I CHAPTER 7
MULTI PLI CATI ONj
I This chapter provides the basis for the aws of nultiplication
proved in the next. P9, which defines the multiplication term is
of special inportance. Propositions fromlV1l1l play a key role
t hr oughout the chapter. i

I 1. P1 contains the only appeal to the Mult axiom Subsequent
propositions rely on Pl. i

F OnOniOkOPOR ( win] & k] & N[n,P] & RumP &1 R
0 ( Oin,mkl = N[k, ((ROP 1)) i

n,mk, P, R , 11 (Pren i

wn & okl & N[n,Pl &R uvmP &1 R ,! 2 (Pren i

wn & K] 13 (& 2) i
W[ K] 14 (& 2) i
Nin, P ,1 5 (& 2) i
R um P 16 (& 2) i
1R 17 (& 2) i

Wm &0Ox (PIx] O Nm((ROx*))H)1)
, 1 8 (5E 1V11.1,6) j

o m , 19 (& 8) i
Ox ( PIxp O Arm ((RO(x*)))1) ! 10 (&E 8) i
wWn & wnM & k] 111 (&E: 3,9) i
wn & wn & okl & T.[n, P 112 (& 5,11) i
X ,1 13 (Prem i
( Pix1 O [m ((RO(x)))1) ! 14 (DE 10) i
PIx] O Tm ((RO(x*)))] 1 15 (OE 14) i
P[ X] ,1 16 (Prem i
Mm ((RO(x*)) )] )1 17 (OE 15,16) |
wm & Nrm((RO(x*)))] 118 (&1 9,17)

(wm & Nm ((ROx*)H1 O Nm{y : Rx,y1}1)
119 (OE 1V4.13)

Wm & NWim ((ROMx*)H)1 O Nim{y : Rx, vy}



120 ()E 19) i

Tim{y : RX, yI}] 121 (OE 18,20) |
Pix1 O NIm{y : Rx, yl}] 122 (0O1: 16,21)
(PIx1 O Nm{y @ RX,y1}1) 23 ()1 22) i

Ox (PIx] O Tim{y @ RX,yI1}1) 124 (0OI: 13,23)

wn & wnm & k]l & N[n, Pl & Ox (P[x] O N[m{y : RX,yl}1)
1 25 (& 12,24)

OxOyDz (RX,y] & Rz,y] O x = z) 126 (5E 1119.1,7)
[

wn & oM & okl & N[n, Pl & Ox (P[x] O Tim{y : RX,yl}1)
& OxOyDz (Rx,y] & Rz,y] O x = 2)
127 (&l: 25, 26) i

(wn & wmM & k] & T.[n, P
& Ox (PIx] O NIm{y : RX, y1}1)
& OxOyOz (Rx,y] & Rz,y] O x = 2)
O Onmky = Nrk,{y : Iz (Rz,y] & P[z])}1) )
, 128 (OE Milt) i

wn & wn & k]l & TL[n, Pl & Ox (P[x] O TIm{y : RXx,yl}1)
& OxOyOz(Rx,y] & Rz,y] OO x = 2)

O ( On,mkl < N[k, {y : 2 (Rz,y] &P[z])}] )
129 (OE 28) i

( Oin,mk] < N[k, {y : [z (Rz,y]l] &P[z])}] )
! 30 (OE 27,29)

arn, mk] < N[k, {y : [z (Rz,y] & P[z])}]

, 1 31 (OE 30) i

{y: [z (Rz,y] &P[z])} = ((ROP)!) ,1 32 (OE 1117.47) i

arn, m K] ,1 33 (Prem i
Orn, mkl O Tk, {y : [z (Rz,y] & Plz])}]

1 34 (-E 31) i

Nk, {y : @z (Rz,y]l] & P[z])}] ,1 35 (OE 33,34) |

okl & Nk, {y : @& (Rz, vyl &P[z])}]
1 36 (& : 4,35) i

Wkl & Nk, {y : [z (Rz,y] & P[z])}]

&{y : I (Rz,yl &Pz])} = ((ROPI)
1 37 (&: 32,36)



( wkl & Tk, {y : [Z(Rz,y] & P[z])}]

&{y : Iz (Rz,y] &Pz])} = ((ROPI)

0 Nk, ((ROP)] )

Wkl & Tk, {y : [Z(Rz,y] & P[z])}]

&{y : Iz (Rz,yl &Pz])} = ((ROPI)

O Nk, ((ROP))]
|

ik, ((ROP)1)] N
Orn, mkl O N[k, ((ROP))] N
ik, ((ROP)1)] N
Wkl & Nk, ((ROP))] !

Wkl & Nk, ((ROP)1Y]

&{y : Iz (Rz,yl &Pz])} = ((ROPI)

( Wkl & Nk, ((ROP)]
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&{y : @ (Rz,yl &Pz])} = ((ROP)

O N[k, {y : [z (Rz,y] &P(z])}1 )
|

k] & Nk, ((ROP)1)]
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!
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45
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O ( On,mk] < Nk, ((ROP)IHT ) )
1 54 (()I: 53) i

OnOnOkOPOR ( w[n] & k] & T[n,Pl & RumP &1 R

O ( On,mk] = Nk, ((ROPY1 ) )
| 55 (0O0: 1,54)

O
I P2 and P3 are different halves of Pl. i
I 2. i

F OnOmIKOPOR ( w[n] & wk] & TM[n,Pl & RumP &1 R & O/ n, mK]
O Nk, ((ROPY1) i

n,mk, P, R 11 (Prem i

wn & Wkl & N[N, Pl & RumP &1 R & O[n, mKkK]
, 12 (Prem i

wn & okl & N[n,Pl & RumP &1 R ! 3 (& 2) i
Orn, m K] 14 (& 2) i

( on & okl & N.[n,Pl & RumP &1 R
O ( On,mkl < TNk, ((ROPH)1))

! 5 (OE P1) i
wn & okl & N[n,Pl & RumP &1 R
O ( On,mkl = TNk, (ROPI])

' 6 ()E 5) i
( On,mk] = N[k, ((ROP)I)]) 1 7 (OE 3,6) i
On, mkl < Tk, ((ROP))] 1 8 (O)E 7) i
Oin, mk] O Tk, ((ROP))] 1 9 (<E 8) i
Nk, ((ROP))] 1 10 (OE 4,9) i

wn & okl & N[n,Pl & RumP &1 R & 0O[n, mk]

0O Nk, ((ROP))]
111 (O1: 2,10)

( wn & okl & N[n,Pl & RumP &1 R & O[n, mK]
0 Nk, ((ROP)T)
112 ()1 11) i
OnOnDkOPOR ( win] & (k] & T.[n, Pl & RomP &1 R & O/n, mK]

O Nk, (ROP)1)
1 13 (0O 1,12) i



0
I 3.

F OnOniOkOPOR (- «Xn] & w(k] & N[n,P] & RumP &1 R

& Nk, ((ROP))]
O On, mKk] )

n,mk, P, R 11 (Prem

wn & okl & M[n,Pl & RumP &1 R & [k, ((ROP)I)]
, 12 (Prem

wn & okl & T[n,Pl & RumP &1 R ,! 3 (& 2)
Nk, ((ROP))] 4 (& 2)

( wn & okl & N[n,Pl & RumP &1 R
O ( On,mk] < N[k, ((ROP)T ) )

! 5 (OE P1)
wn & okl & NU[n,Pl & RumP &1 R
O ( On,mkl = Tk, ((ROPI)] )

' 6 (OE 5)
( Oin,mkl = N[k, ((ROP))]) 1 7 (OE 3,6)
Orn, mkl = [k, ((ROP))] 8 (OE 7)
Nk, ((ROP))Y] O Orn, mkj 1 9 (<E 8)
Orn, m K] ;1 10 (OE 4,9)

wn & okl & N[N, Pl & RomP &1 R & [k, ((ROP))]
O Orn, mKk]
111 (01 2,10)

( Wn & okl & N[N, Pl & RomP &1 R & [k, ((ROP))]

O Orn, mk
[n, mKk] ) 112 (O 11)

OnOnikOPOR ( wIn] & K] & T[n,P] & RumP &1 R

& Nk, ((ROP))]
O dn,mk] )
I 13 (00 1,12)

0

! P4 and P5 restate P2 and PS.
1 4,



F OnOnOKOPOR ( win] & okl & M[n,Pl & RumP &1 R& (RP) O P
& 0O[n, m k]
O Tk, (R)] ) i

n,mk, P, R , 11 (Pren i

wn & okl & N[n,Pl & RumP &1 R&(RD) O P & O/ n, mk]
12 (Prem i

wn & okl & N[n,Pl & RumP &1 R ! 3 (& 2) i

o[ K] 1 4 (&E: 2) i
(RD) OP ! 5 (& 2) i
drn, m K] 1 6 (& 2) i

wn & Wkl & N[n,Pl & RumP &1 R & O[n, mk]
17 (& 2,6) i
(0n & k] & N[n,Pl & RumP &1 R & O n, mK]

0 N[k, ((ROP))1)
.1 8 (OE: P2) i

wn & okl & N[n,Pl & RuvmP &1 R & O/n, mKkK]
0 Tk, ((ROP)]

9 (0OE 8 i
Nk, (ROP))] ,1 10 (OE 7,9) i
Wkl & N[k, ((ROP))] 111 (&l 4,10) i
( (R OPO (ROP) ER) 12 (OB 1117.24) i
(RO OPO (ROP) ER 113 (()E 12) i
(ROP) ER ! 14 (OE 5,13)

Wkl & N[k, ((ROP)!)] & (ROP) £ R ,! 15 (&: 11,14) |

( okl & N[k, ((ROP)!)] & (ROP) £ RO N[k, (R)] )
116 (OE 1V4.10)

Wkl & Nk, ((ROP!)] & (ROP) E RO N[k, (R)]
1017 (()E  16) i
Nk, (R)] ! 18 (OE 15,17)

wn & okl & N[n,Pl & RumP & 1 R&(RD) O P & O[n, mKk]

O Tk, (R)]
119 (O1: 2,18) i



( wn & ok & N[n,P] & RumP &1 R& (RP) O P & O/n, mk]
0 Tk, (R)1)
120 ((O)1: 19) i
OnOniOkOPOR ( w{n] & wik] & N[n,Pl & RumP &1 R& (RD) O P
& 0O n, m k]
0 Nk, (R)1 )
I 21 (O 1,20) i
0
| 5. i

F OnOnOKOPOR ( win] & wik] & .[n,Pl & RumP &1 R& (RD) O P

& Tk, (R)]
O On, mKk] ) i

n,mk, P, R 11 (Prem i

wn & okl & N[N, Pl & RumP &1 R& (RD) OP

& Nk, (R)] 5 (Prem
! re i

wn & okl & N[n,Pl & RuvmP &1 R ,! 3 (& 2) i

o K] 14 (& 2) i
(R OP 15 (& 2) i
TNk, (R)] 16 (& 2) i
Wkl & N[k, (R)] 17 (& 4,6) i
((RDH OPO (ROP) ER) 18 (OB 1117.24)
(RO OPDO (ROP) ER 1 9 (()E 8) i
(ROP) R 1 10 (OE 5,9) i

Py,

w k] & N[k, (R)] & (ROP) = 111 (& 7,10) i

( Wkl & N[k, (R)] & (ROP) E RO N[k, ((ROPI)])

112 (OE: O V4. 11) i

Wkl & Nk, (R)] & (ROP) E RO N[k, ((ROP) )]

113 (OE 12) i
Nk, (ROP)1)] ! 14 (OE 11,13)

wn & okl & Nin,Pl & RumP &1 R & [k, ((ROP))]
1 15 (&l 3,14) i



( Wn & okl & N[N, Pl & RomP &1 R & [k, ((ROP)1)]
O On,mk] )
, ! 16 (OE P3) i

wn & okl & N[n,Pl & RumP &1 R & [k, ((ROP)!)]
O Orn, mKk]
117 (()E 16) i

Orn, m k] 1 18 (OE 15,17) i

wn & okl & N[n,Pl & RumP &1 R& (RD) O P & Tk, (R)]
O Orn, mKk]
119 (O1: 2,18) i

( Wn & okl & N[n,Pl & RomP &1 R& (RD) O P & [k, (R)]
O Orn, mky] )
120 (()1: 19) i
OnOnikOPOR ( w{n] & wik] & N[n,Pl & RumP &1 R& (RD) OP

& Nk, (R)]
O dn,mk] )
21 (O1: 1,20) i

0
I 6. i

F OnOnk ( on] & ofmM & wik] & O[n, mK]
O (PR (T[N, Pl & RumP &1 R & Tk, (R)]) ) i

n,j,k 11 (Prem i
wn & wm & k] & O/n, mK] , 12 (Pren i
wn & wn 13 (& 2) i
W[ N] 14 (& 2) i
w k] & O[n, mK] 1 5 (& 2) i
wn & k] & O[n, mK] 16 (&: 4,5) i
(wn & awm

O (PR (M[n,P] & RumP &1 R& (RD) O P) )
! 7 (OE 1V11.18)

wnl & wm
O PR (N[n,Pl & RumP &1 R & (RD) O P)
8 (O)E 7) i

(PR (N[n,Pl & RumP &1 R& (RD) O P)



1 9 (OE 3,8) i

R (N[N, Pl & RumP &1 R& (RD) O P)

, 110 (CE 9) i
(Nin,P] & RumP &1 R&(RD) O P) ,! 11 (CE 10) i
N[N, Pl & RumP &1 R& (RD) O P 112 (OE 11) i
NN, Pl & RumP &1 R 113 (& 12) i

wn & okl & Nin,Pl & RumP &1 R& (RD) O P & On,j,Kk]
114 (& 6,12) i

( wn &wk & N(n, Pl &Rvj P&1 R&(RD) 0P &ON,j, K

O Tk, (R)Y1)
1 15 (OE: P4) i

wWn & wk] & N[n, Pl &Rvj P&1 R&(RD) OP &On,j,k
O Tk, (R)]

, 116 (()E 15) i
Nk, (R)] 117 (OE 14,16)
MUNin,Pl & RomP &1 R & Tk, (R)] ,! 18 (&: 13,17) |

(N[n,Pl & RumP &1 R & Tk, (R)]) ,! 19 (()1: 18) i

R (T.[n,Pl & RumP &1 R & [k, (R)])
120 (O: 19) i

[PIR (T[N, Pl & RumP &1 R & [k, (R)])
121 (0O: 20) i

wn & wnm & k] & O/n, mKkK]
O PR (T.[n,Pl & RumP &1 R & Tk, (R)])
022 (O1: 2,21) i

(0n & wm & «k] & O[n, mKk]
0 PR (N[N, Pl & RuomP &1 R & N[k, (R)]) )
123 (O1: 22) i

OnOnidk (@[N] & WM & wik] & O[n, mKk]
0 PR (N[N, Pl & RumP &1 R & Tk, (R)]) )
24 (O0: 1,23) i



I P7 and P8 prepare the definition of the nultiplication termin
PO. i

7. i

FOnOm( wn & wm O b (wa] & On,maj) ) i

n, m 11 (Prem i
wn & wm , 12 (Pren i
W ] 1 3 (& 2) i
(wn &

O PR (T[n,Pl & RumP &1 R&(RD) OP&f (R)))
! 4 (OE 1V11.16) |

wn] & fmn
O PR (T[n,P] & RumP &1 R& (RD) OP&f (R))
1 5 (OE 4) i

[P(R (T[n,Pl & RumP &1 R& (RD) O P& f (R))
! 6 (OE 2,5) i

R (N[N, Pl & RumP &1 R& (RD) OP&f (R))
17 (CE 6) i

(T[n,Pl & RuomP &1 R&(RP) OP&f (R))
1 8 ([E 7) i

NN, Pl & RumP &1 R&(RD) OP&f (R)

9 (OB 8) i

MUn Pl & RumP &1 R&(RD) OP ! 10 (& 9) i
f (R) 111 (&E: 9) i
h ( wn & T[n, (R ) 112 (BE 1V5.1,11)
i

( ofkl & ik, (R)1 ) 13 ([E 12) i
Wkl & Mk, (R)] ! 14 (OE 13) i
W K] 1 15 (&E: 14) i
wn & okl & Nk, (R)] ! 16 (& 3,14) i

wn & okl & U[n,Pl & RumP &1 R& (RD) O P & Nk, (R)]
117 (& 10,16)

( wn & okl & N[n,Pl & RomP &1 R&(RD) OP



& Tk, (R)]
O On,mKk] )
,1 18 (0OE: P5) i

wn & okl & UL[n,Pl & RumP &1 R& (RD) O P & Tk, (R)]

O On, mKk]

, 119 (()E 18) i
drn, m k] , 120 (OE 17,19) |
w k] & O[n, mK] 121 (&: 15,20)
(k] & O[n, mKk]) 122 ()1 21) i
(B («wfa] & O/ n,maj) 123 (O: 22) i

wn &wm O B (wfa] & O/n,maj) 124 (O1: 2,23) i

(wn &owm O b (wfa] & 0Omn,maj) ) ,! 25 (()I: 24) i

OnOm ( wn & oM O B (wa & On,maj) )
I 26 (0O1: 1,25) i

I
I 8. i

F OnOm( win] & wim
O Oalb((wal & O n,mal) & (wb] & O/n, mby)

0 a=0>b) ) i

n, m , 11 (Prem i

Wwn & wm , 12 (Prem i

W[ N] 13 (& 2) i

a, b 1 4 (Prem i
(wfa] & O(n,maj) & (wb] & O[n, mby)

, ' 5 (Prem i

(wa] & 0Orn,maj) I 6 (& 9) i

wa & 0O/n,maj IV 7 ((O)E 6) i

W a] 1 8 (& 7) i

(wb] & O[Nn,mb]) , 19 (& 5) i

w bl & O/n, mbj 110 (OE 9 i

W[ b] , 111 (& 10) i



wal & whb] 112 (&l 8, 11)

( wn &wn O PR (NNP & RumP &1 R) )
1 13 (OE 1V11.17)

Wn & wm O PR (N[N P &RumP &1 R

114 (OE 13)
[PR (N[n,P] & RuomP &1 R 1 15 (OE 2, 14)
R (N[N, Pl & RumP &1 R 1 16 (CE 15)
(N[n,Pl & RumP &1 R 1 17 (CE 16)
Nin,Pl & RumP &1 R 118 (OVE 17)
wn & wa] & O/n,maj 1019 (&: 3,7)

wn & wa & N[n,Pl & RumP &1 R & O[n, ma]
1 20 (&: 18,19)
( 0N & wa & N[n, Pl & RuvmP &1 R & O/ n, ma]

0 Tia, ((ROPI)] )
121 (OE P2)

wn & wa & N[n,Pl & RumP &1 R & O[n, maj
O fNfa, ((ROP))]

122 (OE 21)
Nia, ((ROP))] .1 23 (OE: 20, 22)
wal & Wbl & N[a, ((ROP))] 124 (& 12,23)
wn & Wby & O/n, mb] 125 (&: 3,10)

wn & by & N[n,Pl & RumP &1 R & O[n, mb]
1 26 (&: 18,25)
( 0N & bl & N(n, Pl & RumP &1 R & O n, mb]

O b, ((ROPI)]T )
127 (OE P2)

wn & wbl & N[n,Pl & RumP &1 R & O[n, mbj

0 b, ((ROP))] 1 28 (OE 27)

Nrb, ((ROP)1)] .1 29 (OE: 26, 28)

wal & whb) & Nia, ((ROPI)] & b, ((ROP))]
! 30 (&: 24,29)



( Wfal & wb] & Nia, ((ROP))] & Nrb, ((ROP)1)]
O a=0Db)
,1 31 (OE 1V2.10)

wal & wbl & N[a, ((ROP)I)] & Nib, ((ROP)!)] O a=0>b
1 32 (()E 31) i

a=bhb 1 33 (OE 30,32) i

(wa] & O/ nyma]) & (wb] & O/n,mb]) O a=">b
, ! 34 (OI: 5,33) i

((wfa] & On,maj) & (wfb] & O[n,mb]) O a = b)
135 (()1: 34) i

Oalb ((wa] & O/n,ma]) & (wb] & On,mb]) O a =Dhb)
, 136 (0OI: 4,35) i

wn & wmn
O Oalb ((wa] & On,ma]) & («wb] & O/n,mb]) O a = b)
037 (O1: 2,36) i

(wn & wmnm
0 Oalb ((wfa] & On,ma]) & (wb] & On,mb]) O a =Db) )
138 ((O)I1: 37) i

OnOm ( w[n] & wm
O Oalb((wa] & On,mal]) & (wb] & On,mbj) O a=>b) )
39 (OI: 1,38) i

O

19, i

Tx; (nxm; «on &awm ; (wfa] & UOn, maj)
il (TD P7,P8) i
I 10. i
F OnOm ( oin] & wm O w{(nxm] ) i
n, m 11 (Prem i
wnl & wim ! 2 (Prem i
(@ (nxm)] & Orn, m (nxm1]) 13 (TI: P9, 2) i
o (nxm] & Orn, m (nxm] 4 (01 3) i
[ (nNxm) ] ! 5 (& 4) i
wn & wm O o(nxm] 16 (01 2,5) i

(wn &awnm O o(nxm] ) 7 (01 8) i



OnOm ( wfn] & om O «f(nxm] ) 8 (o: 1,7)
0

I 11,

F( wn &wm O On m(nxm] )

n, m 11 (Prem
wn & wm ,1 2 (Prem
(@ (nxm] & Orn, m (nxm]) 13 (TI: P9, 2)
W (nxmM] & O/n, m (nxm] L4 (01 3)
Urn, m (nxm ] 5 (& 4)
wn & wm O On,m(nxm] 06 (01 2,5)
(wn &wm O Omn,m(nxm] ) A7 (01 6)
OnOm ( wn] & wm O O(n,m(nxn] ) 1 8 (O: 1,7)
O
112,

F OnOnik ( (n xm =k O wk] )

n, mk 1 1 (Prem
(nxm =k 1 2 (Pren)
wn & wfn 1 3 (TE P9,?2)
(wn &awmnm O of(n xm] ) !4 (DB P10)
wn & ownm O o(n xm] 5 (OB 4)
W (n X m] 1 6 (OE 3,5)
Wl K] 1 7 (=E 2,6)

(nxm =k O okl L8 (01 2,7)
( (nxm =k O okl ) 9 (01 8)

OnOnik ( (n x ) = k O wk] ) | 10 (OI: 1,9)

O

1 13,

FOnOnik ( k = (n xm O k] )



n, mk ,11 (Prem i

k = (n xm , 12 (Prem i
k = k 13 (=) i
(nxm =k 1 4 (=E 2,3) i
((nxm =k O okj) 1 5 (OE P12) i
(nxm =k O wk] ,1 6 (ODE 5) i
o K] 1 7 (OE 4,6) i

k =(nxmnm O wk] 18 (0O1: 2,7) i
(k=(nxm 0O k] ) 9 (01 8) i

OnOmik ( k = (n xm O okl ) 1 10 (OI: 1,9) i

I

I 14, i

F OnOnk ( on] & oM & ofk] & On,mk] O k = (nxm ) i

n, mk 11 (Prem i
wn & wm & k] & O/n, mK] , 12 (Pren i
wn & wn 13 (& 2) i
w k] & O[/n, mKkK] 14 (& 2) i
(wn & wm

0 Oalb ((wa] & On,ma]) & (wb] & O/ n,mbl) O a =0>b) )
, ! 5 (0OE P8) i
wn & wm
O Oalb ((«wfa] & O/n,ma]) & («wfb] & O/n,mb]) O a = b)
16 (()E 5) i
Oalb ((wa] & O/n,ma]) & (wb] & O/n,mb]) O a =Dh)
7 (OE 3,6) i
(w(k] & O[n, mK]) 8 (01 4) i
(w(nxmM]1 & O/n,m(nxm1]) 19 (TI: P9, 3) i

(k] & 0On,mk]) & (@ (nxm] & On, m(nxm])
110 (& : 8,9) i

((wfk] & O[n,mk]) & (@[ (nxm] & On,m(nxm]) O k = (nxm)
111 (OB 7;



(nxm): P9, 3)
(k] & 0On,mk]) & (w(nxm] & On,m(nxm]) O k = (nxm
112 (OE 12)
k = (nxm , ! 13 (OE 10, 12)
wn & wm & Wkl & O/n,mk] O k = (nxm
P14 (O1: 2,13)
(0N &M & k] & 0On,mk] O k = (nxm )
1015 ((O)1: 14)
OnOnidk (@[N] & wfm & ofk] & On,mk] O k = (nxm )
16 (0OI: 1,15)
0
I 15.
F OnOnidk ( o{n] & oM & k] & O/n,mk] O (nxnm) = k)
n, mk 11 (Prem
wn & wm & k] & O/n, mK] , 12 (Pren
(wn & wnm & wk] & 0On,mk] O k = (nxm )
, 1 3 (0OE P14)
wn & wm & k] & O/ n,mk] O k = (nxm
4 (0B 3)
k = (nxm ' 5 (0OE 2,4)
k = k , 1 6 (=E 5)
(nxm = k , ! 7 (=E 5,6)
wn & wmMmM & Wk & On,mk] O (nxm =Kk
08 (Ol: 2,7)
(N & wm & k] & 0OnNn,mk] O (nxm =Kk )
L9 (01 8)
OnOmk ( wn] & wm & On,mk] = (nxm =k )
10 (O1: 1,9)
O
I 16.
F OnOnOROP ( win] & [N, Pl & RumP &1 R& (RD) O P

O N(nxm, (R)71)

n;mR! P1

' 1 (Prem



wn & N[N Pl &RumP &1 R&(RP) OP

1 2 (Prem i
@ N] 13 (& 2) i
T[n, Pl & RumP &1 R&(RD OP ! 4 (& 2) i
R umP ! 5 (& 2) i

Wm & Ox ( P[x] O (#((RO(x*))!)) =m)
I 6 (BE 1V11.1,5)

[ 17 (& 6) i
wn & wm 18 (&l 3,7) i
(o (nxm] & O[n, m(nxm]) 19 (TI: P9, 8) i
o (nxm] & Orn, m(nxm] 110 (OE 9) i
W & o (nxm] & O[n, m (nxm] 111 (& 3,100

wn & «(nxm] & N[n,Pl & RumP &1 R&(RP) O P
& Orn, m (nxm ]
112 (& 4,11) i
( wn & w(nxm] & ML[n,P) & RumP &1 R& (RD) O P
& O/n, m (nxm]
O T(nxm, (R)] )
! 13 (OB P4;
(nxm: P9, 8) i

wn & «(nxm] & NU[n,Pl & RumP &1 R&(RP) OP
& Orn, m (nxm]
O AL(nxm, (RH)]
114 ((O)E 13) i
NI (nxm), (R 115 (OE 12,14)

wn & N[N, Pl & RumP &1 R&(RD) OP O N[(nxm, (R)]
116 (O1: 2,15)

( wn & N[n,Pl &RumP &1 R&(RD) OPO Ni(nxm, (R)])
117 ((O)1: 16) i
OnOnOROP ( win] & 9[n,Pl & RumP &1 R& (RD) OP

O Tr(nxm, (R)] )
1 18 (O1: 1,17) |



0
I 17. i

F OnOnDkOROP ( win] & wk] & N[n,Pl & RumP &1 R& (RD) O P

& Ik, (R)]
O k = (nxm ) i
nmk,RP 11 (Prem i
wn & okl & N[N, Pl & RumP &1 R& (RD) O P & N[k, (R)]
, 12 (Prem i
o[ N] 13 (& 2) i
o[ K] 14 (& 2) i
NU[n, Pl & RumP &1 R& (RD) O P 1 5 (& 2) i
TNk, (R)] 1 6 (& 2) i
Wkl & Mk, (R)] 17 (&8: 4,6) i

wn & Nin,Pl & RumP &1 R& (RD) OP
1 8 (&: 3,5) i

( wn & Nin,Pl & RumP &1 R&(RD) OP

0 Nr(nxm, (R)] )
.1 9 (OE: P16) i

wn & N[N Pl & RumP &1 R&(RD) OP O Ni(nxm, (R)]

110 (OB 9) i
TN (nxm, (R)] 1 11 (OE 8,10)
Wkl & Tk, (R)] & N(nxm, (R)] 12 (& 7,11) i
wn & wn 1 13 (TE P9, 11) |
(wn &own O of(nxm] ) ! 14 (OE P10) i
wn & wn O of(nxm] 15 (OE 14) i
@ (NXm) ] 1 16 (OE 13,15) |

WKkl & @ (nxm] & N[k, (R)] & N[(nxm, (R)]
1017 (& : 12, 16) i

( okl & @ (nxm)] & N[k, (RI)] & Ni(nxm, (R)] O k = (nxn) )
,1 18 (OE 1V2.10)

k] & o (nxm] & Tik, (R)] & Ti(nxm, (R)Y] O k = (nxm
119 (()E: 18) i



k = (nxm , 120 (OE 17,19) |

wn & okl & N[N, Pl & RomP &1 R& (RD) O P & N[k, (R)]
O k = (nxm
121 (O1: 2, 20) i

( wn & okl & N[n,Pl & RumP &1 R& (RP) O P & N[k, (R)]

O k = (nxm )
122 (()I1: 21) i

OnOnOkOROP ( oXn] & wik] & N[n,P] & RumP &1 R& (RD) O P

& Nk, (RN)]
O k = (nxm )
23 (0O0: 1,22) i

0
I 18. i

F OnOnOkOROP ( oXn] & (k] & N[n,P] & RumP &1 R& (RD) O P

& Tk, (R)]
O (nxn) = k) i

nmk, R P , 11 (Pren i

wn & okl & U[n,Pl & RumP &1 R& (RD) O P & Nk, (R)]
, 12 (Prem i

( wn & okl & N[n,Pl & RomP &1 R&(RD) OP

& N[k, (R)]
O k = (nxm ) ,!' 3 (LOE P17) i

wn & okl & NL[n,Pl & RumP &1 R& (RD) O P & N[k, (R)]

0 k = (nxm 4 (OB 3) i
k = (nxm ' 5 (0OE 2,4) i
k =k 16 (=1) i
(nxm) = k 1 7 (OE 5,6) i

wn & okl & Tin,Pl & RumP &1 R& (RP) O P & N[k, (R)]
O (nxm) = k
18 (01 2,7) i

( wn & okl & N[n,Pl & RuomP &1 R& (RP) O P & N[k, (R)]
O (nxm) = k)
9 ()1 8) i

OnOnOkOROP ( win] & k] & N[n,Pl & RumP &1 R& (RD) O P



& N[k, (RH)]
O (nxm) = k)
I 10 (OI: 1,9) i

I
119, i

F OnOm ( win] & wm
O PR (T[n,Pl & RumP &1 R& (RD) O P&

TL(nxm), (R)1) ) i

n, m , 11 (Pren i
wnl & wim 12 (Prem i
W[ N] 13 (& 2) i
(wn & awm

O PR (M[n,P] & RumP &1 R& (RD) O P) )
! 4 (DE 1V11.18)

wn & wnm O PR (N[N P & RumP &1 R& (RD) O P

5 (OB 4) i
(PR (.[n,Pl & RumP &1 R& (RD) O P)

! 6 (OE 2,5) i
R (N[N, Pl & RumP &1 R& (RD) O P)

1 7 (CE: 6) i
(N[n,Pl & RumP &1 R&(RD) OP) ,! 8 (CE 7) i
NN, Pl & RumP &1 R& (RD) OP 1 9 (()E 8) i

wn & N[nP &RunP &1 R&(RP) OP
110 (&: 3,9) i
( wn & Tin,Pl & RumP &1 R&(RP) OP

0 N(nxm, (R)] )
, 1 11 (0OE P16;
(nxm: P9, 2) i

wn & N[N, Pl &RumP &1 R&(RD) OP O Ni(nxm, (R)]
112 (OE 11) i

Nr(nxn), (R)] 1 13 (OE 10,12)

MNin,Pl & RumP &1 R& (RP) O P & T[(nxm, (R)]
114 (& 9, 13) i



(N[n,Pl & RumP &1 R&(RP) O P & N[(nxm, (R)])
115 ()1 14) i

P (T[n,Pl &RumP &1 R& (RD) OP & N[(nxm, (R)])
116 (O: 15) i

[(RP (T[N, Pl & RuomP &1 R& (RD) O P & N[(nxm, (R)])
017 (O: 16) i

wn & wm
O RP (T.[n,Pl & RumP &1 R& (RD) O P & N[(nxm, (R)])
118 (O1: 2,17) i

(wn & wm
O (RP (N[nPl & RumP &1 R&(RD) OP
& NL(nxm, (R)1) )
119 (()1: 18) i

OnOm ( w[n] & M
O (PR (N[n,Pl & RumP &1 R& (RD) OP

& TL(nxm, (R)1) )
120 (OI: 1,19) i



