I CHAPTER 2
BASI C LAWS OF ADDI Tl ON;j

I This chapter establishes nost of the basic | aws of addition.
H ghl i ghts incl ude:

P5: Commut ati ve Law of Addition

P14: Associ ative Law of Addition

P30-P33: 0 is Additive ldentity

P36- P39: Uni queness of 0 as Additive ldentity

P60- P63: Cancel | ati on Laws of Addition

P69: (1 + 1) 2

P74: (2 + 2) 4 i

I P1 through P4 substitute equals for equals in an addition term
i

1. i

F OnOnik ( wfn] & wk] & n=m0O (n + k) = (m+ k) ) i

n, m k , 11 (Prem i
wn & WKl &n =m , 12 (Pren i
wn & wkj 13 (& 2) i
n=m 14 (& 2) i
(n + k) =(n + k) 15 (=I;

(n+Kk): C1.7,3)
i
(n + k) = (m+ k) , I 6 (=E 4,5) i

wn & okl &n=m0Od (n + k) = (m+ k)

17 (0O1: 2,6) [

( Wn & k]l &n =m0 (n + k) = (m+ k) )

8 (01 7) i
OnOnidk ( win] & k] & n =m0Od (n+ k) = (m+ k) )

9 (0O1: 1,8) i
0
I2. [

F OnOnik ( win] & k] &n=m0O (k +n) =(k +m ) i

n, mk 11 (Prem i
wn & WKl &n =m 12 (Prem i
W[ N] 13 (& 2) i
W K] 14 (&E: 2) i

n=m , 1 5 (& 2) i



W k] & w[n] 16 (&: 3,4) i

(k + n) = (k + n) U7 (=
(k + n): CL.7,6)

(k +n) = (k +m 1 8 (=E 5,7) i

wn & okl &n=m0d (k +n) =(k +m
19 (O1: 2,8) i

(wn & ok &n =m0 (k +n) =(k +m )
110 ((O)1:9) i

OnOnidk ( wfn] & k] & n=m0O (k +n) =(k +m )
11 (0O 1,10) i

0
I 3. i

F OnOnTkDj ( @j] &(n+m =k O ((n+m +j) =(k+j)) i

n,mk, j , 11 (Prem i
Wj] & (n+m =K 12 (Prem i
wj] 13 (& 2) i
(n+m =k 1 4 (& 2) i
wn & wm 1 5 (TE: CL.7,4) |
(wn &awm O of(n+m]) ! 6 (0B C1.8) i
Wn & wm O o(n+ m]j 7T (OE 6) i
w (n + m] 18 (OE 5,7) i
Ww(n +mMl & awj] 19 (& 3,8) i
((n+m +j) =({(n+m +j) 10 (=1

|
((n+m +j): CL709)
i

(k +j) 111 (=E 4, 10) i

((n+m +j)

Wj] &(n+m =k O ((n+m +j) =(k+]j)
112 (01 2,11)

(jl &(n+mM =k0O ((n+mM +j) =(k+7]))
113 ((O)1: 12) i

OnOnkD] ( «fj] & (n+mM =k O ((n+m +j) =(k +j) )
I 14 (0O 1,13) i



I 4. i

F OnOnikO) ( oj] &(n+m =k O ( +(n+m) =( +k)) i

n, mk,j 1 1 (Pren i
Wwjl] &(n+m =Kk 12 (Prem i
Wil 13 (&E: 2) i
(n+m =k 14 (8 2) i
wn & wn ! 5 (TE Cl.7,4)
(wn &awm O of(n+m]) ! 6 (0E CL.8) i
wn &wm O «o(n + m] 7 (()E 6) i
w (n + m] 18 (OE 5,7) i
Wjl & w(n + m] P9 (& 3,8) i
(b +(n+m) =( +(n+m) 110 (=15

(j +(n+mM): CL.7,9)
i

(i + k) 111 (=E 4, 10) i

(1 +(n+m)

oj] &(n+mM =k 0 ( +(n+m) =(] +k)
12 (O1: 2,11)

(jl] &(n+mM =k O +(n+m) =(j +Kk))
113 ()1 12) i

OnOnkTj) ( «fj] &(n+m =k O (j +(n+m) =( +k))
I 14 (O 1,13)

O
I 5. The Commutative Law of Addition. i

F OnOm( win &wm O (n+nm = (m+n) ) i

n, m 1 1 (Pren) i
wn & wm , ! 2 (Prem i
(wn &wm O of(n+m] ) ! 3 (0B Cl.8) i
wn & wn O o(n+m] 4 (0OE 3) i
W (n+mM) ] 1 5 (0E 2,4) i
(oin & wim

O DAB (N[n, A & N.imB] & (A n B) = ¢



& N[(n+m), (A O B)]) )
1 6 (OE CL.18)

wn & wm
0 CAB (N[n A & W[mB] & (A n B =¢& N[(n+tm, (A O B)])
7 (OE 6) i

(AB (N[n,Al & I.mB] & (A n B) =¢ & N[(n+tm, (A O B)])
18 (OE 2,7) i

B (T[N, Al & N.imB] & (A n B) =¢ & N[(n+m, (A O B)])
, 19 (CE 8) i

(Tin,Al & .imB] & (A n B) =¢ & N[(n+tmM, (A O B)])

,1 10 (CE 9) i
MNin, Al & N.imB] & (A n B) =09 & ‘]L[(n+n) (A O B)]

111 (()E 10) i
TNi(n+m, (A O B)] 112 (&E 11) i
W (n+mM] & Ni(n+m, (A O B)] 113 (&l 5,12) i
(ADOB) =(BOA 1 14 (OE 112.16)

o (n+tm] & N[(n+m, (A T B)] & (AT B = (BIA
1 15 (&: 13,14)

( w(ntmM] & N[(n+m, (A0 B)] & (AUB) =(B0A
O Nf(n+m, (B O A)] )

,! 16 (OE 1V4.5;
(n+m): C1.7,2) i

o (n+tm] & Np(n+m, (A0 B)] & (AUB) =(B0A
O N[(n+m, (B O A)]

117 (O E 16) i
N(n+m, (B O A)] 1 18 (OE 15,17) |
W[ N] 119 (& 2) i
o[ M 1 20 (& 2) i
NN, Al 121 (&E: 11) i
T.[ m B] 122 (& 11) i
WM & wn 1 23 (&: 19,20)
WM & wn & W(n+m] ! 24 (& : 5,23) i

N & wn & w(ntmM] & N.[m B 125 (&: 22, 24) i



W & wn & (n+m] & N[mB] & T[n, A
126 (&: 21,25)

(AnB) =g 127 (&E: 11)
((AnB =900 (Bn A =¢) 1 28 (OE 113.17)
(AnB =¢0 (Bn A =0 129 (()E: 28)
(Bn A =g 1 30 (OE 27,29)

Wm & wn & w(n+tm] & A[MB & N[n, A & (B n A =
131 (&: 26,30)

WM & wn & w(n+m] & TmMBl & T[n, A & (B n A) =

& p(n+m, (B O A)] | 32 (&: 18,31)

(0nM & wn & of(ntmM] & NL[MmB & T[n, Al & (B n A)
& Ni(n+m, (B O A)]
O (ntmM = (m+ n) )
,! 33 (OE Cl.17;
(ntm: Cl.7,2)

¢

¢

wm & wn & w(ntm] & NimB & T[n, Al & (B n A =0
& Np(n+m, (B O A)]
O (ntm = (m+ n)
134 ((O)E 33)
(n+mM = (m+ n) ,1 35 (OE 32, 34)
Wn &omO (n+mM = (m+n) , 136 (OI1: 2,35)
(wn &a&n O (n+m =(m+n) ) 137 ()1 36)

OnOm ( «on &wm O (n+nm =(m+n) )

I
!

I_

1 38 (OI: 1,37)

P6 and P7 are derivative fornms of the Comutative Law.
6.
OnOnidk ( (n+mM =k O (m+n) =k)
n, mk 11 (Prem
(n +mM =Kk 12 (Prem
wnl & wm 1 3 (TE Cl1.7,2)

(Wn &omO(n+m =(m+n) ) ,! 4 (0E P5)

Wwn &wm O (n+m = (m+n) 15 (OB 4)



(n+mM = (m+ n) , 1 6 (OE 3,5) i

(m+n) =k 1 7 (=E: 2,6) i
(n+mM =k 0O (m+n) =k L8 (Ol 2,7) i
((n+m =k 0 (m+n) =k) 9 (01 8) i
OnOnik ( (n+m =k O (m+n) =k ) | 10 (OI: 1,9) i
O
7. i

FOnOnikk ( k =(n+mM O k=(m+n) ) i

n, mk , 11 (Pren i
k =(n + m , 12 (Prem i
wn & wn , 1 3(TE C1.7,2) |

(@n &wm o (n+m =(m+n)) ,! 4 (0E PS5 i

wn &owmO (n+m =(m+n) 5 (OB 4) i
(n+m = (m+ n) 1 6 (OE 3,5) i
k = (m+ n) 1 7 (=E: 2,6) i
k=(n+m 0Ok =(m+ n) L8 (01 2,7) i
(k=(n+m 0 k=(m+n) ) 9 (01 8) i
OnOnik ( k = (n+m O k= (m+n) ) | 10 (OI: 1,9) i

0

I P8 through P13 are easy applications of the Commutative Law.
i

I 8. i

F OnOnik ( oin] & wm & ofk] O ((n+m + k) = ((m+n) +k) )
i

n, mk , 11 (Prem i
wn & wn & wk] 12 (Prem i
wn & wm 13 (& 2) i
W[ K] 14 (& 2) i

(wn &owm O (n+m]) ! 5 (LE Cl.8) i



Wn &awn O o(n+m] 16 (OE 5 i

o(n + mM] 17 (OE 3,6) i
o(n +nmM] & k] 1 8 (&l: 4,7) i
((n+m + k) =((n+m + k) 9 (=l

((n+m +k): CL7,8)
i

(wn &wm O (n+nmM =(m+n) ) ,! 10 (OE P5) i

wn &wmO (n+m =(m+n) 111 (()E 10) i
(n+mM = (m+ n) 112 (OE 3,11) i
((n+mM + k) =((m+ n) + k) , 1 13 (=E 9, 12) i

Wn & wnm &kl O ((n+m +k) =((m+n) + k)
114 (O1: 2,13)

(wn & wnm &awkl O ((n+mM +k) =((m+n) +Kk))
115 (()1: 14) i

OnOnidk ( ofn] & n & ofk] O ((n+mM + k) =((m+n) + k) )
| 16 (O: 1,15) |

I
I 9. i

F OnOnikOj ( ((n+m +k) =j O ((m+n) +k) =j ) i

n,mk,j 101 (Prem i
((n+m + k) =] 1 2 (Prem i
W(n + mM] & ok ! 3 (TE C1.7,2)
W (n + m] 14 (& 3) i
wnl & wm ! 5(TE Cl1.7,4) |
W[ K] 1 6 (& 3) i
wn & wm & wk] 17 (& 5,6) i
(wn &wmnm &kl O ((n+m + k) =((m+n) +Kk))

1 8 (OE: P8) i
wn & wm &wkl O ((n+m +k)=((m+n) +Kk)

9 (OE 8) i
((n+mM +k) =((m+n) + k) ,! 10 (OE 7,9) i

((m+ n) + k) j , 111 (=E 2, 10) i



((n+1mM +k) =j O ((m+n) +k) =j ,! 12 (O1: 2,11)

(((n+m +k)y =) 0O ((m+n) +k) =] )
113 ((O)1: 12) i

OnOnikOj ( ((n+m +k) =j O ((m+n) +k) =j )
I 14 (O 1,13) i

I
I 10. i

FOnOnkgy (j =((n+mM +k) O j =((m+n) +k)) i

n, mk,j 11 (Prem i
i =((n+mM + k) 12 (Prem i
i = 13 (=) i
((n+m + k) =] 4 (5B 2,3) i
( ((n+m +k)y =) 0((m+n) +k)=7j)

, ' 5 (OE P9) i
((n+mM +k) =) 0 ((m+n) +k) =]

16 (OE 5) i
((m+ n) + k) =] 1 7 (OE 4,6) i
i = ((m+n) + k) ,1 8 (=E 3,7) i

] =((n+mM +k) Oj =((m+n) +k) ,! 9 (0Ol: 2,8) i

(1 =0n+m +k)y Oj=((m+n) +Kk))
;110 (()1:9) i

OnOnidkdj () =((n+mM +k)y 0O j =((m+n) +Kk))
I 11 (O: 1,10)

I
Io11. i

F OnOnk ( win] & ofm & k] O (n+ (m+ k) =(n+ (k +m) )
i

n, mk 11 (Prem i
wn & onm & k] , 12 (Prem i
W[ N] 1 3 (& 2) i
WM & k] 14 (& 2) i

(oM & okl O of(m+ k)] ) ,1 5 (OE CL.8) i



Wwm & wkl O of(m+ k)] 16 (OB 3) i

W (m+ K)] 1 7 (OE 4,6) i
wnl & o (m+ k)] 18 (&: 3,7) i
(n+(m=l)) = {n+{m=k) ’(!n?r((frlﬂk)): Cl.7, 8)

i
(wm &awk O (m+k) =(k+m ) ,! 10 (OE P5) i
wn & okl O (m+ k) =(k +m 111 (()E 10) i
(m+ k) = (k +m L 12 (OE 4,11)
(n+(m+Kk)) =(n+ (k+m) 113 (=B 9, 12) i

Wn & wnm &kl O (n+ (m+k)) =(n+ (k+m)
114 (O1: 2,13)

(wn &wnm &awkl O (n+ (m+Kk)) =(n+(k+m) )
115 (()1: 14) i

OnOnidk ( «fn] & on & k] O (n + (m+ k) =(n + (k +m) )
16 (0OI: 1,15) i

O
112, i

F OnOnikOj ( (n + (m+ k) =j O (n+(k+m) =j) i

n,mk,j 101 (Prem i
(n+ (m+Kk)) =] ! 2 (Prem i
wn & wi(m+ k)] 1 3 (TE C1.7,2) i
W[ N] 14 (& 3) i
o (m+ k)] , ' 5 (& 3) i
WM & k] , ! 6 (TE C1L.7,5) i
wn & wnm & ofk] 17 (& 4,6) i

(on &om &awk O (n+ (m+k)) =(n+(k+m))
! 8 (OE: P11) i

wn & wn & okl O (n+ (m+Kk)) =(n+ (k+m)
9 (OE 8) i

(n + (m+ k) = (n+ (k +m) 1 10 (OE 7,9) i



(n+(k +m)
(n+ (m+Kk) =j O (n+(k+m) =j ,! 12 (01: 2,11)

j 111 (=E 2, 10) i

((n+(m+Kk)) =) 0O (n+(k+m) =] )
113 ((O)1: 12) i

OnOnikdj ( (n + (m+ k)) =j O (n+(k+m) =j)
| 14 (O1: 1,13)

I
I 13. i

FOnOnkgy (j =(n+ (m+k)) O j =(n+(k+m)) i

n,mk,j 11 (Prem i
i =(n + (m+ k)) , 12 (Prem i
i = 13 (=1) i
(n + (m+ k)) =j 1 4 (=E 2,3) i
((n+(m+k)) =] d(n+(k+m) =] )

1 5 (OE P12) i
(in+ (m+k)) =] 0 (n+(k+m) =j

16 ((O)E 5) i
(n +(k +m) =j ,1 7 (0OE 4,6) i
j =(n +(k +m) ,1 8 (=E: 3,7) i

j =(n+ (m+k)) Oj =(n+(k+m) ,! 9 (0Ol: 2,8) i

(1 =+ m+k)) Oj=(n+(k+m))
110 (()1:9) i

OnOnikdj () =(n+ (m+k)) O j =(n+(k+mM))
11 (0O : 1,10) i

0
I 14. The Associative Law of Addition i

F OnOniOk ( win] & winm & k] O (n+ (m+k)) =((n+nm +k))
i

n, mk , 11 (Pren i
wWwn & wnm & k] 1 2 (Prem i
wn & wm 13 (& 2) i

o K] 14 (& 2) i



(wn &owm O (n+m]) ! 5 (OB CL.8) i

wn & wnm O of(n + mM] 16 (OE 95) i
w(n + mM] 17 (OE 3,6) i
Ww(n + mM] & uk] 18 (&l: 4,7) i

((n+ mM] & &k
O CAB (N[(n+mM,A & N[k,B & (A n B) =¢
& N((n+m + k),(AD B)I) )
, 19 (OE Cl.18;
((n+m + k): CL.7,8)
i

w(n +mM] & k]
0O CAB (N[(n + mM,A & Nk,B & (An B =0

& NI((n +m + k), (AOB])
110 (OE 9) i
ACB (TL[(n + mM,A & N[k, B & (A n B =¢

& MNi((n +m +k),(ADB])
! 11 (OE 8,10)

B (N[(n +mM,A & N[k,B & (A n B) =0
& MNi((n +m + Kk),(A O B)])

112 (B 11) i
(M[(n + mM,A & Nk,B & (An B =9
& Ni((n +m + k),(A D BJ)

113 (CE: 12) i
T[(n + M,A & N[k,B & (An B) =0
& Np((n+m + k),(ADO B)]

114 (OE 13) i
Ni(n + m, Al 1 15 (&E: 14) i
TNk, B 116 (&E: 14) i
(An B =9 117 (&E: 14) i
MN((n +m + k), (A D B)] 118 (&E: 14) i

( Ni(n + M, A
O AR (N[N, Q & (MR & (QUR =A&(Qn R =9 )
119 (OE: Cl.22) i

Ni(n +m, A

0 MR (N[N Q & NIMR & (QOR =A&(Qn R =9
120 (OE 19) i



AR (N[N, Q & iMR & (QUR) =A&(Qn R =9
1 21 (OE 15, 20)

(R (N[N, Q & N[MR & (QUR) =A&(Qn R =9

122 (B 21)
((nQ & NIMR &(QUR =A&(Qn R =9

1 23 ([E 22)
Nin,Q & N[MR &(QUOR =A&(Qn R =0¢

124 (OE 23)
(QOR =A ! 25 (&E: 24)
RO(QOR 126 (COE 112.13)
(QOR =A&RDO(QOR 127 (&l: 25, 26)
((QDR =A&RIO(QIR O ROA)

1 28 (OE 111.32)
(QUR =A&RO(QUOR O ROA ,! 29 (()E 28)
ROA ! 30 (OE 27,29)
(An B =9 &ROA ,!1 31 (&: 17,30)
( (AnB =& ROA0O (RnB) =09)

,!1 32 (OE 115.37)
(AnB =¢9g&ROAO (RnB =¢ ,! 33 (()E 32
(Rn B) =¢ ! 34 (OE 31,33)
Nik,B & (R n B) = ¢ , 1 35 (&: 16, 34)
T[m R ,! 36 (& 24)
T[mR & N[k,B & (Rn B) = ¢ ,1 37 (& : 35, 36)
w[ M , ! 38 (& 2)
oM & N[fmR & N[k,B & (Rn B) =¢,! 39 (&: 37, 38)
Wm & Wkl & NimR & N[k, B & (R n B) =0

140 (& 4,39)
(M & k] & NIMR & T[k,B & (Rn B) =9
O Mu[(m+ k),(RO B)] )

,! 41 (OE Cl1.16)
Wm & k] & imR & N[k, B & (Rn B) =0



O Ni(m+ k), (RO B)]

142 (()E: 41)
N(m+ k), (R O B)] 1 43 (OE 40, 42)
(Qn R =0¢ 1 44 (&E: 24)
QU (QOI R 1 45 (DE 112.12)
(QDR =A&QDI (QUR 1 46 (&l: 25,45)
((QODR =A&QO(QUR O QOA)

147 (DE 111.32)
(QDR =A&QU(QUR O QOA ,! 48 (()E 47)
QU A 1 49 (OE 46, 48)
(AnB =¢9&QU0IA 1 50 (&: 17, 49)
((AnB =0&QUADN (Qn B =09)

! 51 (DE 115.37)
(AnB =9&QUIAD (Qn B =¢ ,! 5 (()E 51)
(Qn B) =9 ,! 53 (OE 50,52)
(Qn R =¢9&(QnB) =9 | 54 (&l: 44,53)
((QNn R =¢&(QnB =¢0 (Qn (ROB) =9)

,! 55 (OE 115.39)
(Qn R =90&(Qn B =00 (Qn (R’D! 85)6)(5()% 55)
(Qn (RO B)) =0 ! 57 (OE 54, 56)

Ni(m+ k), (ROIB)] &(Qn (ROB)) =0

in, Q

TN, Q & N[(m+ k), (RO B)] & (Qn (R
, 160

wf N]

wm & wk]

(wm & okl O of(m+ k)] ) X

wn &kl O a(m+ k)]

W (m+ k)]

| 58 (& : 43,57)
| 59 (&E: 24)
F B)()&l:E (gs, 59)
61 (&E: 2)
62 (& : 4,38)
63 (OE: Cl.8)
64 (()E: 63)
65 (JE 62, 64)



Qn] & &f(m+ k)]

1 66 (& : 61, 65)

on &o(m+ k)] & .[n,Q & N[(m+ k), (R O B)]

&(Qn (ROB) =0

1 67 (&: 60, 66)

( wn &wW(m+ k)] & T[N, Q & N[(m+ k),(R O B)]

&(Qn (ROB) =0

O Nf(n+ (m+ k)),(QU (RDOB))] )

1 68 (OE Cl.16;
(m+ k): CL.7,66)

Wn &(m+ kK] & N[n Q@ & N[(m+ k),(R O B)]

& (Qn (RUB)) =0
O Mi(n + (m+k)),(QO (RO B

Ni(n + (m+ k)),(QDO (RO B))]

(an &a(m+ k)] O o(n+(m+Kk))l)

Wn & o(m+ k)] O of(n+ (m+ k))]

W(n + (m+ k)]

)]

1 69 (()E 68)

, ! 70 (OE 67,69)

1 71 (OE: Cl.8)

72 (OE 71)

1 73 (OE 66,72)

w(n+ (m+ k)] & Nf(n + (m+k)),(QO (RO B))I
1 74 (& 70, 73)

((QUR OB =(Q0 (ROB))

((QOR =A0 ((QUR 0B

(QUR =A0 ((QOR U B

((QOR OB =(ADB

((RODR OB =(QO (RO B))
& ((QOR OB = (A0 B

( ((QUR OB =(Q0 (RO B))
& ((QO R OB) = (A0 B)
O (Qu (ROB) =(A0B )

((QUR OB =(Q0 (RO B))
& ((QOR OB) = (A0 B
0 (QO (ROB) = (A0 B

(A D

, 175 (OE 112.54)

B)
!

(A 0B )

76

77

78

79

80

81

(OE: 112.36)

(OE 76)

(OE 25,77)

(&: 75,78)

(OE: 111.19)

((O)E 80)



(QO (RO B) = (A0 B 1 82 (OE 79,81)

of(n + (m+ k) & Np(n + (m+ k)),(QU (RU B))]
& (QO (ROB)) = (A0 B
, 1 83 (&l: 74,82) i
((n+ (m+ k)] &N(n+ (m+k)),(QU (RU B))]
& (QU (ROB)) = (A0 B
O Ny(n+ (m+ k)),(A DO B)] )

1 84 (DE V4.5
(n + (m+ k)): Cl.7,66)
i

w(n + (m+ k))] & N[(n + (m+ k)),(QO (RO B))]
& (QO (RO B)) = (A0 B)
O Ni(n + (m+ k), (A O B)]
1 85 (()E: 84) i

T[(n + (m+ k)),(A O B)] ,! 86 (OE 83,85 |

Ni(n + (m+ k), (AOB)] & N[((n+mM +Kk),(ADOB)]
! 87 (& : 18,86) |

(o(n+mM] &kl O o((n+m + k)] )
,! 88 (LE Cl.8) i

w(n +mM] &kl O of((n+m +k)j,! 8 (()E 88) i
o((n+mM + k)] ,! 90 (OE 8,89) i
o(n+ (m+ k)] &w((n+mM + k] ,! 91 (&: 73,90) i

af(n + (m+k))] &w((n+m + k)]

& M[(n + (m+ k), (AOB)] &N[((n+mM +k),(ADOB)]
192 (&: 87,91)

((n+ (m+ k)] &aw((n+mM + K)I
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I P15 through P18 are applications of the Associative Law.
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I P19 through P29 are applications of the Coomutative and
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I 49. P49 is yet another way of saying that every non-zero
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(=E: 2, 3)
5 (OE: P53)
6 ()E 5)

7 (OE 4,6)

8 (Fl: 1V9.6,7) i

9 (O1: 3,8)
10 (-: 9)

11 (O1: 2,10)
12 (()1: 11)

13 (O 1,12)

(Prem
(Prem
(=)

(=E: 2,3)

A W N P

5 (OE: P56)
6 (OE 5)
7 (OE 4,6)
8 (Fl: 3,7)
9 (O1: 2,8)
10 (-1: 9)

11 (O 1, 10)

1 (Prem

2 (Prem



wn & wl]

~(n+1) =0

NL(n + 1),P] &= (n + 1)
( N[(n + 1),P &= (n + 1)

Ni(n +1),P &~ (n + 1)

(X P[X]

Ni(n + 1), P O x PX]

( Ti(n +1),P O x P[X] )

OnOP (- M[(n + 1),P O Ix P[x] )

0

o

0

1 3 (TE Cl.7,2)
1 4 (OE P57)
15 (&l 2,4)

0 0O X P[x])

1 6 (OE 1V3.17;
(n+1): CL.7,2)

0 X P[x]
7 (OE 6)

1 8 (OE 5,7)
19 (O1: 2,8)
110 (O)1: 9)

| 11 (OE 1, 10)

I 59. The Law of Additive Cancellation for 1.

FOnOm( (n+1) =(m+ 1) On=m)

n, m

(n+1) =(m+ 1)

wnl & 1]

of N]

(ofn] O (n) =(n+1))

Wl n]
(n")
(n")

O

(n") =(n + 1)
(n + 1)

(m+ 1)

wnm & wl]

wf N

(om0 (mM) =(m+ 1))

W m
(m)

(n")

O

(m) = (m+ 1)
(m+ 1)

(m)

1 1 (Pren

1 2 (Pren

! 3 (TE: Cl.7,2)
I 4 (&E: 3)

! 5 (OE: P40)
16 (OE 5)

1 7 (OE 4,6)

1 8 (=E: 2,7)

1 9 (TE: Cl.7,8)
1 10 (&E: 9)

! 11 (DE: P40)
112 (()E 11)

! 13 (OE 10, 12)

1 14 (=E 8, 13)



((n) =(mM) O n=m) 1 15 (OE 1V8.31)

(") =(mM) O n=m 1 16 (()E 15)
n=m 117 (OE 14, 16)
(n+1) =(m+1) 0 n=m 118 (O1: 2,17)

((n+1) =(m+1) 0On=m) 119 (()1: 18)

OnOm( (n + 1) =(m+1) O n=m) | 20 (O1: 19)

0

I P60 and P63 are the two Laws of Additive Cancellation. P61
P62 are commutati ve vari ati ons.

I 60. Law of Right Additive Cancellation.
FOokon ( (j +n =(k+n O =k)
I Fix j and k as j and k.
We first prove by induction that

On ( wfnp O ((j +n) =(k+n) O] =k)).
To do this, it nust be shown that

(b +0) =(k+0) 0O]j =k
and

OnOm ( w[n] &o[nm & ((j +n) =(k+n) O] =Kk)
O +m =(k+m 0Oj =k) )

i,k 11 (Prem
(j +0) = (k + 0) 12 (Prem
Wkl & 0] ! 3 (TE Cl.7,2)
((j +0) =(k+0) Oj =(k+0) ) ,! 4 (0E P34
(j +0) =(k +0) Oj =(k+ 0) 5 (()E 4)
j = (k +0) ,! 6 (OE 2,5)
(j =(k+0) 0Oj=k) 1 7 (DE: P35)
j =(k+0) 0] =k 8 (OB T7)
j =k 1 9 (OE 6,8)

() +0) =(k+0) O] =Kk , 110 (O1: 2,9)



(b +0) =(k+0) O] =k 011 (O 10) i

n, m .1 12 (Pren) i
wn &o[nm &((j +n) =(k +n) 0 =Kk)
1 13 (Prem i
w[n] & o[n,n 1 14 (& 13) i
((j +n) =(k+n) O] =Kk) 1 15 (& 13) i
(J +m =(k+m ,! 16 (Pren) i
(wn &o[n,nm O (n+1) =m) ,! 17 (OE P47) i
wn &ofnm O (n+1) =m 118 (()E 17) i
(n+1) =m 1 19 (OE 14,18) |
(j +(n+1)) =(k+(n+1)) 120 (=B 16,19) |
Wkl & @[ (n + 1)] 1 21 (TE Cl.7,20)

( (0 +(n+1)) =(k +(n+1))
O ((j +n) +1)) =(k +(n+1)) )
1 22 (OE P15;
(k + (n + 1)): CL. 7,21)
|

(3 +(n+1) =(k+(n+1))
O (G +n +1) =(k+(n+1))

123 (OE 22) i
(( +n) +1)) =(k+(n+1)) ! 24 (0E 20, 23)
o(j +n] & 1] 1 25 (TE: Cl.7,24)

( ((j +n +1)) =(k +(n+ 1))
O ((j +n) +1)) =((k +n) +1))

1 26 (OE: P17) i
((b +n) +1)) =(k+(n+1))
O (G +n) +1)) = ((k +n) +1)

127 (()E 26) i
((b +n) +1)) =k +n) +1) 128 (OB 24,27)
W[ (j + n)i 1 29 (& 25) i
Wjl & wl N .1 30 (TE: C1.7,29) ]
W (k + n)] & wf 1] ! 31 (TE: Cl.7,28)
W (K + n)] 1 32 (& 31) i

o K] & w[n] ,1 33 (TE C1.7,32)



( ((j +n) +1) =((k+n) +21)0C(( +n =(k+n)
, 1 34 (LOE P59;

(j +n): C1L7,30;
(k +n): CL.7,33) i

(b +n +1)) =k +n) +1) 0 +n =(k+n)

135 (()E 34) i
(j +n) = (k +n) ! 36 (OE 28,35) |
(b +n) =(k+n) 0j =Kk 137 (OE 15) i
j =k ! 38 (OE: 36,37) |

I
=~

(3 +m =(k+m 0]
(b +m =(k+m O] =k 140 (O)1: 39) i

on &onm & ((j +n) =(k +n) O] =Kk)
O (g +m =(k+m O] =Kk)

, 139 (OI1: 16,38)

, 141 (O1: 13,40)

(ofn &o[nm &((j +n) =(k+n) 0] =Kk
O +m =(k+m 0j =k))
142 ()1 41) i
OnOm ( wfn] &onm & ((j +n) =(k +n) O ]| =Kk)

O (0 +m =(k+m 0] =k )
43 (00 12,42)

On (winp O ((j +n) =(k+n) O] =k))
,!' 44 (Induct: 11,43)
i

I Now to the proof of the proposition proper. i

n , 1 45 (Prem i
(j +n) =(k +n) ,' 46 (Prem i
Wj] & wn 1 47 (TE C1.7,46) |
Wl N] 1 48 (& 47) i
(wn O (( +n) =(k+n) 0]j =k))

149 (OE 44) i
wn O ((j +n =(k+n) 0] =Kk)

, 1 50 (()E 49) i
((j +n) =(k +n) O] =Kk) ,! 51 (OE 48,50) |

(j +n) =(k+n) 0O j =k , 1 52 (()E 51) i



i =k ,! 53 (OE 46,52)

(j +n =(k+n O] =k ! 54 (Ol: 46,53)
( (g +n =(k+n 0] =k) 155 ()1 54)
On ( (j +n) =(k+n) Oj =k) .1 56 (Ol: 45,55)
OjOkOn ( (j +n) =(k+n) O] =k) | 57 (Ol: 1,56)

O
I 61.

FOokOn ( (j +n =(n+k) Oj =k)

j.kon 1 1 (Prem
(j +n) =(n + k) 12 (Prem
wj] & o n] ! 3(TE Cl.7,2)

( (j +n) =(n+k)y OC(( +n) =(k +n))
!4 (O P7;
(j +n): CL 7,3

(j +n) =(n+k)y O +n) =(k+n)
A5 (OB 4)
(j +n) =(k +n) ,! 6 (OE 2,5)
((j +n) =(k+n) 0 =k) ! 7 (UE: P60)
(j +n =(k+n) O] =Kk 8 (OB 7)
j =k 1 9 (OE 6,8)
(j +n =(n+k) O] =k 110 (O1: 2,9)
((+n =(n+k)y0]j=k) 11 (O 10)
OjOkOn ( (j +n) =(n+k) Oj =k) I 12 (O 1,11)
O
62,
FOgokon ( (n+j) =(k+n) 0O =k)
jok,n 1 1 (Prem
(n+j) = (k + n) 12 (Prem
W[ k] & ] n] ! 3 (TE Cl.7,2)

((n+j) =(k+n) 0@ +n) =(k+n))



1 4 (OE P6;
(k + n): CL.7,3)

(n+j) =(k+n 0 +n =(k+n)

5 (OE 4)
(j +n) =(k + n) ! 6 (OE 2,5)
((j+n =(k+n 0] =k) ! 7 (DE: P6O)
(j +n) =(k+n) O] =k 8 (OE 7)
j =k 1 9 (OE 6,8)
(n+j)=(k+n O] =k 110 (O1: 2,9)
((n+j)=(k+n 0] =k) 11 (()1: 10)
OjOkOn ( (n+j) =(k+n) Oj =k) | 12 (Ol 1,11)

O
I 63. Law of Left Additive Cancell ation.

FOjokOn ( (n+j) =(n+k) O] =k)

.k, n ,'' 1 (Prem
(n+j) =(n + k) , 12 (Pren
W n] & K] , 1 3 (TE Cl1.7,2)

((n+j) =(n+k)y O (G +n =(n+k))
1 4 (OE P6;
(n + k): CL.7,3)

(n+j) =(n+ky 0O +n =(n+Kk)

5 (OB 4)
(j +n) =(n+Kk) ! 6 (OE 2,5)
((j+n =(n+k) O] =k) 1 7 (OE: P61)
(j +n =(n+k) O] =Kk 8 (OB T7)
j =k 1 9 (OE 6,8)
(n+j) =(n+k) Oj =Kk 110 (O1: 2,9)
((n+j)=(n+k O] =k) 111 (()1: 10)
OjOkOn ( (n+j) =(n+k) Oj =k) 1 12 (O 1,11)

0

I 64. P64 shows that Induction may be used to begin at any



finite a (and not just 0).

F OPOa ( wia] & Pla] & On (P[(a+n)] O P[(a+(n+1))])

0 On (wfn O P(atn)]) )

P, a 11 (Prem
wa] & Pla] & On (P[(a+n)] O P[(a+(n+l1l))])
, 12 (Prem
ol a] 13 (& 2)
Pl a] 14 (&E: 2)
On (P[(a+n)] O P[(a+(n+l1))]) ' 5 (& 2)
I W proceed by induction, taking ¢ to be
P[(a+n)]
It nmust be shown that
Pl (a+0)]

and
OnOm ( w[n] & o[n,m & P[(a+n)] O P[(a+m]

I To prove: P[(at+0)]

)

(wa O (a+0) =a) 1 6 (OE P32)
wa O (a+0) =a 17 (O)E 6)
(a+0) =a 1 8 (OE 3,7)
Pr(a+0)] 1 9 (=E: 4,8)
| To prove: OnOm( «[n] & ofn,m & P[(a+n)] O P[(a+m)] )
n, m .1 10 (Prem
W[n] &o[n,m & P[(a+n)] 1 11 (Prem
w[n] & o[n, 112 (&E: 11)
P[(a+n)] 1 13 (&E: 11)
( wn &onm O (n+1) =m) ,! 14 (OE PA47)
wn &ofn,nm O (n+1) =m 1 15 (()E: 14)
(n+1) =m ! 16 (OE 12, 15)
(Pr(a+n)] O Pr(a+(n+1))]) 117 (OB 5)
P[(a+n)] O P[(a+(n+1))] 118 (OE 17)
P[(a+(n+1))] 1 19 (OE 13,18)
Pr(a+m] ,! 20 (=E: 16, 19)



(OPOa ( «fa] & Pla] & On (P[(a+n)] O
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(

wn &aonm &P (atn)] O P(a+m]

121 (O1: 11,20)

(wn &o[nm &P(at+tn)] O P(at+tm] )

1022 ((O)1: 21) i

OnOm ( w[n] & o[n,mM & P[(a+n)] O P[(a+m] )

On (win O P(a+n)])

123 (0O 10,22)

, 1 24 (Induct: 9, 23)
i

wa] & Plal] & On (P[(atn)] O P[(at(n+l))])

O On (wn] O P(atn)])

1025 (O1: 2, 24) i

( «a] & Pla] & On (P[(a+n)] O P[(a+(n+l1l))])

O On (wn] O P(a+n)]) )
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Wl O (0 +1) =1

126 (()I1: 25) i

Pl(at+(n+1))])

027 (0O 1, 26) i

11 (OE P32) i
2 (0OF 1) i

I 3 (0OE wo,2) i

11 (=1) i
1 2 (=E P65, 1) i

1 1 (OE: P33) i

2 (OB 1) i
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| 68.

F((o+2) =2
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W2 O (0+2) =2
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I 69.
F(1+1) =2

(1] O (1 +1)

(1))

Wl O (1 +1) = (1)

(1+1) = (1)
(1+1) =2
O

1 70.

F(2+1) =3
(w2 0 (2+1) =(2))

W2 0 (2+1) =(2)

(2 +1) =(2")
(2 +1) =3
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0 (1+2) =3

(1 + 2
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(OE P42) i
(OE 1) i

(OE 1V9.11, 2)
i
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F(3+1) =4

(3 O (3+1) =(3))
W3] 0 (3 +1) =(3)

(3+1 =(3)

(3+1) =

O

1 73.
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O
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4

40 (1+3) =4)

0 (1+3) =4

4
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