F OnOnk ( o{n] & k] & n =mO (n x k) = (mx k) ) i

n, mk 11 (Prem i
Wwn & Wkl &n =m , 12 (Prem i
wn & wkj 13 (& 2) i
n=m 14 (& 2) i
(n x k) = (n x k) 15 (=I;

(n x k): C7.9,3) i
(n x k) = (mx k) , 1 6 (=E 4,5) i

wn & okl &n =m0 (n x k) = (mx k)

U7 (0O1: 2,6) i

( wn & okl &n =m0 (n x k) = (mx k) )

8 (01 7) i
OnOnidk ( win] & k] &n =m0 (n x k) =(mx k) )
9 (Or: 1,8) [
O
I 2. [

F OnOnk ( o{n] & (k] & n=mO (k xn) =(k xmn) i
n, mk 11 (Prem i

Wn & okl &n =m 12 (Prem i



W[ N] 13 (& 2) i

Wl K] 14 (&E: 2) i
n=m 1 5 (& 2) i
W k] & wn] 16 (& 3,4) i
(k x n) = (k x n) 7 (=l

(k x n): C7.9,6) i

(k x n)

(k x m , ' 8 (=E: 5,7) i

wn & okl &n =m0 (k xn) =(k xm
19 (0O1: 2,8) i

( wn & Wkl &n =m0 (k xn) =(kxm)
, 110 ((O)1: 9) i

OnOnidk ( «{n] & k] &n =m0 (k xn) =(k xm)
11 (O1: 1,10) i

0
I3, i
FOn( wn O (0xn) =0) i
n , 11 (Prem i
w[ ] , ! 2 (Pren i

( 0] & 0] & N[O, @ &Pup &1 & & (D) O ¢
& M0, (®)]
O (0xn) =0)
! 3 (OE: C7.18) i

WOl & O] & N[O, ¢ & Dup @ &1 ® & (PD) O @ & N[O, (P)]
O (0xn) =0

4 (OB 3) i

W 0] & TL[O, ¢ 15 (& w0, V3. 14)
i

W0] & wO] & N[0, @ ,1 6 (&: w0, 5) i
( wn O ®vuvn o) 0 7 (OE 1V11.9) i
wn O ®vuvn o 18 (OE 7) i
® un o 19 (OE 2,8) i

0] & 0] & N[O, @ & P un @ ,1 10 (&l: 6,9) i



0] & 0] & N[0, ¢ & DPup &1 & ! 11

0] & 0] & N[O, @ & Pup ¢ &1 & & (dD)
112

W0l & MN[0, ¢ & () = ¢ 113

( w0 & N[0, @ & (®l) = O N[O, ()] )

(& : 11109.18, 10)
i
0o
(& : 1115.21,11)
i
(& : 1116.28,5)
i
(OE: 1V4.6) i
(OE 14) i
(OE 13,15)

0@ & N0, ()]

(&: 12,16)
(OE 4,17)
(O1: 2,18)
(O1: 19) i
(O: 1,20)

i

i
(Prem i
(Prem i
(OE: 1V7.8)
(OE 3) i
(OE 2,4) i
(E 5) i

114
W0 & N[0, @ & (dl) = O N[0, (d)],! 15
N0, ()] 1 16
W0l & 0] & N[O, ¢ & Dup @ &1 ® & (PD)

117
(0 xn) =0 ,! 18
wn O (0xn) =0 119
( wn O (0xn) =0) 120

On ( wfn O (0 xn) =0) 21

0

4.

FOn( wn O (nx0) =0)

n i
w[ N 2
( wn O [P TNn, P ) 13
wn O [P N[n, P 14
(P .[n, P] ,1 5
rn, P ! 6
( wn & 0] & T[n,P] &P uvg P&1 & & (D) O P
& [0, (d!)]
0 (nx0) =0)
7

(OE: Cr7.18) i

Wn & «f0] & N[N, Pl &DuvgP&1 & & (®D) O P & N[0, ()]

0 (nx0) =0



8 (OB 7) i

wn & O] 19 (& 2, w0) i
wn & w0 & TN[n, P ,1 10 (&: 6,9 i
® ug P , 11 (CE 1V11.10) |
wn & w0 & N[n, Pl & ® vg P , 12 (& : 10, 11) i
wn & w0 & T[n,Pl &DPuvg P&1T & , 13 (& : 1119.18,12)

i
o 0P 1 14 (CE 115.9)
(oD Dp&oOP 1 15 (&: 1115.21,14)

i
((oD) Do&oO PO (oD OP) 1 16 (OE 111.5)
(D) Dop&eO PO (D) OP 117 (O)E 16) i
(oD O P ,! 18 (OE 15,17)

wn & 0] & [n, P &DPuvg P&l ® & (D) OP
19 (& : 13,18) i

( (o) =90 N[0, (D) ) 1 20 (OE: 1V3.2)
(ol) =0 N[O, ()] 121 (()E 20) i
N[0, (dl)] 1 22 (OE 1116.28,21)

Wwn & w0 & N[n,Pl &duvg P&1 & & (dD) O P & N[0, ()]
23 (& : 19, 22)
i

(nx0) =0 | 24 (OE 8,23)
wn O (nx0) =0 125 (O1: 2,24)
( win O (nx0) =0) 126 (()1: 25) i

On ( wn O (nx0) =0) | 27 (Ol: 1,26)
O
| 5. i

FOnOm( = (nxm =0&wmM O -n=20) i
n, m , 11 (Pren i

= (nxmM=0&wm 12 (Prem i



~(nxm =0 13 (& 2)

[ M 14 (&E: 2)
n=0 ! 5 (Prem
(om O (0xm =0) 1 6 (OE: P3)
wm O (0xm =0 7 (()E 6)
(0xm =0 18 (OE 4,7)
(nxm =0 ! 9 (=E: 5,8)
F 110 (F1: 3,9)

n=00 &F 111 (O1: 5,10)

~n=0 112 (Al 11)

~(nxm =0&awmM O -~n=0 113 (O1: 2,12)
(=-(nxm=0&wmMO-n=0) 14 ()1 13)

nOm( = (nxm =0&awnm O ~n=0) ! 15 (0 1,14)
0
I 6.

FOnOm( - (nxm =0&wn O -m=20)

N, m 1 1 (Prem
~(nxm =0 & @n 1 2 (Prem
~(nxm =0 1 3 (& 2)
@[ N] 1 4 (& 2)

m=0 , ! 5 (Prem
(wn O (nx0) =0) ! 6 (OE: P4)
wn O (nx0) =0 7 (OE 6)
(nx0) =0 1 8 (OE 4,7)
(hxm =0 1 9 (=E: 5,8)
F 110 (F1: 3,9)
m=00 & 111 (O1: 5,10)

- m=20 ,!12(—||:11)



~(nxm =0&uwn O -m=0 113 (O1: 2,12)
(- (nxmM =0&wn O -m=20) 114 (()1: 13)
OnOm( = (nxmM =0 & wn O -m=0) ' 15 (0O : 1,14)
O
I 7.

FOnOm( = (nxmM =0&wnN &wmM O -n=0&-m=20)

n, m 11 (Prem

- (nXxmM =0&wn & wm , 12 (Pren

A (nxm =0 & wnj 13 (& 2)

- (nxm =0 14 (& 2)

W m 1 5 (& 2)
(=~ (nxmM=0&wn O-m=0) ,! 6 (UE P6)
- (nxm =0&wn O-m=20 IV 7 (()E 6)

- m=0 , 1 8 (OE 3,7)
- (nxm =0 & wm 1 9 (&: 4,5)
(-(nxmM =0&wmMO-n=0) ,! 10 (OE P5)
- (nxmMm=0&wmMmMd-n=20 111 ((O)E 10)
- n=0 1 12 (OE 9,11)
-n=08&-m=0 113 (&l 8,12)

- (nxm =0&wn &wmM O -n=0&-m=20
014 (O1: 2,13)

(=~ (nxm 0O&wn &wm O -n=0&-m=20)

115 (O1: 14)

OnOm( = (nxmM =0&wn &wmM O -n=0&-m=20)
| 16 (0O1: 1,15)

O
8.
FOnOndk ( (n xmM =k &=-k=00 =n=0)
n, mk 11 (Prem

(nxm =k &-k=0 , 12 (Prem



(n xm =k 13 (& 2)

-k =0 14 (8B 2)
~(nxm =0 ! 5 (=E: 3, 4)
wn & wn ! 6 (TE C7.9,3)
w M 17 (& 6)
~(nxm =0 &wmn 1 8 (&: 5,7)
(-(nxm=0&wmM O -n=0) ,! 9 (O0E P5)
~(nxm =0&awM O -n=0 110 (()E: 9)
~n=0 ! 11 (OE 8,10)
(nxm =k &-k=00 =-n=0 12 (O1: 2,11)
((nxm =k&-k=00-n=0) ,! 13 (()I: 12)

OnOmidk ( (nXmM =k &-k =00 =-n=0)
I 14 (O1: 1,13)

0
I 9.

FOnOrik ( (nxmM =k &-k=00 -m=20)

n, mk 11 (Prem
(nxmM =k &-k =0 12 (Prem
(nxm =Kk 1 3 (& 2)
-k =0 14 (&E: 2)

- (nxm =0 15 (=E 3,4)
Wwnl & wm 1 6 (TE: C7.9,3)
o[ N 1 7 (& 6)

A (nXxm =0 & wnj 1 8 (&: 5,7)
(= (nxmM =0&wn O-m=0) ,!' 9 (OE P6)

- (nxm=0&wn O-m=20 110 (OE 9

- m=0 )1 11 (OE 8,10)

(nxm =k &-k=00 -m=0 112 (O1: 2,11)



((nxm =k&-k=00-m=0) ,! 13 (()I: 12)

OnOnidk ( (n XM =k &=-k=00 -=m=0)
| 14 (O 1,13)

I
I 10.

FOnOrik (((nxmM =k &-k=00-n=0&-m=0)

n, mk 11 (Prem
(nxmM =k &=k =0 , 12 (Pren
(nxm =Kk I3 (& 2)

-k =0 14 (& 2)

- (nxm =0 , 1 5 (=E 3,4)
Wwn & wm 1 6 (TE: C7.9,3)
A (nXxmM =0&wn & wm 10 7 (&: 5,6)

(= (nxmM =0&wnN &wmM O -n=0&-m=20)

, 1 8 (OE P7)
- (nxmM=0&wn &wmMd -n=0&-m=20

9 (O)E 8)
- n=0&-m=0 , 110 (OE 7,9)

(nxm =k &-k=00-n=0&-m=0
011 (O1: 2,10)

((nxmM =k &-k=00-n=0&-m=0)
112 (O 11)

OnOnidk ( (n XM =k &-k=00 -n=0&-m=0)
1 13 (O: 1,12)

0
I 11,

F(0ox0 =0

( 0] O (0 x0) =0) 11 (0E P3)
@O0 O (0x0) =0 2 (OE 1)
(0x0) =0 | 3 (0E w0, ?2)

0



I 12. i

F(ox1) =0 i

(w1 O (0x1) =0) 1 1 (OE PR) i
w1l O (0x1) =0 L2 (0B 1) i
(0x1) =0 I 3 (0OE 1V9.2,2) j
O

I 13, i
F(1x0 =0 i
(@O0 O (1x0) =0) 11 (OE P4) i
0] O (1x0) =0 12 (OE 1) i
(1 x0) =0 | 3 (OE w0,2) i
O

I 14. 1 is Left Multiplicative ldentity. (P47 asserts
uni queness. ) i

FOn( wn O (1xn) =n) i

n , 11 (Pren i

W[ N , 12 (Prem i

( wn O CP 9Nn, P ) ;! 3 (OE 1V7.8) i

wn O P N[n, P 14 (O)E 3) i

[P T.[n, P] 5 (OB 2,4 i

N[ n, Bl ,1 6 ([(E 5) i

I W need a thing x--any thing--in order to talk about a predi-
cate (x X B). Possible candidates would be O or n. Instead, we
will introduce a new bold character a and use predicate (a X B),

with the intention of rendering the proof nore intelligible.
i

X o X] U7 (O: 2) i
o[ a] 18 ([E 7) i

( 1] & win & N[1,(a*)] & (a X B) vp (a*) &1 (a X B)
& ((a X B)D) O (a*) & N[n, ((a X B)!)]
O (1 xn) =n)
, 1 9 (OE C7.18) i



W1 & wn & N[1,(a’)] & (a X B) un (a°) &1 (a X B)

& ((a X B)D) O (a*) & T.[n,((a X B)!)]
O (1 xn =n

110 (OE 9)
Wl & N 111 (& 1V9.2,2)
Nr1, (a*)] 1 12 (DE 1'V9. 3)
W1l & wn & T[1,(a%)] 113 (& 11, 12)
wnl & T[n, B 114 (&: 2,6)
( wn & N[n,B O (a X B) up (a*) ) ,! 15 (OE 1V11.12)
wn & N[n,B O (a X B) un (a°*) ' 16 (()E 15)
(a X B) up (a°) 1 17 (OE 14, 16)
1] & «fn & N1, (a*)] & (a X B) vn (&%)

118 (&: 13,17)
1 (a X B) )1 19 (OE 11116.28)

W1 & wn & N[1,(a’)] & (a X B) un (a*) &1 (a X B)
120 (&: 18,19)

((a X BID) O (a*)

Wl & wn & N[, (a*)] & (a X B) vp (a*) &1 (a X B)

& ((a X BD O (a*)

122 (&: 20,21)

((a xB!) =8B

wn & N[n,B & ((a X B

n
w

( wn &MNn,B & ((a X Bl

124 (& 14,23)

BO T[n, ((a X BI])

1 25 (OE: |V4.6)

wn & T.in B & ((a X B)!) =

Il
vy)

0 n, ((a X B)!)]

1 26 (()E 25)

Tn, ((a X B)1)]

127 (OE 24, 26)

Wl & wn & N[1,(a*)] & (a X B) vp (a*) &1 (a X B)

& ((a X BD 0O (a*) & TN[n,((a X B)!)]

128 (& 22,27)

1 21 (OB 11116.17)

1 23 (OE 11116.21)



(1 xn) =n , 129 (OE 10,28) |

wn O (1xn) =n 130 (O1: 2,29)
(wn O (1xn) =n) 131 (()1: 30) i

On (wn O (1xn) =n) | 32 (Ol: 1,31)

O

| 15, i

F(1x1) =1 i

(Wl O (1 x1) =1) ! 1 (DE P14) i
w1l O (1 x1) =1 L2 (0B 1) i
(1 x1) =1 I 3 (0OE 1V9.2,2)
0

I 16. Right Distributive Law of Miltiplication over Addi-
tion. i

F OnOnOk ( o[n] & oM & K]
O ((n+m xk) =((nxk) + (mxKk)) ) i

n, mk , 11 (Pren i
wn & wn & wk] 12 (Prem i
W[ N] 13 (& 2) i
w m 4 (& 2) i
W K] 1 5 (& 2) i
wn & wn 16 (&: 3,4) i
(wn &wm O of(n +nmM] ) , 1 7 (OE Cl1.8) i
Wwn & wn O o(n+ m] 18 (OB 7) i
o (n + mM] , 1 9 (OE 6,8) i
o(n +mM] & k] ,1 10 (&: 5,9 i

((n+mM] & &k
O PR (T[(n +mM,Pl &Ruk P&1 R&(RD) OP
& N[((n +m x k), (R)I1) )

1 11 (OE C7.19;
(n +m: CL7,6)



W (n + mM] & wk]
O PR (M[(n +mM,Pl &Ruk P&1 R&(RD) OP

& NL((n +m x k), (R)I)
112 (OE 11) i
(PR (N[(n + M,P) & Ruk P& 1 R& (RD) OP

& NL((n +m x k), (R)I)
1 13 (OE 10,12) i

R (MN[(n+mM,Pl &Ruvk P&1 R&(RD) OP

& NI((n +m x k), (R)I1)
1 14 ([E 13) i

(M[(n +mM,Pl &Ruk P&1 R&(RPD) OP

& I((n +m x k), (R)])
1 15 ([E 14) i

MUN(n +mM,Pl &Ruvk P&1R&(RD) OP
& NL((n +m x k), (R)]

116 (()E: 15) i
N(n + m, P 1 17 (&E: 16) i
R uk P 1 18 (&E: 16) i
1 R 1 19 (&E: 16) i
(RD) OP .1 20 (&E: 16) i
MI((n + m x k), (R)] 1 21 (& 16) i

( Tp(n + m, P
O MR (N[N, Q & N[mMR & (QUR =P&(QNn R =9 )
1 22 (OE Cl.22) |

Ni(n + m, Pl

O QR (N[N, Q & (MR & (QUR =P &(Qn R =9
123 (OE 22) i

QR (N[N, Q & N[MR & (QU R =P&(Qn R =9
! 24 (OB 17,23)

MR (N[N, A & NIMR & (AOR =P&(An R =0
1 25 (CE: 24) i

(N[N, Al & N.imB] & (AOB) =P & (A n B =0
, 1 26 ([E 25) i

TNUin, Al & N.imB] & (A OB =P &(An B) = ¢
127 (OE  26) i



T.[n, A .1 28 (& 27) i

N[ m Bl 129 (&E 27) i
(AOB) =P 130 (& 27) i
(An B) =9 131 (& 27) i

( wn & Nin A & (ROA vk A&1 (ROA & ((ROAD OA

O r(n x k), ((ROAH])
, ! 32 (OE: Cr7.16)

wn & N[N, Al & (ROA vk A&1 (ROA & ((ROAD OA
O Ti(n x k), ((ROA)]

1 33 (()E 32) i
wn & N[n, A 134 (&: 3,28) i
A O (A O B) 1 35 (OE 112.12)
(AOB) =P &AO(ADB) ! 36 (&: 30,35
((AOB =P&ADO(AOB O AOP)

1 37 (CE 111.32)
(AOB =P&ADO(AOB O AOP ,! 38 (()E 37) i
AOP ,! 39 (OE 36,38)
Ruk P&AOP ! 40 (&: 18,39)
( Ruk P&ADOPO (ROA vk A) ,! 41 (LE 1V11.8)
Ruk P&AOPDO (ROA uk A 142 (OE 41) i
(ROA uk A ! 43 (OE 40,42) |
wn & N[n A & (ROA vk A 1 44 (&l: 34,43)
(1RO 1 (ROA ) 1 45 (OE 1119.10) i
1RO 1 (ROA ! 46 (()E 45) i
1 (R OA 1 47 (OE 19,46) |

wn & N[n,Al & (ROA vk A&1 (ROA
1 48 (&l : 44, 47) i

((ROAD O A 149 (DB 1117.29) |

Wn & Nin, Al & (ROA vk A&1 (ROA & ((ROAD OA



1 50 (&: 48,49)
Mi(n x k), ((ROA )] ,! 51 (OE 33,50)

(om & N[mB & (ROB) vk B&1 (ROB) & ((ROBD OB

O N(mxk),((ROB)I)])
, 1 52 (OE Cr.16) i

wm & .imB] & (ROB) vk B&1 (ROB) & ((ROBD OB
O Np(mx k), ((ROB)!)]

,1 53 (()E 52) i
Wm & T.[m B 1 54 (&: 4,29) i
BO(AOB) , ! 55 (OE 112.13) j
(AOB =P &B0O(AOB) ,! 56 (& : 30,55) i
((AOB =P&BO(AOB O BOP)

, ! 57 (OE 111.32) j
(AOB) =P&BO(AOB O BOP ,! 58 (()E 57) i
BOP ,1 59 (OE 56,58) |
Ruk P&BOP 1 60 (&: 18,59)
( Ruk P&BOPDO (ROB) vk B) ,! 61 (OE 1V11.8) |
Ruk P&BUOPDO (ROB) vk B ,1 62 (()E 61) i
(ROB) vk B ,! 63 (OE 60,62) j
wm & N[mB] & (ROB) vk B ! 64 (& : 54,63)
(1T RO 1T (ROB) ) , 1 65 (OE 1119.10) j
1 RO 1 (R OB) ,1 66 (()E 65) i
1 (R OB) ,! 67 (OE 19,66) |

Wnm & N[mB & (ROB) uk B& 1 (R OB)
1 68 (&: 64,67) |

((ROBD OB 169 (OB 1117.29) i

om & T,[mB & (ROB) vk B&1 (ROB) & ((ROBD OB
1 70 (& : 68,69) i

M(mx k), ((ROB))] ,! 71 (OE 53,70)

wn & kK] 1 72 (&: 3,5) i



wnm & wkj 1 73 (&: 4,5) i
of(n +mM] & wkj 1 74 (&: 5,9) i

((n xKk] &o(mx k)] & o((n +m X Kk)]

& TNi(n x k), ((ROAD] & Ni(mx k), ((ROB)!)]

& ((ROA) n((ROB)) =9

& NI((n+m x k), ((ROAN O (ROBI)]

O ((n+mM x k) =((nxk)y +(mxKk)) )
! 75 (OE: Cl.17;
(nx k): Cr.9,72;
(mx k): C7.9,73;
((n + ) x k): C7.9,74)

|

W(n x k)] & o(mx k)] &&f((n+m xK)]

& Ni(n x k), ((ROA] & Ni(mx k), ((ROB))]
& ((ROAH n((rROBN)) =0

& N[((n+m xk),((ROAN) O (ROBI))]

O ((n+mM x k) =((nxk) + (mx k))

176 (()E 75) i
(ofn & okl O w(n x k)] ) 1 77 (OB C7.10) |
wn &kl O o(n x k)] 78 (OB 77) i
W (n X k) 1 79 (OE 72,78) |
(om & okl O w(mxk)] ) 1 80 (OE: C7.10) |
wn & okl O o(mx k)] 181 (()E 80) i
W (M X k)] 1 82 (OE 73,81) |
W (n x k)] & @ (mx k)] 1 83 (&: 79,82)

( of(n+mM] &wkl O of((n+m x k)] )
,! 84 (OE Cr.10;
(n +m: CL.7,6) i

of(n+m] &kl O of((n+m xkJ,! 8 (()E 84) i
Q((n +m x k)] ! 86 (OE 74,85) |

W (n x k] &w(mx k)] &w((n+m xKk)]
1 87 (&: 83,86) |

W (n x k)] &w(mx k)] & w((n+m XKk

& Ni(n x k), ((ROA ]
! 88 (&: 51,87)



Qf(n x k)] &w(mx k)] & ao((n+m x k)]

& Ti(n x k), ((ROAN] & Ni(mx k), ((ROB))]
1 89 (&: 71,88)

1R&(ANnB) =9 190 (&: 19,31)

(1R&(AnB =00 ((ROAl) n((rROB)) =9)

191 (OB 1119.17) j
1R&(AnB =00 ((ROA) n ((ROB)) =09

192 (()E 91) i
((ROAH n ((ROB)) =9 1 93 (OE 90,92) |

W(n x k)l & w(mx k)] & of((n +m x k)]
& N(n x k), ((ROA)] & N(mx k), ((ROB)!)]
& ((ROA n ((ROB)) =9
1 94 (& : 89,93)

W((n+mM xKk1 &N((n+m xk),(R)]
,1 95 (& : 16, 86) i

(AOB =P&(RD) OP ,1 96 (& : 20, 30) i

( (AOB =P&(RP) OPO (RD) O(AOB))

197 (OE 111.31)

(AOB) =P &(RP) OPO (RD) O(AO B)
1 98 (()E 97) i

(RD) O (A O B) 1 99 (OE 96,98) |

((RB) O(AoB O ((ROA) O (RrROB)) =(R))
;1100 (OE 1117.41)
i

(RD) 0(AO0B O ((ROA O(RrROB!)) =(R)
, 1101 (()E 100) i

((ROA 0 (rOBl)) = (R) ,! 102 (OE 99, 101)
i

W((n+mM xk1 &N(n+m xk), (R
& (((ROA O (rOB!)) =(R)
,1 103 (& : 95,102) j

( ((n+m xk1 &N +m xk),(R)I]
& (((ROA) O ((rROB!)) = (R
O N((n+m xk),(((ROAH O (RrROBI))I)
, 1 104 (OE 1V4.6;
((n+m x k): C7.9,74)
i



W((n+mM xk1 &N(n+m xk), (R
& (((ROA) O (rOB!)) =(R)

O N((n+m xk),(((ROA) O (ROBI))]
;1105 (()E: 104)

N((n+m x k), (((ROA!) O (ROBI))]

1 106 (OE 103, 105)

w(n x k)] &of(mx k)] & ((n+mM XxKk)]
& Ni(n x k), ((ROAN] & Mi(mx k), ((ROB)!)]
&(((ROA) n ((rROBI)) =9

& Ni((n+m xk),(((ROA O (ROB)]
,! 107 (& : 94,106)

((n+mM xk) =((nxk) + (mxk)) ,! 108 (OE 76,107)

wn & wnm & okl O ((n+mM xk) =((nxk) +(mx k))
1109 (O1: 2,108)

(0N & wnm & wk]
O ((n+mM xk) =((nxk) + (mxKk)) )
, 1110 (()1: 109)

OnOnidk (@[N] & wm & k]

0

I_

O ((n+mM xk) =((nxk) +(mxKk)))
111 (O 1, 110)

17. P17 is often cited.

OnOm ( on] &M O ((n+1) xmM =((nxm +m)

n, m 11 (Prem
wn & wm , 12 (Pren
Wwn & Wl & om I3 (&: 1V9.2,2)

(wn & o{1] & wn
O ((n+1) xm =(((nxm +(1xm))
1 4 (CE: P16)

wn &l & wm O ((n+1)xm)-((nxm) F(lxm)
5 (OE 4

((n+1) xmM =((nxmM +(1xmM) ,! 6 (0E 3,5
w[ 7 (& 2)

(wm O (1xm =m) 1 8 (OE: P14)



Wm O (1L xm =m 19 (O)E 8)
(Lxm =m 110 (OE 7,9)
((n+1) xm =((nxm +m 111 (=E 6, 10)

Wn &wm O ((n+1) xm =((nxm +m
112 (01 2,11)

(n &awm O ((n+1) xmM =((nxm +nm )
113 ()1 12)

OnOm ( on] & wm O ((n+1) xmM =((nxm +m )
14 (Ol : 1,13)

0

I 18. 1 is Right Miulitplicative ldentity. (P46 asserts
uni queness. )

FOn( wn O (nx1 =n)

I W proceed by induction, taking @ to be

(nx 1) =n
It has al ready been shown that
(0Ox1) =0

It therefore renains to show
OnOm ( «o[n] &onm &(nx1l =nO (mx1) =m)

n, m 1.1 (Prem
wn &onm&(nx1) =n 12 (Prem
wn & o[nm 13 (& 2)
o[ n] 4 (& 2)
(nx1) =n ' 5 (& 2)
( w[n &onnm O m=(n+ 1) ) , 1 6 (OE C2.48)
wn &onm>d m=(n + 1) 17 ((O)E 6)
m=(n + 1) , 1 8 (OE 3,7)
Wwn & 1] 19 (&: 1V9.2,4)
wn & wl] & wfl] , 110 (&: 1V9.2,9)

(wn &l & ol
O ((n+1) x1) =((nx1 +(1x1)))
, ! 11 (OE P16)

wn & wl] & wi]



O ((n+1) x1) =((nx1 + (1 x1))

12 (OE 11) i
((n+1) x1) =((nx1) +(1x1) ,I 13 (0E 10,12) i
(mx 1) = ((nx1) +(1x1)) | 14 (=E: 8,13) |
(mx 1) =(n+ (1x1)) 1 15 (=E: 5,14) |
(mx 1) = (n + 1) 1 16 (=E: P15,15) |
(mx 1) =m 1 17 (=E: 8,16) |

wn &onm&(nx1l =n0 (mMmx1 =m
118 (O1: 2,17)

( wn &onm&(nx1) =n 0 (mx 1) =m)
119 (()I1: 18) i

OnOm ( «o[n &onm &(nx1 =n0 (mMmx1) =m)
, 120 (O1: 1,19) i

On ( «n O (nx1) =n) I 21 (Induct: P12, 20)
i

I
19, i

F(2x2) =4 i

W2l & W2] 11 (&l 1Vve. 11,
1VO. 11)
(2 x2) =(2x2) 2 (=l C7.9,1)
(2 x2) =((1+1) x2) 1 3 (=E ©2.69,2) i
Wl & w2] 4 (& 1V9. 2,
1VO. 11)
(1] &2 O ((1+1) x2) =((1x2) +2))
1 5 (OE P17) i
1] & 2] O ((1+1) x2) =((1x2) +2)
16 (()E 5) i
((1L+1) x2) =((1x2) +2) 1 7 (OE 4,6) i
(2 x2) =((1x2) +2) 1 8 (=E C2.69,7) |
(2] O (1x2) =2) 1 9 (OE P14) i

w2 O (1x2) =2 110 (OE 9) i



(1 x2) =2 )1 11 (OE 1V9.11, 10)
i
(2 x2) =(2+2) 1 12 (=E: 8, 11) i
(2 x2) =4 1 13 (=E C2.74,12)
i
O

I 20. Left Distributive Law of Miltiplication over Addi-
tion. i

F OnOnOk ( o[n] & oM & K]
O (nx (m+k)) =((nxnm +(nxKk))) i

I W prove first that

On (N
O OkOj ( okl & wlj]

O (nx(k+j)) =(0nxky +(nxj)))).

by induction, taking ¢ to be
kO (k] & oj] O (nx(k +j)) =((nxk) +(nxj)))
It nmust be shown that
Eij ( okl &owj] O (0x(k+j)) =(0xk) +(0x7j)))
an
OnOm ( «{n] & o[n, M
& OkOj ( wk] & ofj]
O (nx(k+7j)) =(nxk) +(nxj)))
O Ok ( k] & ofj]
O (mx (k +j)) =((mxk) +(mxj)) ) ) i

I To prove:
OkOj (k] & ofj] O (0 x (k +j)) = ((0xk) +(0x7j)) )i

K, | 11 (Prem i
Wkl & wj] 12 (Prem i
[ K] 1 3 (&E: 2) i
W] 14 (8 2) i
( okl &aj] O of(k +j)1) ! 5 (0B Cl.8) i
Wkl & wj] O o(k +j)] 16 (OE 5) i
W (k +])I] 7 (OB 2,6) i
(w(k +j)r 0 (x(k+j))y=0) ,!8(0E P3

(kK +j): ClL.7,2) |

o(k +j)1 0 (0x(k+j)) =0 9 (OE 8) i



(0 x (k +j)) =0 1 10 (OE 7,9) i

(k] O (0xk) =0) ! 11 (OE P3) i
Wk O (0xk) =0 112 (()E 11) i
(0 x k) =0 113 (OE 3,12) |
(wj1 0O (0xj) =20) 114 (OE P3) i
wjl 0 (0xj) =0 115 ((OE 14) i
(0xj) =0 1 16 (OE 4,15) |
(0 x (k +j)) = (0 + 0) 1 17 (=E: C2.65, 10)

i
(0 x (k +j)) = ((0 x k) +0) 118 (=E 13,17) i
(0 x (k+j)) =((0xk) +(0xj)) ,! 19 (=E 16,18) |

okl & ofj] O (0 x (k+7j)) =((0xk) +(0x7]))
120 (O1: 2,19)

(k] &afj] O (0x (k+j)) =((0xk) +(0x7j)))
121 (()I1: 20) i

OkDj ( wikl & wfj] O (0 x (k+j)) =((0xk) +(0xj)))
122 (0O: 1,21)

I To prove:
OnOm ( «w{n] & o[n,m
& OkLj ( okl & ofj]
O (nx(k+j)) =((nxk) +(nxj)))
O OkLj ( okl & ofj]
O (mx (k +j)) =((mxk)y +(mxj))) )i

n, m , 1 23 (Prem i

wnl & ofn,m

& OkOj ( okl & owfj] O (nx (k+7j)) =((n xKk) +(nXJ)) )
, 1 24 (Prem

w[n & o nm 125 (& 24) i

o[ N 1 26 (& 24) i

Ok ( okl & oj] O (nx (k+7j)) =((nxk) +(nxj)))
127 (& 24) |

( wn &onm O m=(n+ 1)) , 1 28 (OE C2.48) i

wn &onmdm=(n + 1) 129 (()E 28) i



m= (n + 1) ! 30 (OE 25,29)

K, j ,1 31 (Prem i
Wkl & oj] ,1 32 (Prem i
ol k] , 1 33 (& 32) i
W] 1 34 (& 32) i

(wn & w(k +j)]

O ((n+1) x(k+j)) =0nx(k+])) +(k+7])))
1 35 (OE P17;
(k +j): C1.7,32)

wnl & wi(k +j)]
O ((n+1) x(k+7j)) =nx(k+7])) +(k+]))

,1 36 (()E 35) i
( okl &wj] O of(k +j)1) 1 37 (LE Cl1.8) i
Wkl & wj] O wi(k +j)] 138 ((OE 37) i
W (k +j)] ,1 39 (OE 32,38) |
wn & o (k +j)] 140 (& 26,39)

((n+ 1) x(k+7])) =({nx(k+7])) +(k+]))
! 41 (OE 36,40)

(wkl &afj] O (nx(k+j)) =(nxk) +(nxj)))
1 42 (OE: 27) i

Wkl & oj] O (nx (k+7j)) =((nxk) +(nxj))

1 43 (()E: 42) i
(nx (k +j)) = ((nxk) +(nxj))

1 44 (OE 32,43) |

((n+1) x(k+7j)) =((nxk)y +(nxj)) +(k+7j))
,1 45 (=E 41, 44) i

wn & wkj 146 (& : 26, 33) i
wn & Wjl 147 (& 26, 34) i

( of(nXxk)] &awf(nxj)] & k] & wj]
O (((nxk)y +(nxj)) +(k+7j))
= (((nxk)y +k)y +((nxj)+j)))
, 1 48 (OE 2. 29;
(n x k): C7.9, 46;
(nxj): C7.9,47)



of(n x K] &w(nxj)] & okl & ofj]

O (((nxk)y +(nxj)) +(k+7j))

= (((nxk)y +k) +((nxj)+7j))

, 149

(wn &kl O @(nxKk7) !
wn & okl O w(n x k)] !
W (N X k)] , !
W(n x k)] & k] & wj] !
(n &ofj] O of(n xj)l) , !
wn & oj] O w(n X j)] !

W (n xj)l !

f(n x K] &aw(nxj)] & okl & ofj]

(((n x k) +(nxj)) +(k+7]))

= (((n xk)y +k) +((nxj)+7j))
!

((n+1) x(k+7j)) =(0(nxk)y +k)+((nxj) +7j))

50

51

52

53

54

55

56

57

58

(()E 48)
(OE: C7.10)
(()E 50)
(OE 46, 51)
(&: 32,52)
(OE: C7.10)
(()E: 54)

(OE 47, 55)

(& : 53, 56)

(OE 49, 57)

1 59 (=E: 45, 58)

(wn & ok O ((n+1) xk) =(((nxk) +k))

1 60 (OE P17)
wn & k] O ((n+ 1) xk) =((n x k) + k)

1 61 ()E 60)
((n+1) xk) =((nxKk) +Kk) 1 62 (OE 46, 61)

((n + 1) x (k

=+

1)) = (((n +1) xk) +((nxj) +]))

,! 63 (=E 59, 62)

(wn &afj] O((n+1) xj)=(nx])+]))

1 64 (OE: P17)
wn &«j] O ((n+1) xj) =((nxj) +7])

1 65 (()E 64)
((n+1) xj) =((nxj)+j) 1 66 (OE 47, 65)

((n+ 1) x(k +1]))

(((n + 1) xk)y +((n+1) xj))

1 67 (=E: 63, 66)

(mx (k +1]))

((mx k) + (mXxj))

1 68 (=E 30, 67)

Wkl & ofj] O (mx (k+j)) =((mxk) + (mxj))



, 169 (OI1: 32,68) |

( okl & ofj] O (mx (k +j)) =((mxKk) + (mxj)) )
U070 ((O)1: 69) i

OkOj ( ofk] & ofj] O (mx (k +j)) = ((mxk) + (mx])))
171 (0O 31,70)

wnl & o[n,m

& UkLj ( aXkl & «fj] O (nx (k+7j)) =(((nxk) +(nxj)))

O OkOj ( okl &afj] O (mx (k +j)) =(((mxk) +(mxj)) )
V72 (O 24,71)

( wn &o[nm
& Uk ( ofk] & wj] O (nx (k+j)) =((nxk) +(nxj)))
O OkOj ( okl & wj]
O (mx (k +j)) =((mxk) +(mxj))))
73 (01 72) i

OnOm ( «w{n] & o[n, m
& kO ( okl & afj]
O (nx(k +j))
O Ok ( ofk] & ofj]
O (mx (k +j))

((nx k) +(nxj)))

((mx k) + (mxj))))
)1 74 (O 23,73)

On ( win]
O OkOj ( okl & ofj]
O (nx(k+j)) =(((nxk) +(nxj))))
, 175 (Induct: 22,74)
i

n, mk , 1 76 (Prem i
wn & wnM & wk] , 1 77 (Prem i
W[ N] , 1 78 (& 77) i
WM & k] 179 (& 77) i
(awn

O kO ( k] & ofj]
O (nx(k+7j)) ==0nxk +(nxj))))
,! 80 (OE: 75) i

w{ n]
0 OkOj ( okl & aij]
O (nx(k+j)) =(((nxk) +(nxj)))
1 81 (()E 80) i
OkOj ( ofk] & oXj]
O (nx(k+7j)) =(nxk) +(nxj)))



,! 82 (OE 78,81)

(m & k] O (nx (m+k)) =((nxm +(nxKk)))

,! 83 (LE 82) i
wn &kl O (nx(m+k)) =((nxm +(nXxk))

,1 84 (()E 83 i
(nx(m+ k) =((nhxmM + (nxk)) ,! 8 (OE 79,84) |

onl & wn &wkl O (nx(m+k)) =((nxm +(nxKk))
1 86 (OI: 77,85) |

(@n &wn & okl O (nx(m+k)) =(((nxm +(nxk)))
187 (()I: 86) i

OnOnk ( wn] & ofm & wk]
O (nx (m+Kk)) =((nxm + (nxKk)))
| 88 (OI: 76,87) |

O
121, i

FOnOm( win &wm O (nx (m+ 1)) =((nxm +n)) i

n, m 101 (Prem i
Wwn & wm , 12 (Prem i
wn &owm & wl] I3 (& 1V9.2,2)

(N & wmM & wl]
O (nx(m+1) =((nxmM +(nx1) )

1 4 (OE P20) i
wn & wm &l O (nx(m+1)) =((nxm +(nXx1))

5 (OE 4) i
(nx(m+ 1)) =((nxm +(nx1) ,!6(0E 35) i
@[N] 7 (&E 2) i
(wn O (nx1) =n) 1 8 (OE P18) i
wn O (nx1) =n 19 (OE 8) i
(n x 1) =n 1 10 (OE 7,9) i
(nx (m+ 1)) = ((nxm +n) ! 11 (=E 6, 10) i

Wn &wm O (nx (m+ 1)) = ((nxm +n)
12 (01 2,11)



(wn &wnm O (nx(m+1)) =((nxm +n))

1013 ()1 12) i
OnOm ( «n &M O (n X (m+ 1) =((nXxnm +n) )

14 (0O1: 1,13) i

0

I 22. P22 sets forth the traditional rule on the product of two
suns. i

F OnOniOkOj ( win] & omM & ok & &fj]
O ((n+m x(k +7j))

= (((nx k) +(nxj)) +((mxk) +(mxj))))
i

n,mk,j , 11 (Pren i
wn & wn & okl & wj] 12 (Prem i
wn & wmnm 13 (& 2) i
w[ N 14 (& 2) i
W m 15 (& 2) i
Wkl & ofj] 16 (& 2) [
( okl &oj] O of(k +j)1) 17 (OE CL.8) i
Wkl & wj] O oi(k +j)] 18 (OB 7) i
o (kK + )] , ' 9 (OE 6,8) i
wn & wnm & of(k +j)] ,1 10 (&: 3,9) i

(wn &ownm &w(k +j)]

O ((n+m x(k+7j))=0(nx(k+7])) +(mx(k+7j))))
,1 11 (OE P16;
(k +j): CL.7,6) i

Wwn & wnm & w(k +j)]

O ((n+m x (k+j)) =(nx(k+]j))+(mx(k+7])))
112 (OE 11) i

((n+m x(k+7]))=(nx(k+]j)) +(mx(k+7j)))
! 13 (OE 10,12)

wn & Wkl & Wj] 114 (&: 4,6) i
(wn & WK & wj]

O (nx(k+7j)) =((nxk) +(nxj)))
,! 15 (OE: P20) i



wn &kl &wjl] O (nx(k+j)) =nxk)+(nxj))
116 (()E 15) i

(nx(k +j)) =((nxk) +(nxj)) ,! 17 (OE 14,16) |

((n+m x (k+j)) =((nxk)+(nxj)) +(mx(k+7j)))
,! 18 (=E 13, 17) i

onm & k] & oij] )1 19 (&: 5,6) i

(Wfm & okl & afj]
O (mx (k+7j)) =((mxk) + (mxj)))

, 1 20 (OE P20) i
Wm & k] & wj]
O (mx (k+j)) =(((mxk) +(mxj))

121 (()E 20) i
(mx (k +j)) =((mxk) +(mxj)) ,! 22 (0E 19,21)

((n+m x (k +]j))
= (((nxk)y +(nxj)) +((mxk) +(mxj)))
1 23 (=E 18,22) |

wn & wn & okl & oj]
O ((n+m x(k+7j))
= (((nxk)y +(nxj)) +((mxk) +(mxj)))
124 (O1: 2,23) i

(wn &ofm & okl & wfj]
O ((n+m x (k +7]))

= (((nxk)y +(nxj)) +((mxk) +(mxj))) )
125 ()1 24) i

OnOnidkD] (Nl & oM & k] & wfj]
O ((n+m x (k +]j))

= (((nxk)y +(nxj)) +((mxk) +(mxj))))
| 26 (Ol: 1,25)

I 23. P23 groups the right-hand side differently than P22. i
F OnOniOkO ( ofn] & Wn & okl & fj]
O ((n+m x (k +]))

= ((nxk)y +((nxj)+((mxk)+(mxj)))))
i

n,mk,j 11 (Prem i
wWn & wm & k] & wfj] , ! 2 (Prem i
W[ N] 13 (& 2) i

W[ K] 14 (& 2) i



W] ' 5 (& 2) i

(N & wn & k] & ofj]
O ((n+m x (k +]))
= (((nx k) +(nxj)) +((mxk) +(mxj))) )
, 1 6 (OE P22) i

wn & wn & okl & wj]
O ((n+m x(k+7j))
= (((nxk)y +(nxj)) +((mxk) +(mxj)))
7 (OE 6) i

((n+m x (k +7j))
= (((nxk)y +(nxj)) +((mxk) +(mxj)))
18 (OE 2,7) i

W (n +mM] &w(k +j)] 19 (TE C7.9,8)

W ((n X k) +(nxj))l &w((mxKk) + (mxj))]
,! 10 (TE C1.7,8) j

o ((Mmx k) + (mXxj))] ,1 11 (&E: 10) i
of(mx k)] & w(mx j)] , 112 (TE C1.7,11)
W N & WKk 113 (&: 3,4) i
Wwn & Wj] 1 14 (&: 3,5) i

( ((n+m x (k +7j))
= (((nxk) +(nxj)) +((mxk) +(mxj)))
O ((n+m x(k +]j))
= ((nxk)y +((nxj) +((mxk)y +(mxj)))) )
, ! 15 (OE C2.18;
((n+mM x(k +j)): Cr.9,09;
(n x k): Cr.9,13;
(nxj): Cr.9,14;
((mx k) + (mxj)): CL.7,12)
i

((n+m x (k +7j))
= (((nxk)y + (nxj)) +((mxk) +(mxj)))
O ((n+m x(k+7j))

= ((nx k) +((nxj) +((mxk)y +(mxj))))
116 (()E 15) i

((n+m x(k +7j))
= ((nxk) + ((nxj) +((mxk) +(mxj))))
117 (OE 8,16) i

wnl & wm & okl & wfj]



O ((n+mM x (k +7j))
= ((nxk) +((nxj) +((mxk)y +(mxj))))
18 (O1: 2,17)

(wn &ofm & wkl & ofj]
O ((n+m x (k +7]))

= ((nxk)y +((nxj) +((mxk)y +(mxj)))))
;119 (()1: 18) i

OnOnZkOj ( on] & oM & Wkl & oj]
O ((n+m x(k+]j))

= ((nx k) +((nxj) +((mxk) +(mxj)))))
20 (O0: 1,19) i

O
| 24, i
FOnOnOig ( onl & @n & oi] & ofj]

Ok ((n+m x (i +j)) =(nxi) +Kk)) i
n,mi,|j , 11 (Prem i

Wn & wm & Wil & wj] 1 2 (Prem i

(N &wnm &wi] & oj]
O ((n+m x (i +]))
=((nxi) +((nxj) +((mxi) +(mxj)))) )
, 1 3 (OE P23) i

wn & wm &wi] & wj]
O ((n+m x (i +7]))

=((nxi) +((nxj) +((mxi)+(mxj))))
14 (OB 3) i

((n+m x (i +7j))
=((nxi) +((nxj) +((mxi) +(mxj))))
' 5 (0OE 2,4) i

W (n x i)l &w((nxj) +((mxi) + (mxj)))]
, ! 6 (TE CL.7,5) |

o ((nxj) +((mxi) +(mxj)))] 7 (& 6) i
o(n xj)] &w((mxi) + (mxj))] ' 8 (TE CL.7,7) |

[k ((n+m x (i +j)) =((nxi) +k)
19 (0O 5
((nxj) +((mxi) +(mxj))): CL7,8)
i

Wn & wnm & wi] & ofj]
O Kk ((n+mM x (i +j)) =((nxi) + k)



110 (O1: 2,9)

(0N & wnm & oi] & Wj]
O K ((n+mM x (i +j)) =((nxi) + k))
011 (()1: 10)

OnOntdi 0 ( on] & &nmM & ofi] & ofj]
O K ((n+m x(i +j)) =(nxi)+Kk))
1 12 (O 1,11)

0

I 25. The Commutative Law of Miltiplication.
F OnOm( win & wm O (nxm = (mxn) )

I First we prove that
On ( wn O Ok ( okl O (nx k) =(kxn)))
by induction, taking ¢ to be
Ok ( okl O (nx k) =(k xn))
W& nust prove
Ok ( okl O (0 x k) =(k x0))
and
OnOm ( «winl &o[nmM &0k ( k)] O (nxk) =(k xn))
O Ok ( okl O (mxKk) =(kxm))

I' To prove:
Ok ( okl O (0 x k) =(k x0) )

K 11 (Prem
W[ K] 1 2 (Prem
(wk O (0xk) =0) | 3 (OE P3)
wkl O (0xk) =0 4 ()E 3)
(0 xk) =0 15 (OE 2,4)
(wk O (kx0) =0) 1 6 (OE Pa)
wkl O (kx0) =0 17 ()E 6)
(k x 0) =0 18 (OE 2,7)
(0 x k) = (k x 0) 1 9 (=E: 5,8)

Wkl O (0 x k) = (k x 0) 110 (O1: 2,9)
(wk O (0xKk) =(kx0)) 11 (()1: 10)
Ok ( okl O (0 x k) = (k x 0) ) 112 (O 1,11)

I To prove:



OnOm ( ofn] & on,mM & Ok ( k] O (n x k) = (k xn) )

O Ok ( okl O (mxk) =(kxm ) )

n, m

1 13 (Prem

wn &ofnm &0k ( okl O (nx k) =(k xn))

wn & o[n,m
Wl n]
Ok (k] O (n x k) =(k xn))
( wn &onm O m=(n + 1) )
wn &onm O m=(n + 1)
m=(n + 1)

k

o K]

wnl & wik]

(wn & k] O ((n+1) xk) =((n
!

wn & okl O ((n+1) xk) =((nx
!

((n+1) xk) = ((nxk) + k)
| Applying the induction hypothesis. ..
( okl O (nxk) =(kxn))
Wkl O (nxk) = (k x n)
(n x k) = (k xn)
((n+1) xk) = ((kxn) +Kk)

W K] & win]

( okl &awn O (kx(n+1)) = ((k
!

Wkl & wn O (kx(n+1) =((k x
,! 33

(k x (n+ 1)) = ((k xn) + k)

((n + 1) x k) (k x (n + 1))

15

16

17

18

19

20
21

22

23

, ! 14 (Pren

(&E: 14)
(&E: 14)
(8E: 14)
(OE: C2.48)
(O)E 18)
(OE 15,19)
(Prem
(Prem

(& : 16, 22)

x k) + k) )

24

k)
25

26

27
28
29
30

31

(OE: P17)

+ k)
(OE 24)

(OE 23, 25)

(OE: 17)
(OE 27)
(OE 22,28)
(=E: 26, 29)

(& : 16, 22)

xn) +k))

32

n)

34

35

(OE: P21)

+ k)
(OE 32)

(OE 31,33)

(=E: 30, 34)



(mx k) = (k xm ,1 36 (=E 20, 35) i

wkl O (mx k) =(k xm 037 (O1: 22,36)
( okl O (mx k) =(kxm) 138 (()I: 37) i
Ok (k] O (mx k) =(k xm ) , 139 (0O1: 21,38)

wn &onm &0k (k] O (nxk) =(k xn))
O Ok (oky O (mx k) =(kxm)
, 140 (O1: 14,39)

( wn &onm &0k ( k] O (nxk) =(k xn))
O Ok ( k] O (mx k) =(kxm ) )
141 (()1: 40) i

OnOm ( «wfn &o[n,MmM & Ok ( k] O (n x k) = (k xn))
O Ok ( okl O (mxk) =(kxmnm))
042 (0O 13, 41) i

On ( wn O Ok ( okl O (nxKk) =(k xn)))
, 1 43 (Induct: 12,42)
i

n, m , 1 44 (Prem i
wn & wm , 1 45 (Prem i
W[ N] , ! 46 (&E: 45) i
Wl M 1 47 (&E: 45) i

(wn O Ok ( okl O (nxk) =(kxn)))

.1 48 (DE 43) i

wn O Ok ( okl O (nxk) =(kxmn))
1 49 (()E 48) i
Ok ( okl O (n x k) = (k xn) ) ! 50 (OE 46,49) |
(wm O (nxm =(mxn)) ,! 51 (UE 50) i
om O (nxm = (mx n) ! 52 (()E 51) i
(nxm = (mx n) | 53 (OE 47,52) |
wn &wnm O (nxm = (mxn) 1 54 (O1: 45,53) |
(wWn &owm O (nxm =(mxn)) 155 (()1: 54) i

OnOm ( «wn] &M O (nxmM =(mxn) ) ! 56 (0: 44,55) i
O



I P26 and P27 are coroll aries of P25.
I 26.

FOnOndk ( (nxm =k O (mxn) =k )

n, mk 11 (Prem
(nxm =k 1 2 (Prem
wn & wn I 3 (TE C7.9,2)
(wn &wm O (nxm =(mxn)) ,! 4 (0E P25)
wn &awmd (nxm = (mxn) 5 (OE 4)
(nxm = (mx n) 1 6 (OE 3,5)
(mx n) =k 1 7 (=E 2,6)

(nxm =k0O (mxn) =k L8 (01 2,7)

((nxm =kOd (mxn) =k) 9 (01 8)

OnOnik ( (nxm =k O (mxn) =k ) 1 10 (OI: 1,9)
O
| 27,

FOnOnk ( Kk =(nxm O k =(mxn) )

n, mk 1 1 (Prem

k= (nxm 1 2 (Prem

wn & wn 1 3 (TE C7.9,2)

(wn &wm O (nxm =(mxn)) ,! 4 (0E P25)

wn &wmd (nxm = (mxn) 5 (OB 4)

(nxm = (mx n) 1 6 (OE 3,5)

k = (mx n) 1 7 (=E 2,6)
k=(nxm O k= (mx n) L8 (01 2,7)
(k=(nxm 0 k=(mxn)) 9 (01 8)
OnOnik ( k = (nxnm) O k = (mx n) ) 1 10 (OI: 1,9)
a

I 28. The Associative Law of Miltiplication.



F OnOnik ( ofnl & ofm & ofk] O ((n xm x k) =(nx (mxKk)) )
i

I First we prove that
On ( wn]
O OkOp ( okl & afj]
O ((k xj) xn) =(kx(j xn)) )
by induction, taking ¢ to be
OkLj ( okl & «fj1 O ((k xj) xn)
It nust be shown t hat
Ok ( okl & «fj1 O ((k xj) x 0)
and
OnOm ( «{n] & o[n,m
& UKL ( (k] & Wfj]
O ((k xj) x n)
O Okbj ( okl & ofj]

(k x (j xn)) )

(k x (j x0)) )

(k x (j xn)) )

O ((kxj) xm =(kx(j xm))) i
| To prove:

Ok (k] & «fj] O ((k xj) x0) =(kx(j x0))) i
K, | 1 1 (Pren i
Wkl & o] 12 (Prem i
o K] 13 (&E: 2) i
W] 14 (&E: 2) i
(k] &aj] O of(k xj)1) 15 (0B C7.10) i
Wkl & wjl O of(k X j)] 16 ((O)E 5) i
W (k X )] 7 (OB 2,6) i

(of(k xj)1 o ((kxj)x0 =0) ,I8(0E P4
(k xj): C7.9,2)
w(k xj)1r 0 ((kxj)x0) =0 9 (OE 8) i
((k xj) x0) =0 1 10 (OE 7,9) i
(wj1 0 ( x0) =0) 111 (OE P4) i
wjl 0 ( x0) =0 12 (OE 11) i
(j x0) =0 1 13 (OE 4,12)
(k] O (kx0) =0) ! 14 (DE: P4) i
wkl O (kx0) =0 115 (()E: 14) i

(k x0) =0 ,! 16 (OE 3,15) i



(k X (j X 0)) =0 117 (=E 13,16) |
((k Xj) x0) =(k x(j x0)) 1 18 (=E: 10,17)

Wkl & wj] O ((kxj) x0) =(kx(j x0))
119 (O1: 2,18) i

(wkl &awjl O ((kxj)x0) =(kx(j x0)))
120 (()1: 19) i

OkOj ( okl & wfj] O ((k xj) x0) =(kx(] x0)))
121 (O 1,20)

I' To prove:
OnOm ( «{n] & o[n, M
& OkOj ( a@kl & aj1] O ((k xj) xn) =(kx(j xn)))
0 OKOj ( ofk] & wj]
O ((kxj) xm =(kx({ xm))) i

n, m 1 22 (Prem i
wnl & o[n,m
& OkLj ( ofk] & «fj] O ((k xj) xn) ’:! (2k3x(|gger)r() n) ) i
W n & o[n,n 1 24 (&E: 23) i
o[ N 1 25 (&E: 23) i
Okdj ( ofk] & wj] O ((k xj) x n) :’(!k 2X6((j&l)5(: n%%)) i
( w[n &onm O m=¢(n+ 1)) 127 (OB C2.48)
wn &onm>d m=(n + 1) 128 ((OE 27) i
m= (n + 1) 1 29 (OE 24,28) |
K, j 1 30 (Prem i
WKl & j] ! 31 (Prem i
ol K] ,1 32 (& 31) i
Wj] 1 33 (& 31) i

( wi(k xj)] & wn]
O ((k xj) x(n+1)) = (((kxj) xn +(kxj)))
! 34 (OE P21;
(k xj): C7.9,31)

o (k X )] & wln]
O ((k xj) x(n+1)) = (((k xj) xn) + (k xj))



( okl & wj] O o(k xj)l ) !
Wkl & fj] O of(k X j)] , !
W (k xj)] !

W (k x )] & ofn] !

35

36

37

38

39

((k xj) x(n+1)) = (((k xj) xn) +

I Applying the induction hypothesis...

40

(O E 34)
(OE: C7.10)
(()E 36)
(OE 31,37)
(&: 25, 38)

(k xj))
(OE 35, 39)

(wkl &afj] O ((kxj) xn) =(kx( xn)))

! 41 (OE 26)
Wkl & wj] O ((kxj) xn) =(kx(j xn))

142 (OE 41)
((k xj) xn) =(k x(j xn)) ,! 43 (OE 31,42)
((k xj) x(n+1)) = ((k x(j xn)) + (kxj))

, ! 44 (=E 40, 43)
Wj] & Wn ,1 45 (& : 25, 33)

(k] & w[(j X Nn)] & wfj]

O (kx (b xn) +7j)) = ((kx(j xn)) + (kXxj))

,! 46 (OE P20;
(j xn): C7.9,45)

Wkl & @f(] xn)] & wfj]

O (kx () xn) +7j)) = ((kx (] xn) +(kx]j))

1 47 (()E  46)
( j] & wn O (j xn)] ) 1 48 (OE C7.10)
Wjl & wn O o(j Xn)] 149 (OB 48)
W (j X n) ,1 50 (OE 45, 49)
Wkl & W(j] Xxn)] & wj]l , 151 (& : 31,50)

(k x ((J xn) +j)) =k x(j xn)) +(kxj))
1 52 (OE 47,51)

((k xj) x(n+1)) =(kx((j xn) +1]))

53

(=E: 44, 52)

(Wjl &wn O (j x(n+1)) =(( xn +j))
1 54 (OE P21)



oj] &wn O (j x(n+1)) =((j xn) +7j)
1 55 (()E 54) i

(J x(n + 1))

((k xj) x(n+1)) =(k x(j x(n+1)))
| 57 (=E: 53,56) |

((j xn) +17j) ,! 56 (OE 45,55)

((k xj) xm

Wkl & &fj] O ((kxj) xm =(kx(j xm)
1 59 (OI: 31,58)

(k x (] xm) ,! 58 (=E 29, 57) i

( Okl &awjl] O ((kxj) xm =(kx (] xm))
, 160 (()I: 59) i

Ok ( okl & ofj] O ((kxj) xm =(kx(j xm) )
1 61 (Or: 30,60) |

wn &o[nm
& UkD) (k] & ofj] O ((k xj) xn) =(k x(j xn)) )
O Ok ( okl &ofj] O ((kxj) xm =(kx(j xmnm) )
, ! 62 (O1: 23,61)

( wn &o[nm
& OkOj ( ofk] & ofj] O ((k xj) xn) =(kx(j xn)))

O Okbj ( okl & ofj] O ((kxj) xm =(kx(j xm) ) )
163 (()I: 62) i

OnOm ( w[n] & o[n, m
& Uk ( okl & ofj] O ((k xj) xn) =(kx(j xn)))
O Ok ( ofkl & aofj] O ((kxj) xm =(kx(j xm) ) )
164 (0. 22,63) i

On (N

O OkOp ( okl & ofj1 O ((k X j) Xn) = (kx(j xn)) ) )
,1 65 (Induct: 21, 64)
i

n, m k ,! 66 (Prem i
wn & wn & wk] , 1 67 (Prem i
wn & wm ,! 68 (& 67) i
o K] , 1 69 (& 67) i
(k]

O OkOj ( okl & afj] O ((kxj) xk) =(kx( xk))))
, ! 70 (OE 65) i
o[ K]

O Okdj ( okl & ofj] O ((k xj) xk)y =(kx (] xk)))



71 (()E 70) i

Ok0j ( okl & ofj] O ((k xj) xk)y =(kx(j xk)))

72 (OE 69,71) |

(wn &awm O ((nxm xk) =(nx(mxk)) )

73 (OE 72) i

wn &wm O ((hxmM xk) =(nx (mx k))

((nxmM xk) =(nx (mx k))

74 (OE 73) i

75 (OE 68,74) |

wn & wm & okl O ((hxm xk) =(nx (mx k))

(wn &awm &awkl O ((nxm xk) =(n
|

OnOnik ( win] & ofm & okl O ((n x m x k)

[
I' P29 through P32 are corollaries of P28.
I 29.

F OnOniDkO) ( ((nxm xk) =j O (nx (mx

n,mk,j
((nxm x k) =j
W (n x mM] & wk]
Q(n x m]
o K]
wnl & wn

wnl & wm & wk]

76 (O1: 67,75) i

X (mxKk)) )

U077 (()1: 76) i

=(nx (mxk)) )
78 (O1: 66,77) |

kK)) =1 ) i
1 (Prem i
2 (Prem i
3 (TE: C7.9,2) |
4 (&E: 3) i
5 (& 3) i
6 (TE: C7.9,4) |

7 (&: 5,6) i

(wn & wmM & k]l O ((hxmM xk) =(nx(mxKk)))

8 (UE P28) i

wn & wm & k] O ((nxnm xk) =(nx (mx k))

((nxmM x k) =(nx (mx k))
(n x (mx k)) =j

((nxm xk) =j 0 (nx(mxKk)) =]

9 (OE 8) i
10 (OE 7,9) i
11 (=E 2, 10) i

12 (O1: 2,11) |



( ((nxm xk)y =) 0 (nx(mxKk)) =j)
113 ()1 12)

OnOmiZkO) ( ((nxm xk) =] O (nx(mxKk)) =7 )
14 (0O 1,13)

I
I 30.

FOnOrOkOj (j =((nxmM xk) Oj =(nx(mxk)))

n,mk,j 11 (Prem
j = ((nxm x k) ,1' 2 (Prem
=] 13 (=)
((nxm x k) =j 14 (=E 2,3)
( ((nxm xk) =j 0 (nx(mxk)) =j)

1 5 (OE P29)
((nxm xk) =j O (nx(mxKk)) =j

1 6 (OE 5)
(n x (mx k)) =j ,1'' 7 (UE 4,6)
j = (n x (mx k)) ,1 8 (=E: 3,7)

j =((nxm xk) O] =(nx(mxKk)) ,!' 9 (0Ol: 2,8)

(J =0(nxm xk)y Oj=(nx(mxk)) =j)
110 (O1: 9)

OnOmikO) () =((nxm xk) Oj =((nx(mxKk)) )
11 (O 1,10)

I
I 31.

F OnOrOkOj ( (n x (mx k) =j O ((nxm xk) =j)

n, mk, j 11 (Prem
(n x (Mx K)) =] 1 2 (Prem
Wn & W (mx k)] I 3 (TE C7.9,2)
wl N 1 4 (& 3)
W (m X k)] | 5 (& 3)

oM & k] 1 6 (TE: C7.9,5)



Wwn & wm & ok 17 (& 4,6) i

(wn &wm & okl O ((nxm xk) =(nx (mxKk)) )

,! 8 (OE P28) i
wn & wm & okl O ((hxmM xXxk) =(nx (mx Kk))
L9 (0OE 8) i
((nxmM xk) =(nx (mx k)) , 110 (OE 7,9) i
((nxmM x k) =j , 111 (=E 2, 10) i
(nXx (mxk)) =] 0 ((hxm xk) =j ,! 12 (O1: 2,11) i
( (nx(mxk)) =) 0 ((nxm xk) =] )
113 ((O)1: 12) i

OnOnmdkO) ( (n x (mx k)) =) O ((nxm xk) =j)
14 (0O : 1,13) i

I
I 32. i

F OnOnikOj (j =(nx (mx k)) Oj =((nxm xKk)) i

n,mk,j 101 (Prem i
j = (nx (mxk)) ! 2 (Prem i
i =] 13 (=1) i
(n x (Mx K)) = 14 (=E 2,3) i
( (nx(mxk)y) =j 0 ((nxm xk =j)

)1 5 (OE P31) i
(nx (mxk)) =j 0 ((hxm xk) =]

16 (OE 5) i
((nxm xk) =j I 7 (OE 4,6) i
] = ((nxmM x k) ,1 8 (=E 3,7) i

] =(nx(mxk)) Oj =((nxm xk) ,!' 9 (Ol: 2,8) i

(1 =(mx(mxk)) O] =((nxm xKk))
110 (()1: 9) i

OnOnkDj (] = (n x (mx k) O =((nxm xk) )
1 11 (O: 1,10)

0

I P33 and P34 showthat it is possible to switch the order of a



factor in a product. i
I 33. i

F OnOnik ( o(n] & om & k] O ((nxm xk) = ((nxk) xm)
[

n, mk 11 (Prem i
wn & wm & wkj 12 (Prem i
@[N] 13 (&E 2) i
W m 4 (&E 2) i
o K] 15 (& 2) i
(wn &wm &kl O ((nxm xk) =(nx(mxk)) )

1 6 (OE P28) i
wn & wmnm &kl O ((nxmM xk)y =(nx(mx k))

7T (OE 6) i
((nxm xk) =(nx(mxk)) 1 8 (OE 2,7) i
W k] & wm 19 (&8l: 4,5) i
wn & wkl & wn 110 (&: 3,9) i
(wn &k &wom O ((nxk) xm =(nx(kxm))

1 11 (OE P28) i
wn & &kl &wm O ((nxk) xm =(nx(kxm)

112 (()E 11) i
((nxk) xm =(nx(k xn) 1 13 (OE 10,12) |
( Wkl &wm O (kxnm =(mxk) ) ,! 14 (OE P25) i
Wkl & wm O (k xm = (mx k) 115 (OE 14) i
(k xm = (mx k) 1 16 (OE 9,15) |
((nxk) xm =(nx (mx k)) 117 (=E: 13,16) |
((nxm xk) =((nxk) xmnm 1 18 (=E: 8,17) i

wn & wm &kl O ((nxm xk) =((nxk) xm
119 (O1: 2,18) i

(0n & awnmM & okl O ((nxm xk) =((nxk)y xm)
120 (()1: 19) i

OnOnik ( ofn] & ofm & okl O ((nxm xk) = ((nxk xm)
1 21 (O0: 1,20)



0
I 34. i

F OnOnk ( ofn] & ofm & ofk] O (k x (nxmM) =(n x (k xm) )
i

n, m k 11 (Prem i
wn & wn & wk] 12 (Pren) [
wn] & wm 13 (&) i
o K] 14 (&) i
(wn &wm &owkl O ((nxm xk)y =((nxk) xm)

, ' 5 (0OE P33) i
wn & owm & okl O ((hxmM xk) =((nxk) xm

16 ((OE 5) i
((nxmM xk) =((nxk) xm 17 (OE 2,6) i
wn & k] & wm 18 (&: 3,4) i
(wn &kl &wm O ((nxk) xm =(nx(kxm))

, 19 (0OE P28) i
wn & okl &wm O ((nxk) xm =(nXx(k xm)

, 110 (OE 6) i
((nxk) xm =(nx (k xm) , 111 (OE 5,7) i
((nxmM xk) =(nx(k xnm) 112 (=E 7, 11) i
wn & o(k x M] , 1 13 (TE C7.9,12) i
( ((nxm xk) =(nx(kxm)

O (kx(nxm) =(nx(kxm))
, ! 14 (DE P26;

(nxm: C7.9,3;
(n x (k xm): Cr.9,13)
i
((nxm xk) =(nx(kxm)
O (kx(nxm) =(nx(k xm)
115 ((O)E 14) i

(k x (nxm) =(nx (k xm) , 116 (OE 12,15) |

wn & wnm &kl O (kx(nxm) =(nx(kxmnm)
117 (O1: 2,16)

(wn &awm &kl O (kx(nxm) =(nx(kxm) )



118 ()1 17)

OnOnidk (odn] & ofm & k] O (k x (nxm) =(nx(kxm))

1 19 (O1: 1,18)

0

I 35. The Right Distributive Law of Miltiplication over

Subtraction.

F OnOnOk ( <(n, M & K]

O ((m-n) xk) =((mx k) - (nxKk)) )

n, mk 11 (Prem
<[n, N & k] , 12 (Pren
<[n, m 1 3 (& 2)
of K] 14 (& 2)

( <stn,m O wn &wmn) ,! 5 (OE: C3.5)
<[n,n 0O wn & wm 16 (()E 5
Wwnl & wm 1 7 (OE 3,6)
[ N 1 8 (& 7)

o[ N 19 (& 7)
Wwm & ok 110 (&: 4,9)
(mx k) = (mx k) 11 (=1

(mx k): C7.9, 10)

( stn,m O ((m- n) +n) =m)
n,m 0 ((m- n) +n) =m
((m-n) +n) =m

(((m- n) +n) xk) =(mx k)

(w(m- n)] & wn & wKki

1 12 (OE: ©6.3)
113 (OE 12)
1 14 (OE 3,13)

,1 15 (=E 11, 14)

O (((m-n) +n) xk) =(((m-n) xk) +(nxKk)))
,1 16 (UE P16;
(m -

w(m- n)] & wn & okl

n): C5.7,3)

O (((m- n) +n) xk) =(((m-n) xk) + (n xKk))
117 (O E 16)

wnl & wik] 118 (& 4,8)



( stnm O o(m- n)] ) , 119 (OE C5.8) i

Snnm O of(m- n)j 120 (OE 19 i
w(m- n)j 121 (OE 3, 20) i
W(m- n] & wn & wkj 122 (& : 18, 21) i

(((m-n) +n) xk)y =(((m-n) xk) + (nxk))
, 1 23 (OE 17,22)

(((m- n) xk) + (nxk)) =(mx k) ,! 24 (=E 15, 23) i
W(m- n)] & ufk] 125 (&l: 4,21) i

( (((m-n) xk) +(nxk)) = (mx k)
O ((mx k) - (nxk)) =((m- n) x k) )
, 1 26 (OE 6. 8;
((m- n) x k): C7.9, 25;
(n x k): Cr.9, 18;
(mx k): Cr7.9,10) i

(((m-n) x k) + (nxk)) = (mx k)
O ((mx k) - (nxk) = ((m-n) x k)

2 (OB 26) i
((mx k) - (nxKk) =((m-n) xk) ,! 28 (0E 24,27) |
((m-n) xk) = ((m- n) x k) 1 29 (=E: 28,28) |
((m-n) xk) = ((mxk) - (nxKk)) ,l! 30 (=E 28,29 |

<in,m & k] O ((m-n) xk) = ((mx k) - (nxk))
131 (01: 2,30)

( stn,m & k] O ((m- n) xk) = ((mxk) - (n xk)) )
132 (()1: 31) i

OnOnik ( <(n,m & oik] O ((m-n) xk) = ((mxKk) - (n xk))
1 33 (O1: 1,32)

p—

0

I 36. The Left Distributive Law of Miltiplication over
Subtraction. i

F OnOnOk ( <(n, M & K]
O (kx(m-mn)) =(((kxm - (kxn))) i

n, mk 11 (Prem i
<[n,mM & wkj 1 2 (Prem i

<[n, m 13 (& 2) i



W K] 14 (&E: 2)

( <In,m &kl O ((m-n) xk) =((mxk) - (nxk)))
1 5 (OE: P35)

<tn,m & okl O ((m-n) xk) = ((mxk) - (n xk))

1 6 (OE 5)
((m-n) xk) =((mxk) - (nxk)) ,!I'7(0E 26
( stnm 0O «o(m- n)]) ! 8 (0E C5.8)
stn,m O wf(m- n)] !9 (OB 8)
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(m x k)

(mx k) & -k

( (nxk) =(mxKk) &=

(n x k) =

n=m

F

(mx k) & - k

(n xk) =(mx k) O F

-~ (n x k) =

(m x k)

S(n X k),(mx k)] &= (n

W nl & wik]

wn & wk]

X

( gf(n xk),(mx k)] &= (n
O <((n xKkK),(mx k)] )

SI(n X k),(mx k)] & = (n X

O <[(n x k),

(mx k)]

6 (OE 4.3) i

7 (OE 6) i

, ' 8 (OE 3,7) i

19 (& 8) i

, 110

111

<[(n x k), (mx k)] )

, 112

, 114

, 115
0 , 116
=00 n=m)

17
I 18
, 119
, 120
121
122

K) = (mx k)

, 1 23
124
, 125

X k) = (mx k)

, 1 26

(n x k):
(mx k):

K) = (mx k)

27

(&E: 8) i

(&: 4,9) i

(OE: P49) i
(OE 12) i
(OE 11,13)
(Prem i

(&: 5,15) i

(OE P42) i

(OE 17) i
(0E 16,18) |
(F1: 10,19) |
(O1: 15,20) |

(&: 14, 22) i
(TE C7.9,14);

(TE C7.9,14);

(OE 4. 4
C7.9, 24;
C7.9; 25) i

(OE 26) i



<[(n x k), (mx k)] ! 28 (OE 23,27)

<[n,M & k] &=~k =00 <[(n x Kk),(mx k)]
1029 (O1: 2,28)

( <(n,m &kl &=k =00 <[(nxKk),(mx k)] )
130 (()1: 29)

OnOmdk ( <(n,mM & k] &=k =00 <[(n x k),(mx k)] )
| 31 (0O: 1,30)

O
| 52.
F OnOnik ( <(n,mM & k] & =k =0 O <[(k xn),(k xm] )

n, mk .11 (Prem

<[n,mM & wk] & = k 0 , 12 (Prem

00 <((nxKk),(mx k)] )
! 3 (OE P51)

( <(n,m & wk] & - k

|
o

<[n,M & Wkl & - k = O <((n x k),(mx k)]

4 (OB 3)
<[(n x k), (mx k)] 15 (OE 2,4)
wn & wk] ! 6 (TE: C7.9,5)
(wn &k O (nxk) =(kxn)) ,! 7 (0E P25)
wnl & wkl O (nxKk) = (k xn) 8 (OE 7)
(n x k) = (k x n) 1 9 (OE 6,8)
<[(k x n), (mx k)] 1 10 (=E: 5,9)
WM & wk] 1 11 (TE C7.9,10) |
(wm &awk O (mxk) =(kxm ) ,! 12 (OE P25)
wnm & wkl O (mx k) = (k xm 113 (OE 12)
(mx k) = (k x m 1 14 (OE 11, 13)
<[(k x n),(k X m] 1 15 (=E: 10, 14)

<[n,mM & wkl] & -k =00 <[(k xn),(k xm]
116 (O1: 2,15)

( <[n,mM & &k &-k =00 <(k xn),(kxm])
117 (O1: 16)



OnOmdk ( <(n,mM & k] &=k =00 <[(k xn),(kxm] )
18 (0O1: 1,17)

0
! 53.

F OnOm ( wn & oM &-m=00 <n,(nXxm])

n, m 11 (Prem
wn &wmM & -m=20 12 (Prem
[ N 1 3 (& 2)
Wwn & - m=0 14 (&E: 2)
(WM &-m=00 <1,m) ! 5 (OE: C3.38)
Wm &-m=00 <1,m 1 6 (()E 5)
<[1, m 1 7 (OE 4,6)
<[1,mM & wn 18 (&: 3,7)
( s[1,m &awn O <[(nx1),(nxm])
.1 9 (OE P50)
<(4,mM & wn O <(nx1),(n x mM] 110 (OE 9
<[(n x 1),(n X M] 1 11 (OE 8,10)
(wn O (nx1 =n) ,!1 12 (OE C3.18)
wn O (nx1) =n 113 (OE 12)
(nx1) =n 1 14 (OE 3,13)
<[n, (n X M1 1 15 (=E 11, 14)
wn &wmM &-m=00 <£[n,(n X mM] 116 (O1: 2,15)
(N &M &-m=00 <[n,(nxmM])
117 ((O)1: 16)

OnOm ( wn] & oM &-m=00 <[n,(nxmM] )
18 (Ol: 1,17)

a0
1 54.
F OnOm ( wn & oM &-m=00 <n,(mxn)] )

n, m 11 (Prem



wn &wmM &-m=20 12 (Prem

( wn &wmM &-m=010 <[n,(nxmM] )
,! 3 (0OE P53)

wn &wmM&-m=00 <n,(nxm],!" 4(OE 3

<[n, (n X mM] I 5 (OE 2,4)
wn & wm ,1 6 (TE C7.9,5)
(wn &wm O (nxm =(mxn)) ,!I 7 (0E P25)
wn &wmo (nxm = (mxn) 18 (0OE 7)
(nxm = (mx n) 1 9 (OE 6,8)
<[n, (M x n)] ! 10 (=E: 5,9)
Wn &M &-m=00 <(n,(mxn)] ,! 11 (O1: 2, 10)

(N &M &-m=00 g[n,(mxn)] )
12 (O 11)

OnOm ( &n & &M &-m=00 <n,(mx n)] )
I 13 (O0: 1,12)

I
! 55,

F OnOnidk ( <(n,m & k] &=k =00 <n,(mx k)] )

n, mk 11 (Prem
Sn,mM & wk] &-k =0 , 12 (Pren
<[n, m 1 3 (& 2)
Wkl & ~k =0 14 (& 2)

( <n,m O wm ) 1 5 (OE C3.7)
stn,m 0O wm ,1 6 (()E 5)

W[ M , ' 7 (0OE 3,6)
Wm & okl & -k =0 18 (&l 4,7)

(oM & k] &-k =00 gfm(mx k)] )
1 9 (OE P53)

wnm & Wkl & - K OO0 ¢gffm(mx k)] ,! 10 (OE 9)



SIm(mXx k)] , 111 (OE 8, 10)
Sn,mM & [m(mx k)] 1012 (& 3,11)
wWwm & k] , 1 13 (& 8)

( slnm & <sfm(mx k)] O <[n,(mx k)] )
114 (OE C3. 20;
(mx k): C7.9,13)

Sn,mM & Em(mx k)] O g[n,(mx k)]

115 (OE 14)
<(n, (mx K)] 116 (OE 12, 15)
<n,m & wkl &=k =00 <n,(mx k)] ,! 17 (O1: 2, 16)

( SIn,mM & wk] &=k =00 <[n,(mx k)] )
018 ()1 17)

OnOmik ([N, M & wk] & =k =00 <[n,(mx k)] )
19 (OI: 1,18)

i
| 56.
F OnOnidk ( s(n,mM & k] & =k =00 <n,(k xm] )

n, mk 11 (Prem

1
o

N, M & k] & = k 12 (Prem

( <SIn,mM & k] & = k

OO0 g[n,(mx k)] )

.1 3 (OE P55)
<(n,mM & k] &=k =00 <[n,(mx k)]

4 (0OE 3)

<[n, (mXx k)] ' 5 (0OE 2,4)
WM & ofk] ,!1 6 (TE C7.9,5)

(om & k] O (mxk) =(kxm ) ,! 7 (0E P25)

wm & wkl O (mx k) =(k xm 1 8 (OE 7)

(mx k) = (k xm ,' 9 (UE 86,8)

<in, (kK X M1 1 10 (=E 5, 9)
<(n,mM & okl &=k =00 </n,(k xm],! 11 (O1: 2,10)

( SIn,mM & wk] &=k =00 <[n,(k xm] )
12 (O 11)



OnOnik ( <(n,mM & k] & =~k =00 <[n,(k xm] )
1 13 (01 1,12)

0
I 57.

F OnOnidk ( <(n,mM & k] &~k =0 0 <[n,(k xm] )

n, mk 11 (Prem
<[n,NM & Wkl &-k =0 12 (Prem
( <fn,m & k] &=k =00 <[(k xn),(kxm] )

1 3 (OE P52)
<[nm & wk] & -k =00 <[(k xn),(k xm]

4 (0OE 3)
<[(k X n),(k x m] ,1' 5 (0OE 2,4)
W K] & [N 1 6 (TE: C7.9,5)
o[ N 1 7 (& 6)
Wkl & -k =0 1 8 (& 2)
Wwn & k] &~k =0 19 (&: 7,8)

(0N &kl &-k =00 <[n,(k xn))
, ! 10 (OE P54)

wn & Wkl &-k =00 <n,(k xn)j,! 11 (()E 10)

<[n, (k x n)] , 112 (OE 9, 11)
<(n,(k xn)] & <[(k xn),(k x m] , 113 (&: 5,12)
W K] & wm ,! 14 (TE C7.9,5)

( s[n,(k xn)] &<[(k xn),(kxm] O <n,(kxm])
, 115 (OE 4. 17,
(k x n): Cr.9,6;
(k xm: C7.9,6)

<(n,(k xn)] &<(k xn,(kxm] O <[n,(k x m]
116 (()E 15)
<[n, (k X m] ! 17 (OE 13, 16)
<[n,mM & k] & -k =00 <[n,(k xm],! 18 (OI: 2,17)

( <(n,m & wk] & - k 00O <[n,(k xm] )



119 (()1: 18)

OnOmdk ( <(n,mM & k] &-k =00 <[n,(k xm] )
I 20 (O: 1,19)

0
! 58.

F OnOrDdabb ( win] & ofmM & wa] & wb] &-nNn=0&-m=0
O Ok ( <a, (kxn)] & <[b, (kxm] ) )

I Kk will be exhibited as (a + b).

n,ma,b 11 (Prem

wn & wn & wal &wbl &-n=0&-m=0
, 12 (Prem

[ n] 13 (& 2)
W m 14 (&E: 2)
wf a) ' 5 (& 2)
[ b 16 (& 2)
~n=0 17 (&E 2)
- m=0 1 8 (& 2)
wal & wbj 1 9 (&: 5,6)
( wal & Wbl O <a (a+ b)) ,1 10 (OE C3.33)
wal & wb O <a,(a + b)] 111 (OE 10)
<[a, (a + b)] 112 (OE 9, 11)
<[a,(a + b)] & w[n] 113 (& 3,12)

I
o

<fa,(a + b)] & wn] & = n 114 (&l 7,13)

( s[a,(a +b)] & wn &~

=)
I

00 <la, ((a+b) xni)
1 15 (OE: P55;
(a + b): Cl.7,09)

<[a,(a + b)] & wn &-n=010 g[a,((a+ b) xn)j

, 116 (()E 15)
<[a,((a + b) x n)] , 117 (OE 14, 16)
W b] & wfa] ,! 18 (& : 5,6)

( wb] & wa] O <[b,(a + b)] ) 1 19 (OE C3.34)



Wbl & wa] O <b,(a + b)] 120 (OE 19)

<[b, (a + b)] 1 21 (OE 18, 20)
<[b,(a + b)] & wyn 122 (& 4,21)
<(b,(a + b)] & WM &-m=0 123 (& 8,22

( sfb,(a +b)] &wm &-m=00 <(b,((a+b) xmM] )
! 24 (OE: P55;
(a +b): CL.7,9

<[b,(a +b)] &wmM &-m=00 <[b,((a +b) x mM]
125 (OE 24)

<(b, ((a + b) X m] 1 26 (OE 23,25)

<fa,((a + b) x n)] & <[b,((a + b) x M]
127 (& 17, 26)

( <fa,((a +Db) xn)] &<[b,((a+b) xmM] )
128 ()1 27)

[k ( g[fa,(k xn)] & <[b,(k xnmM] ) , 129 (0O: 28;
(a +b): CL.7,9

wn &wm & wal & Wb & - nNn=0&-m=20
O [k ( gfa,(k xn)] & <b,(k xm] )
130 (O1: 2,29)

(0N & wmM & wa & wfb] &-nNn=0&-m=20

O Ok ( <fa, (k x n)] &<b,(kXm] ) )
131 (()1: 30)

OnOmdJalb ( wn & oM & wa] & wb] & - n=0&-m=20
O [k ( g[a,(kxn)] & (b, (kxm)] ) )
32 (0OI: 1,31

I
I 59,

F OnOniOk ( <[(n x k), (mx k)] &=~k =00 <[n,m )

n, mk 11 (Prem
S[(n x k),(mx k)] &=k =0 , 12 (Pren
<[(n x k), (mx k)] 1 3 (& 2)
-k =0 14 (& 2)
(M & wn & - <mn] O <n,m ) ,! 5 (0OE C4.45)

WM & wn &-<[mn] O <€n,n 16 (OOE 5



I To show. wnM & wn
wn] & k] , |
WM & k] X
of n] %
o K] !
of m %

wn & wn X

7 (TE C7.9,3)
8 (TE: C7.9,3)
9 (& 7)
10 (&E: 7)
11 (&E: 8)

12 (& : 9,11)

I To show. - <[mn]. Proceed by contradiction.

<[m n] !

<[mn] & k] , !

I
o

<[mn] & k] & = k !

=~
1

( <tmn] & (k] & =
!

o

<fmn] & k] &-k =
!

<[(mx k), (n x k)] !

00 <[(mx k),

13 (Prem
14 (& : 10, 13)
15 (& : 4, 14)

(n x k)1 )
16 (OE P51)

O <[(mx k), (n x k)]

17 (()E: 16)

18 (OE 15, 17)

( <I(mx K),(nx k)] O =<[(nxk),(mx k)] )

19 (OE 4. 20;

(mx k): C7.9,8;

(n

x k): C7.9,7)

<[ (mx K),(n x k)] O = <[(n x Kk),(mx k)]

.
- £[(n X k), (mx k)] , !

F !
<mn] O F , !
- <[m n] , !
wn & wn & - <[mnj , !
<[(n, m , !
S[(n xk)y,( mxk)] &-k =00 <g[n,nm ,!

( <I(nxk),(mxk)] &-k =00 <n,m)
|

20 (()E: 19)

21 (O1: 18, 20)
22 (FI: 3,21)
23 (O1: 13,22)
24 (-l: 23)

25 (&l: 12, 24)
26 (OE 6, 25)

27 (O1: 2,26)

28 (()1: 27)



OnOnmidk ( <[(n x k),(mx k)] & -k =00 <[n,m)
29 (0O1: 1,28)

0
I 60.

F OnOniok ( <((k xn), (K xmM] &=k =00 <n,m)

n, m k 11 (Prem
<((k xn),(k xm] &=k =0 1 2 (Prem
<[(k x n), (k x m] 1 3 (& 2)
-~k =0 14 (&E 2)
Wkl & wn] | 5 (TE: C7.9,3)
(wkl &wn O (kxn) =(nxk)) ., 6 (0E P25)
Wkl & wn O (k xn) = (n x k) 17 (O)E 6)
(k x n) = (n x k) | 8 (OE 5,7)
<((n x k), (k X m] 1 9 (=E 3,8)
Wkl & @M 1 10 (TE C7.9,9) |
(wkl &wm O (kxnm =(mxk)) ,! 11 (OE P25)
Wkl & wm O (k xm = (mx k) 12 (OB 11)
(k xm) = (mx k) 1 13 (OE 10, 12)
<((n x k), (mx k)] 1 14 (=E: 9, 13)
<((n x k), (mx k)] &=k =0 1 15 (&l 4,14)

( st(nxk),(mxk)] &-k =00 <nm )

, ! 16 (UE: P59)
S[(n X k),(mx k)] &-k =00 g[n,m
117 (()E 16)
<[n, m ,!1 18 (OE 15,17)
S[(k xn)y,(k xm] &-k =00 <nm ,! 19 (OI: 2,18)
( s((k xn),(k xmM] &=k =00 <£[n,m)
120 (()I1: 19)

OnOmidk ( <[(k xn),(k xmM] &-k =00 <[nm)
21 (0O0: 1,20)



0
I 61.

F OnOnik ( <[(n x k), (mx k)] O <[n,m )

n, mk 11 (Prem
<[(n X k), (mXx k)] , 12 (Prem
(M & wn &-<[mn O <n,m ) ,! 3 (0OE C4.46)
wm & wn & - <[mn O <[n,m 14 (O)E 3)

I To show M & wn
Wwn & ok 1 5 (TE C7.9,2)
Wm & ok 1 6 (TE: C7.9,2)
o[ N 1 7 (& 5)
o K] 1 8 (& b5)
ol M 1 9 (& 6)
Wwn & wnj 110 (&: 7,9)
I To show. - <[mn]. Proceed by contradiction.
<[m n] , 111 (Prem
SImn] & wK] 112 (&: 8,11)

( stmn] & k] O <[(mx k), (n x k)] )

,! 13 (UOE: P49)
Smn] & k] O <f(mx k),(nx k)] ,! 14 ((O)E 13)
SI(mx k), (n x k)] , 115 (OE 12, 14)

( si(mx k),(n x k)] O =<((nxKk),(mx k)] )

, 116 (OE 4. 22

(mx k): C7.

(n x k): C7.
SI(mx K),(n x k)] O = <[(n x k),(mx k)]

117 (O E
= <[(n x k),(mx k)] ,! 18 (OE
F 119 (F:

Smn] O F 120 (O

9, 6;
9, 5)

16)
15, 17)

2, 18)

11, 19)



= £[m n] , 121 (=1: 20)

wm & wn & - £[mn]j 122 (&: 10, 21)
<[n,m 1 23 (OE 4,22)
<[(n x k),(mx k)] O <[n,m ,124 (O1: 2,23)
( <((n xk),(mx k)] O <[n,m ) 125 (()1: 24)
OnOmdk ( <[(n x k),(mx k)] O <[n,n ) 26 (0OI: 1,25)
O
I 62.

F OnOnDk ( <[(k x n),(k x M] O <[n,m )

n, mk 11 (Prem
<[(k x n),(k x m] 1 2 (Prem
Wkl & wn] I 3 (TE C7.9,2)
(wkl &wn O (kxn) =(nxk)) ., 4 (0E P25)
Wkl & wn O (k xn) =(n x k) 15 (()E 4)
(k x n) = (n x k) ! 6 (OE 3,5)
<[(n x k), (k x m] 1 7 (=E 2,6)
Wkl & @M I 8 (TE: C7.9,2)
(wkl &wm O (kxm =(mxk)) ,! 9 (0E P25)
Wkl &awm O (kxm = (mx k) 110 (OE 9)
(k xm) = (mx k) 1 11 (OE 8,10)
<((n x k), (mx k)] 112 (=E: 7,11)
( <((nxk),(mx k)] O <(n,m ) .1 13 (DE: Pe6l)
<[(n x k), (mx k)] O <[(n,m 114 (OE 13)
<[n, m 1 15 (OE 12, 14)
<[(k xn),(k xm] O <[n,m 1 16 (O1: 2,15)
( <t(k xn),(k xm] O <(n,m ) 17 ()1 16)

OnOmdk ( <[(k xn),(k xmM] O <[n,nM ) 118 (OI: 1,17)



0

I P63 through P65 are put here, because they rely on P53.
I 63.

FOnOm( (nxm =10 n=1)

n, m 11 (Prem
(nxm =1 , 12 (Prem
(nxm =1&=-1=0 1 3 (& 1V9.6,2)
((nxm =1&=-1=00 -n=0&-m=20)

1 4 (OE P9)
(nNXmM =18&-1=00-n=0&-m=0

5 (OE 4)
- n=0&-m=20 , ! 6 (OE 3,5)
~n=0 1 7 (& 6)
-m=0 1 8 (& 6)
Wwnl & wm 1 9 (TE C7.9,2)
wn & wm&-m=20 ,1 10 (&: 8,9)
( wn &wmM &-m=010 <[n,(nxmM] )

)1 11 (OE P53)
wn &wmM &-m=010 <[n,(n X M]

112 (OE 11)
<[n,(n X M] , 1 13 (OE 10, 12)
<[n, 1] 1 14 (=E 2, 13)
(<(n,1] O n=00n-=1) ,1 15 (OE C3.58)
<(n,1] O n=00n-=1 )1 16 (()E 15)
n=00n=1 1 17 (OE 14, 16)
(n=00n=1) 118 (()1: 17)
(n=00n=1) &-n=20 119 (&: 7,18)
((n=00n=1) &-n=00n=1)

)1 21 (OE 13.5)
(n=00n=1) &=-n=00 n=1 122 (OE 21)

n=1 1 23 (OE 19, 22)



(nxmM =10n=1 124 (O1: 2,23)

((nxm =10n=1) 125 (()1: 24)
OnOm ( (nxm =10 n=1) | 26 (Ol: 1,25)
O

| 64.

FOnOm( (nxm =10 m=1)

n, m 1 1 (Pren
(nxm =1 1 2 (Pren
((nxm =10 (mxn) =1) ! 3 (DE: P26)
(nxm =10 (mxn) =1 4 (OE 3)
(mxn) =1 1 5 (OE 2,4)
((mxn =10 m=1) | 6 (OE P63)
(mxn) =10 m=1 17 (()E 6)
m=1 1 8 (OE 5,7)

(nxm =10 m=1 19 (O1: 2,8)

((nxm =10 m=1) 110 (()1: 9)

OnOm( (nxnm) =10 m=1) | 11 (OI: 1, 10)
O
I 65.

FOMOm( (nxm =10n=1&m=1)

n, m 11 (Prem
(nxm =1 12 (Prem
((nxm =10n=1) | 3 (OE: P63)
(nxm =10n=1 4 ()E 3)
n=1 15 (OE 2,4)
((nxm =10 m=1) ! 6 (OE: P64)

(nxmM =10 m

I
[ERN

7 (OB 6)

m=1 1 8 (OE 2,7)



n=1&m=1 ,1 9 (&: 5,8) i

(nxmM =10n=1&m=1 010 (O1: 2,9) i
((nxmM=10n=1&m=1) P11 (() 1 10) i
OnOm( (nxmM =10 n=1&m=1) 12 (0O 1,11) i
0

I 66. The Division Algorithm i

F OnOm ( wn & oM &-m=0
O oo (n=(((gxm +r) &<[r,n ) ) i

n, m 11 (Prem i
wn &wn &-m=20 , 12 (Pren i
W[ N] 13 (& 2) i
W[ M 14 (& 2) i
Wwm &-m=20 1 5 (& 2) i

Ox ({r - n=(agxm +r)}x =« In=(gxm +Xx)
, 1 6 (Pred) i

I Lines 7 and 8 permt the replacenent of

{r:dn=(0(gxm +r)}
with
P’
which will save space and render the proof clearer. i

(POx ( P[IXx]1 « M n=((gxm +x) ) ,! 7 (0: 6) i
Ox ( PIx] =« Mn=((gxm +x)) ,!8(E 7 i

( x (wx] & Prx1)
O X (wx] & P[x] & 0Oy (<{y,x] O = P[yl)) )
! 9 (OE CA4.49) i

¢ (w[x] & P[x]) O [x (w[x] & P[x] & Oy (<[y,x] O = P[y]))
110 (OE 9) i

I To prove: [X (w[Xx] & P[x]). W prove: wn] & P[n]. i

( «n O (0+n) =n) 111 (OE C2.33) i
wn O (0 +n) =n 12 (OE 11) i
(0 +n) =n , 113 (OE 3,12 i

n=n 114 (=1) i



n=(0 + n) !
(Wm0 (0xm =0) !
wm O (0xm =0 o
(0xm =0 !
n=(0xm +n !
Oyn=((agxm +n) !
( Plnl = g n=((gxm +n)) !
Pln = g n=((qgxm +n) !

(g n=((gxm +n) O P[n] , |

Pl n] !
wn & P[n] !
(wn] & P[N]) !

X (W x] & P[X]) , !

X (w[x] & P[x] & Oy (<[y,x] O = P[y]l))
!

(r] & Pr] & Oy (<ty,r1 0O = Pry1)) !
wrl &Pr] & 0Oy (<y,r1 O - Pry1) !
wir] !
P[r] |
Oy (<ty,r1 O = PIy]) !
(Prl = n=((axm +r)) , |
Pir] = gn=((gxm +r) , !
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((a x (dxn)) + n) = ((g x (cxm) +r)

Or = (((g x (dxn)) + n) - (g x (cxm))
137 (()E 36) i

r = (((g x (dxn)) +n) - (g x (cxm))
! 38 (OE 34,37) |

wWwq & wd & wn] ,1 39 (&l: 12,16) i
(g & wd & wn O ((gxd) x n) = (g x (dxn)) )

, ! 40 (OE P28) i
wql & wd & wn O ((gxd) x n) = (g x (dxn))

141 (()E 40) i
((gxd) x n) = (g x (dxn)) 142 (OE 39,41)

r = ((((axd) xn) +n) - (g x (cxm))
,! 43 (=E 38, 42) i

wgq & wc] & wm 44 (&l: 12,17) i
(wa & wc] &wm O ((gxc) xm = (g x (cxm) )

,! 45 (OE P28) i
wal & wic] &awnm O ((gxc) xm = (g x (cxm)

146 (()E 44) i
((gxc) xmM = (g x (cxm) 1 47 (OE 44,46) |

ro=((((axd) xn) +n) - ((gxc) x m)
,1 48 (=E 43, 37) i

o (gxd)] & wn] , 1 49 (TE C7.9,42) |
W q] & wd] ,1 50 (&E: 39) i

(w(gxd)] & wn O (((gxd) + 1) x n) = (((gxd) x n) + n) )
1 51 (OE P17;
(gxd): C7.9, 50) i

W (gxd)] & wnp O (((gxd) + 1) x n) = (((gxd) x n) + n)
, 1 52 (()E 51) i



(((gxd) + 1) x n) = (((gxd) x n) + n)
,! 53 (OE 49,52) |

r=((((agxd) + 1) xn) - ((gxc) x m)
,! 54 (=E: 48,53)

o (gxc)] & wm , 1 65 (TE Cr7.9,47) |
o (gxc)] , I 56 (& 55) i
wgq & wc] , ! 57 (TE C7.9,56) |
(dr = ((((gxd) + 1) xn) - (dxm) ,! 58 (O: 54,
(gxc): Cr7.9,57) i
o (gxd)] , 1 59 (& 49) i
o (gxd)] & of 1] 1 60 (& : 1V9.2,59)
i
[(cd r = ((c xn) - (dxm) ,1 61 (0O: 54

((gxd) + 1): C1.7,56)
i

n=((gxt) +r) &t = ((cxm-(dxn))
O e r = ((c xn) - (dxm)
162 (0OI1: 2,61) i

(n=((gxt) +r) &t = ((cxm-(dxn))
O k™ r = ((c xn) - (dxm) )
163 (()I: 62) i

OnOnmiJtOg0r (N = ((gxt) +r) &Mt = ((cxm-(dxn))
O e r = ((cxn)-(dxm) )
I 64 (0OI: 1,63) i



