I CHAPTER 10

DYADI C ADDI TI ON, SUBTRACTI ON,
AND MULTI PLI CATI ON;j

I So far addition, subtraction, and nutliplication have appeared
as atriadic (3-place) relationship and as a term defined by the

T-rul e.
i nst ance,
addi ti on,

Now we i ntroduce dyadic or 2-place relationships. For
when c is a finite nunber, (Oc) wll represent dyadic
the adding of c¢. So x wll hold (Oc) toy if and only

i f (x+c) =vy. The advantage of doing so is it allows us to use

t he consi derabl e machi nery devel oped in Section Il for dyadic

rel ati onshi ps.
H ghlights of this chapter:

P7: Adding O is the identity on w

P8: Adding 1 is succession on w
P23- P24: Dyadic addition and subtraction are inverses
P38: Miltiplying by 1 is the indentity on w

' 1. (Oc) represents dyadic addition, the adding of c.
D O; (Oc) ;5 (((O0¢c) Dw HDw
2.
F OcOxOy ( wic] & (Oc)[x,y] = (x+c) =y )
C, X,y , 11 (Prem

(Wx] & wc] & wy] & O/x,c,y] = (x+c) =y )

)1 2 (OE Cl.15)

WX] & wc] & Wyl & O/x,c,y] = (x+c) =y

13 (0E 2) i
( (O %c)[x,yl = 0Ox,c,yl ) D0 4 (OB 11117.2)
(0 ¢ c)ix,yl = Oix, c,yl] 5 (OE 4) i

( ((00c) Uix,y] < (00 c)[x,yl & &fx] )

16 (OB 1117.2)

((O0%c) Dwi[x,yl = (O 0 c)[x,y]l & w[X]
17 ((O)E 6)

((((D%¢c) Dw Dw)ix,yl = ((00c) D)X, yl & oyl )
)1 8 (OE 1117.50)

(((0 ¢c) D) D)[x,y] « ((0¢c) Dw)[x,y] & wly]

19 (0O)E 8) i
(Oco)[x,y] = ((O¢0c) Dwx,y] & wy] ,! 10 (DI: PL,9) i
wc] & (Oc)[x,y] ,' 11 (Prem i

W ] 112 (&E 11)



(Oc)Ix,y1 113 (& 11)

(Oo)ix,yl O ((O ¢ c) Dwix,yl & wy]

1 14 (=E 10)
((O 0 c) Dwix,y] & Wyl , 1 15 (OE 13, 14)
((O ¢ c) Dwix,yl , 116 (& 15)
Wyl ,1 17 (&E: 15)
((0¢c) ODix,yl O (00 c)ix,yl & wfx]

118 (=E 7)
(O 0 c)[x,y] & W X] ,1 19 (OE 16, 18)
(O ¢ c)[x,V] ,1 20 (& 19)
o[ X] 121 (& 19)
W X] & wc] 122 (&l 12,21)
WX & wc] & wy] 1 23 (& 17,22)
(O ¢ c)ix,yl O Ox,c,vVy] , 1 24 (=E b5)
drx, c, yl , 1 25 (OE 20, 24)
WX] & wc] & wWy] & Ox,c,vVy] , 126 (&: 23,25)

Wx] & wc] & Wyl &Ox,c,y] O (xtc) =y

1 27 (=E 3)

(x+C) =y 1 28 (OE 26,27)
wc] & (Oc)[x,yl] O (x+c) =y , 129 (O1: 11, 28)

(x+c) =y ,1 30 (Prem
(x+c) =y 0O ofx] & wfc] & «fy] & 0O0x,¢c,V]

1 31 (-E 3)
WX] & wc] & Wyl & O[x,c,Vy] , 1 32 (OE 30, 31)
o X] 1 33 (& 32)
Wl C] 1 34 (& 32)
Wl y] 1 35 (& 32)

arx, c, vyl ,1 36 (& 32)



drx,c,yl] O (O ¢ c)[x,VY] )
(O ¢ c)[x,vy] )

(00 c)ix,yl & wx] ) !

(0 oc)ix,yl & wx] O ((0¢c) Dwilx,y]

!
((O0 ¢ c) Dwix,yVYl] , !

((O0%c) Dwrx,yl & wy] !

((O0%¢c) Dwix,yl & wyl] O (Oc)ix,y]

(Oc)Ix,y] !
wc] & (Oc)ix,y] !
(x+c) =y O wc] & (Oc)[x,y] , |
wcl & (Oc)[x,y] = (x+c) =y , |
(wcl & (Oc)ix,yl = (x+tc) =y ) !
OcOxOy ( wc] & (Oc)[x,y] = (x+c) =y ) |
O
I 3.
F OcOxOy ( wic] & (Oc)[x,y] O (x+c) =y )

c, X,y , |
(wc] & (Oc)ix,yl = (x+c) =y ) !
wcl & (Oc)[x,y] = (x+c) =y , |

wic] & (Oc)[x,y] O (x+c) =y , !

(wc] & (Oe)ix,yl O (x+c) =y ) !
OcOxOy ( wic] & (Oc)[x,yl O (x+c) =y ) !
a

I 4,

F OcOxOy ( (x+c) =y O (Oc)[x,y] )

C, X,V , !

(x+c) =y , |

37 (<E 5)
38 (OE 36,37)

39 (&l : 33,38)

40 (<E 7)
41 (OE 39, 40)

42 (& : 35,41)

43 (-E 10)
44 (OE: 42,43)
45 (&l : 34,44)
46 (O1: 30, 45)
47 (=1: 29,46)
48 (()1: 47)

49 (OI: 1,48)

1 (Pren)
2 (OE P2)
3 (OE 2
4 (=E 3)
5 (O 4)

6 (O: 1,5)

[EEN

(Prem
(Prem

N



(&fc] & (Hc)[x,y] = (x+c) =y ) ! 3 (0B P2)

wcl & (Oc)[x,yl = (x+c) =y A4 (OE 3)
(x+c) =y O wc] & (Oc)ix,y] 5 (=E 4)
wic] & (Oc)ix,yl 16 (OE 2,9)
(Qc)x,y] .1 7 (&E: 6)
(x+c) =y O (Oc)[x,y] 18 (01: 2,7)
( (x+c) =y O (Oc)[x,yl ) 9 (01 8)
OcOxOy ( (x+c) =y O (Oc)[x,y] ) 1 10 (O1: 1,9)
O
| 5.

F OcOx ( «ix] & wic] O (Oc)[x, (x+c)] )

c, X 11 (Prem
W X] & fc] 1 2 (Prem
(x+c) = (x+c) 13 (=l

(x+c): Cl.7,2)

( (x+c) = (x+c) O (Oc)rx, (x+c)1 ) ! 4 (DE P4

(x+c): C1.7,2)

(xtc) = (x+c) O (Oc)[x, (x+c)] 5 (OE 4)

(Oc) [X, (X+C)] 1 6 (OE 3,5)

Wx] & wc] O (Oc)[x, (x+c)] 17 (01 2,6)

(wix] & wc] O (Oc)ix, (x+c)] ) L8 (01 7)

OcOx ( @ X] & wc] O (Oc)[x, (x+c)] ) I 9 (O 1,8)

a

| 6.

F OcOxOy ( wic] & (Oc)[x,y] O wIx] & o{y] )

C, X,y , 11 (Prem
wc] & (Oc)[x,y] , 1 2 (Pren)
( wc] & (Oc)[x,yl] O (x+c) =y ) , ' 3 (OE P3)

wc] & (dc)[x,yl O (x+c) =y 4 (0OE 3)



(x+c) =y
W X] & wfc]
of X]

(Wx] & wc] O w(x+c)] )
wx] & wfc] O w(x+c)]

o[ (X+C)]

Wl y]

W x] & ofy]

wcl & (Oc)[x,yl O wx] & wy]
(wcl & (Oc)[x,yl O wx] & wy] )

OcOxOy ( wic] & (Oc)[x,y] O wix] & «fy] )

a
I 7. Adding O is the identity on
F (00) £ (Iw)

X,y
( @O0 & (O0)[x,y] = (x+0) =

W 0] & (OO0)[x,y] = (x+0) =y

(wix] O (x+0) = x)

wx] O (x+0) = x

( (I)[x,y] = X =y & WX] )

(I [X,y] = X =Yy & W[X]
(00) [x, y1

W 0] & (OO0)[x,y]

0] & (OO)[x,yl O (x+0) =y

(x+0) =y

W x] & & 0]

5 (DE 2, 4) i
6 (TE: Cl.7,5) |
7 (& 6) i
8 (LE: Cl.8) i
9 (OE 8) i
10 (OE: 6,9) i
11 (=E: 5,10) |
12 (&: 7,11)
13 (O1: 2,12)

14 (()E 13) i

15 (O: 1,14)

1 (Prem i
2 (DE: P2) i
3 (0OE 2 i
4 (DB @.32)
5 (OE 4) i
6 (OE 11111.17) |
7 (()E 6) i
8 (Prem i
9 (&: wo,8) i
10 (=E 3) i
11 (OE 9,10) |

12 (TE C1.7,11) |



W[ X] 113 (& 12) i

(x+0) = x , 1 14 (OE 5, 13) i

X =y ,1 15 (=E 11, 14) i
X =y & wx] , 116 (&: 13, 15) i
X =y & wx] O (Iwi[x,y] U117 (=B 7) i
(Iw)[X, Y] ,1 18 (OE 16,17) |
(00)x,y] O (Iw)[x,y] ,1 19 (O1: 8,18) i
(Iw)[X, Y] .1 20 (Prem i
(Iw)[x,y] O x =y & WX] 121 (=E 7) i
X =y & wx] , 122 (OE 20,21)
X =y 1 23 (& 22) i
o X] 124 (& 22) i
(x+0) = X 1 25 (OE 5,24) i
(x+0) =y ,1 26 (=E 283, 25) i
(x+0) =y O w0 & (0O0)[x,Yy] 127 («E 3) i
W 0] & (OO0)[X, Y] ! 28 (OE 26,27) |
(4do) [x, Y] , 1 29 (& 28) i
(Iw)[x,y] O (0O0)[x, V] ,1 30 (O1: 20,29)
(do)x,y] = (Iw)[x,Vy] , 1 31 (=1: 19,30)
( (O0)x,yl = (Lw)[x,y] ) 132 (()1: 31) i
OxOy ( (O0)[x,y] = (Iwi[x,y] ) , 133 (O1: 1, 32) i
(00) = (Iw) | 34 (% 1111.5,33)

0

I 8. Adding 1 is succession on w. i
F(O1) € (0 Dw) i
Y 11 (Prem i

(0l & (O1)[x,y] =« (x +1) =y) 12 (DB P2) i



o
(

11 & (O01)[x,y] = (x +1) =y

(x") =y = (x+1) =y)

(x) =y =« (x+1) =y

(

(x") y =« (o Dw)i[x,y] )

(x') =y « (0 Do)[x,Y]

(01)[x,y]

1] & (O1)[x,y]

wWl] & (O1)[x,y] O (x+1) =y
(x+1) =y

(x+1) =y O (x') =y

(x') =y

(x') =y 0 (o Dw)[x,y]

(o Dw[x,y]

(O01)[x,y] O (o ODw[x,Vy]

(o Dw)[x,y]

(o Dw)[x,y] O (x") =y

(x') =y

(x*) =y 0 (x+1) =y

(x +1) =y

(x +1) =y 0 ol & (O1)[x,VY]
1] & (O1)[x,y]

(01) [x,y]

(o Dw)[x,y] O (O1)[x,y]

(O01)[x,y] = (0 Dw[x,Vy]

(

(0D [x,y]l = (o Dw)[x,y] )

DXDy( (Dl)[x,)’] A (0 D(U)[Xy)/] )

(01)

= (0 Dw)

3 (OE 2) i
4 (OE: C2.44) |
5 (OE 4) i
6 (OE: 1V8.20) |
7 ((OE 6) i
8 (Prem i
9 (&: 1V9.2,8) |
10 (~E 3) i
11 (OE 9,10) |
12 (~E 5) i
13 (OE 11,12) |
14 (<E 7) i
15 (OE 13,14) |
16 (O1: 8,15) |
17 (Prem i
18 (=E 7) i
19 (OE 17,18) |
20 (~E 5) i
21 (OE 19,20) |
22 (-E 3) i
23 (OE 21,22) |
24 (&E: 23) i
25 (OI: 17,24) |
26 (<l: 16,25) |
27 (()1: 26) i
28 (OI: 1,27) |

29 (®: 1111.5,28)
i



0

1 9. i
FOc (wel O ((Oc)D) = w) i
C , 11 (Pren i
W[ C] , 12 (Pren i

( Ox(Oy (Oc)[x,y] = wx]) O ((Oc)D) = w)
! 3 (OE 1115.13)

Ox(Dy (Oc)[x,y] = «x]) O ((0c)D) = w

4 (0O)E 3) i
X , 15 (Prenm i
Oy (Oc)[x,y] ! 6 (Prem i
(Oc) [x, VY] ' 7 (CE 6) i
wic] & (Oc)[x, vyl 18 (&l 2,7) i

(«fc] & (He)ix,yl O (x+c) =y ),! 9 (UE P3) i

Wc] & (He)[x,y] O (x+c) =y 110 (OE 9) i
(X+C) =y 1 11 (OE 8,10) |
W X] & wcC] , 112 (TE C1.7,11) |
Wi x] 1 13 (&E 12) i
Oy (Oc)[x,yl O wx] , 114 (O1: 6,13) i
ol X] , 115 (Prem i
W X] & wC] , 116 (&: 2,15) i
( Wx] & wc] O (Oc)[x,(x+c)] ) ,! 17 (OE P5) i
W X] & wc] O (Oc)[x, (x+c)] 118 (OE 17) i
(Oc) [x, (x+c)] ,! 19 (OE 16,18) |
Ly (Oc)x, V] 120 (O: 19;
(x+c): Cl.7,16) i
wx] O Oy (Oc)[x,y] ;021 (O1: 15,20)
Oy (Oc)[x,y] = wX] 122 (=1 14,21)

(y (Oc)[x,yl = @[x]) 23 ((O)1: 22) i



Ox(Oy (Oc)[x,y]l <= w[X]) , 124 (0O1: 5, 23) i

((0c)D) = w 1 25 (OE 4,24)
wcl O ((O0c)D) = w 126 (O1: 2,25)
(wcl O ((00)D =w) 127 (01 26) i

Oc (wfc] O ((Be)D) =w) 28 (O 1,27)
a
1 10. i

F Oc ( wicy O f (Oc) ) i

c 11 (Prem i
W C] 12 (Prem i
X, Y, 2 1 3 (Prem i
(de)ix,yl & (Oc)ix, z] 14 (Prem i
(Oc)x,y1 5 (& 2) i
(Oc)[X, z] 16 (& 2) i

wic] & (Hc)[x,y] 7 (& 2,9) i

( wcecl & (Oc)[x,y] O (x+c) y ),! 8 (OE P3) i

wcl & (He)ix,yl O (x+c) =y L9 (0OE 8) i
(x+c) =y ,1 10 (OE 7,9 i
wic] & (Oc)[x, 2] 111 (&l: 2,6) i

( wec] & (Oc)[x,y] O (x+c) =z ),! 12 (OE P3) i

wc] & (Oc)[x,y] O (x+c) =z IV 13 (OE 12 i
(x+c) =z , 114 (OE 11, 13)
y =2z ,1 15 (=E 10, 14) i
(Oc)[x,y] & (Oc)[x,z] Oy =12z , 116 (O1: 4,15) i

( (Oc)[x,y] & (Oc)[(x,z1 Oy =2z) ., 17 (()I: 16) i

OxOyDz ( (Oc)[x,y] & (Oc)[x,z] Oy =12z)
, 118 (0O 3,17) i

f (Oc) 119 (%1: 1118.1,18)



wic] O f (Oc) 120 (O1: 2,19)
( wicy O f(Oc) ) 21 ()1 20) i
Oc ( wc] O f(Oc) ) | 22 (O: 1,21) |
O
11, i

F Oc ( wic] O (Oc) F w) i

c 1 1 (Prem i
o C] 12 (Prem i
(wcl O ((Oc)D) = w) ! 3 (DE P9) i
wel O ((0e)D = A4 (OE 3) i
((0c)D) = w ! 5 (0E 2,4 i
( wc] O f(Oc) ) 1 6 (OE: P10) i
wc] O f (Oc) L7 ((O)E 6) i
f (Oc) 1 8 (OE 2,7) i
((Oc)D) = w & f (Oc) .1 9 (&: 5,8) i
(Oc) F 1 10 (®: 1118.10,9)

i
wc] O (Oc) F w 111 (O1: 2,10)
(wc] O (Oc) F w) 12 (01 1) i

Oc ( wfc] O (Oc) F o) | 13 (Ol: 1,12)

O

1 12. i

F OcOx ( w{x] & wic] O ((Oc) x) = (x+c) ) i

c, X 11 (Prem i
W X] & wcC] , 12 (Prem i
W[ C] 13 (& 2) i
( «fc] O f(Oc) ) ,! 4 (OE P10) i

wic] O f (Oc) A5 (0OE 4) i



f (Oc) 1 6 (OE 3,5)

(wix] & wfc] O (Oc)[x, (x+c)] ) 17 (OB PS)
W x] & wic] O (Oc)[x, (x+c)] 8 (OE 7)
(Oc) [X, (X+¢C)] 1 9 (OE 2,8)
f (Oc) & (Oc)[x, (x+c)] 1 10 (&: 6,9)

( f(Oc) & (Oc)[x, (x+c)] O ((Oc) x) = (x+c) )
111 (OE 1118.22;
(x+c): ClL.7,2)

f (Oc) & (Oc)[x, (x+c)] O ((Oc) x) = (x+c)
|

112 (OE 11)
((Oc)” x) = (x+c) 1 13 (OE 10, 12)
Wx] & wc] O ((Oc) x) = (x+c) 114 (O1: 2,13)
(wix] & wc] O ((Oc)"x) = (x+c) ) 15 (01 14)
OcOx ( w{x] & wic] O ((Oc)'x) = (x+c) ) | 16 (OI: 1,15)
a
1 13,
FOc (wcl O ((Oc)l) =(c ) )
c 1 1 (Prem
W c] 1 2 (Prem

( Oy(Dx (Oc)[x,yl < (c «)[yl]) O ((Oc)l) = (c w) )

1 3 (OE: 1116.14)
Oy(Dx (Oc)[x,y] = (c «)[y]) O ((Oc)!) = (c =
4 (OE 3)
y 1 5 (Prem
(wc] & (Oc)ix,yl = (x+c) =y ) ,! 6 (UE P2)
wcl & (He)[x,y] < (x+c) =y 7 ((O)E 6)
( <ic,yl] = k (k +¢c) =y) 1 8 (OE: C3.18)
s[c,y] < [k (k +¢c) =y 9 (OE 8)
( (c =)[yl < s[c,y] ) 110 (OE: C9.2)

(C ®)[y] = <[c,V] 111 (OE 10)



(X (Oc)[x,VY] ,1 12 (Prem

(Oc)[x,y] 113 ([E 12)
wcl & (Oc)[X,y] 114 (& 2,13)
wc] & (Oc)[x,y] O (x+c) =y , 115 (=«E 7)
(X+C) =y ! 16 (OE 14, 15)
[k (k+c) =y 017 (O: 16)
[k (k +c¢c) =y O <c,vV] ,1 18 (=E 9)
<[c, VY] , 1 19 (OE 17,18)
<[c,y] O (c «)[y] 1 20 (=E 11)
(C ®)[y] ,1 21 (OE 19, 20)
(X (Oc)[x,y] O (c o)[y] 122 (O1: 12, 21)
(c ) [y] ! 23 (Prenm)
(c o)[y] O <[c,vy] 1 24 (=-E 11)
<[c,y] 1 25 (OE 23,24)
<[c,yl] O kK (k +c¢c) =y , 1 26 (=E 9)
[k (k +¢c) =y 1 27 (OE 25, 26)
(x+c) =y 128 (CE 27)
(x+c) =y O wc] & (Oc)[x,yVy] 129 (=«E 7)
wc] & (Oc)[x, vyl ,1 30 (OE 28, 29)
(Oc)x,yl ,! 31 (&E: 30)
X (0Oc)[x,VY] , 132 (O: 31)
(c o)[y] O X (Oc)[X, Y] 1 33 (O1: 23,32
x (Oc)[x,y] < (c ®)[y] 1 34 (<1: 22,33)
(Ix (Oc)ix,yl = (c «)[y]) 135 (()1: 34)
Oy(x (Oc)[x,y]l = (c «)[y]) 136 (OI: 5,35)
((Oc)!) = (¢ ) .1 37 (OE 4, 36)

wicl] O ((Oc)!) = (¢ ) 138 (O1: 2,37)



(@l O ((Oc)l) = (c ) ) 139 (()1: 38) i
Oc ( wcl O ((Oe)l) = (c «) ) 40 (OI: 1,39)
0
I 14, i

F Oc ( wicy O 1 (Oc) ) i

c 11 (Prem i
o[ C] 12 (Prem i
X, Y,z 1 3 (Prem i
(de)ix,yl & (Oc)(z,y] 14 (Prem i
(Oc)x,y] 1 5 (& 4) i
(Oc)iz,y1 16 (&E 4) i

wcl & (Oc)[x,y] U7 (& 2,5) i

( wcecl & (Oc)[x,y] O (x+c) y ),! 8 (OE P3) i

wic] & (Oc)ix,yl O (x+c) =y 9 (O)E 8) i
(x+c) =y ,1 10 (OE 7,9 i
wc] & (Oc)[z,vy] 111 (&l: 2,6) i

y ),! 12 (OE P3) i

(wc] & (Oc)[z,y] O (z+c)

wcl & (Oc)fz,yl O (z+c) =y 13 (OB 12) i
(z+c) =y 1 14 (OE 11,13) |
(x+c) = (z+c) 1 15 (=E: 10,14) |
( (x+c) = (z+c) O x =z ) 1 16 (OE: C2.60) |
(x+c) = (z+c) O x = z 117 (()E: 16) i
X = z 1 18 (DE 15,17)
(Oc)[x,y] & (Oc)[z,y] O x = z 119 (O1: 4,18)

( (Oc)x,yl & (Oc)(z,y1 O x =2z ), 20 (()I: 19 i

OxOyOz ( (Oc)[x,y] & (Oc)[z,y] O x =2z)
, 121 (0: 3,20) i

1 (Oc) 122 (Bl 11191, 21)



wic] O 1 (Oc) 123 (01: 2,22)
(wcl O 1 (Oc) ) 24 ()1 23) i
Oc ( wfc] O 1 (Oc) ) 1 25 (Ol: 1,24)
O
| 15. i

F O ( wc] O (Oc) 1 (c ) ) i

C , 11 (Pren i
w[ C] P2 (Prem i
(wcl O ((Oc)!) = (c ) ) ! 3 (0B P13) i
wcl O ((Oe)l) = (¢ « !4 (OE 3) i
((Oc)!) = (¢ =) ! 5 (OE 2,4) i
( wic] O 1 (Oc) ) ! 6 (OB Pl14) i
wic] O 1 (Oc) A7 ((O)E 6) i
1 (Oc) 1 8 (OE 2,7) i
((Oc)!) = (c w) &1 (Oc) ! 9 (&: 5,8) i
(Oc) 1 (c ) 110 (%1: 1119.19,9)

i

wic] O (Oc) 1 (c ) 111 (O1: 2,100

(wc] O (Oc) 1 (c w) ) 12 (01 1) i

Oc ( wfcl] O (Oc) 1 (c o) ) 13 (O1: 1,12) i

0

I 16. The finite nunbers correspond to the infinite interval
begi nning at any finite nunber c. i

F O (wcl O w-~(c ») ) i

C , 11 (Pren i
W[ C] , 12 (Pren i
( wcy O (Oc) F w) , ! 3 (OE P11) i

wc] O (Oc) F 4 (OE 3) i



(Oc) F w ' 5 (0E 2,4) i

( wic] O (Oc) 1 (c =) ) ! 6 (0E P15) i
wcl] O (He) 1 (c ) 7 ((O)E 6) i
(Oc) 1 (c ) 18 (OE 2,7) i
(Oc) F w & (Oc) 1 (¢ o) 1 9 (&: 5,8) i
( (He) F w & (Oc) 1 (c =) ) 110 ()1 9) i
MR(RF w&R1 (c o ) 111 (O: 10) i
W~ (¢ 112 (®:o11113.1,11)
i
wecl O o~ (¢ o) 13 (O1: 2,12)
(wcl U w-~(c x ) 14 ()1 13) i
Oc ( wfc] O w~ (c o) ) | 15 (O1: 1,14)
a
217. (©c) will represent dyadic subtraction, the subtracting of
. i
D ©®; (©c) ; ; (((20c) O(c ») Hw i
| 18. i
F OcOxOy ( (©c)ix,yl = (x-c) =y) i

R ,1 1 (Prenm i
( (2@ 0 0c)[Xx,y] = Q[xX,c,y] ) V2 (OB 11117.2)
(@ 0 C)[X,Y] And @[XaCaY] ’! 3 (()E 2) i
( ((&90c) O(c o)Xyl = (B 0 c)[X,y] & (c «)[x] )

D4 (0B 1117.2)
((@ ¢ c) O(c ©))[x,yl = (& 0 c)[x,y] & (C ©)[X]

5 (OE 4) i
( (((& ¢c) O(c »)) Dwix,y]

= ((© 0 c) O(c ©))[x,y] & wy] )
! 6 (OB 1117.50)

(((& ¢c) U(c @) D)[x,y] < ((& ¢c) U(c o))[x,y] & wy]
7 (OE 6) i

(@c)[x,yl = ((© ¢c) O(c »))[x,y] & wy]
1 8 (Dl: P17,7) i



( (c ©)[x] = <[c,x] ) .1 9 (0OE .2)

(c o) [x] < <[c,X] 110 (OE 9)
(8c)Ix,y] 1 11 (Prem
(©c)ix,yl O ((& ¢ c) O(c @))ix,y] & wy]

1 12 (=E 8)
((® 0 c) O(c ©))[X,y] & wy] , 1 13 (OE 11,12)
((® 0 c) O(c ©))[X,V] 1 14 (& 13)
W y] 1 15 (&E: 13)
((2 0c) U(c o)[x,y] U (2 ¢c)[x,y] & (c «©)[X]

! 16 (=E 5)
(2 % c)[X,y] & (C ) [X] , 1 17 (OE 14, 16)
(2 0 c)[x,Vy] , 118 (&E: 17)
(c «)[X] 119 (&E 17)
(c ©)[x] O <[c,X] ,1 20 (=E 10)
<[c, X] 1 21 (OE 19, 20)
wy] & <[c, X] , 1 22 (& 15, 21)
(2 0 c)[x,yl] O 9[x,c,vV] 1 23 (=E 3)
B[Xx, c, V] , 1 24 (OE 18, 23)
wy] & g[c,X] & B@[x,c,V] 125 (&l: 22, 24)

( Wyl & <[c,x] & @[x,c,y] O (x-c) =vy)
1 26 (OE C5.12)

wy] & f[c,X] & @[x,c,y] O (x-c) =vy,! 27 (()E 26)

(x-¢c) =y , 1 28 (OE 25, 27)
(©c)[x,y] O (x-c) =y , 129 (O1: 11, 28)

(x-c) =y ,1 30 (Prem

<[ c, X] ,1 31 (TE C5.7,30)

( <[c,x] O @[x,c,(x-c)] ) , ! 32 (OE C5.10)

<[c,Xx] O ©[x,c,(x-¢)] , 1 33 (()E 32)



B[x, c, (x-c¢)] ,! 34 (OE 31, 33)

GIx, ¢, V] .1 35 (=E: 30, 34)
<(c,x] O (c o)[x] 1 36 (-E 10)
(¢ o)[X] ,! 37 (OE 31, 36)
Oix,c,y] O (8 0 c)[x, Y] 1 38 (<E 3)
(8@ 0 c)[X,y] ,! 39 (OE 35, 38)
(8 0c)ix,y] & (¢ ®)[X] 1 40 (&: 37,39)
(8 0 c)ix,yl & (c o)[x] O ((© ¢ c) O(c ©))[x,y]
| 41 (<E 5)
((® 0 c) O(c ®))[X,Y] 1 42 (OE 40, 41)
( (x-¢c) =y O awy]) ! 43 (OB C5.9)
(x-¢) =y O wy] 44 (OE 43)
W Y] ! 45 (OE 30, 44)
((©@ 0c) O(c w))[x,y] & wy] 1 46 (& : 42, 45)
((8 ¢c) O(c ©)[x,yl & wy] O (Oc)[x,y]
I 47 (<E 8)
(©c)[X, Y] 1 48 (OE 46, 47)
(x-¢) =y O (©c)[x,y] 1 49 (O1: 30, 48)
(@c)[x,y] = (x-c) =y 1 50 (<=1: 29,49)
( (®c)ix,yl = (x-¢) =vy) 151 (()1: 50)
OcOxOy ( (©c)[x,y] < (x-¢) =y ) ! 52 (OI: 1,51)
a
1 19,
F OcOxOy ( (©c)ix,yl O (x-¢c) =y )
C, X,y 11 (Prem
( (®c)ix,yl = (x-¢) =vy) 12 (OB P18)
(Bc)[x,y] = (x-c) =y 3 (0OE 2)

(©c)[x,y] O (x-c) =y ' 4 (<E 3)



( (8c)ix,yl O (x-c) =vy)
OcOxOy ( (©c)ix,yl O (x-¢) =y )
O
I 20.

F OcOxOy ( (x-¢) =y O (8c)[x,y] )

C, X,y

( (8c)ix,yl = (x-¢c) =y)

(8c)[x,y] = (x-c) =y

(x-¢) =y O (©c)[x,y]

( (x-c) =y O (©c)ix,yl )
OcOxOy ( (x-¢) =y O (8c)ix,yl )
a
1 21,

F OcOx ( <(c,x] O (8c)[x, (x-¢c)] )

C, X
<[c, X]
(x-c) = (x-c¢)

( (x-c) = (x-¢) O (Oc)[x,(x-¢)] )

(x-¢) = (x-c) O (©c)[x, (x-c)]
(©c)[x, (x-c)]
sfc,x] O (8c)[x, (x-¢)]
( sfc,x] O (©c)[x,(x-c)] )
OcOx ( <fc,x] O (©c)[x,(x-¢)] )

0
1 22.

F OcOxOy ( (©c)[x,y] O wc] & afx] & wy] )

C,X,¥Y

(8c)[x,Y]

ol

(O1: 4)

6 (O 1,5)

H

(Pren
2 (OE: P18)

3 (OE 2)
4 (=<E 3)
5(0)1: 4)

6 (O: 1,5)

1 (Pren
2 (Pren

(=l;

3
-c): C5.7,2)

4 (OE P20;

-c): C5.7,2)

S (OE 4)
6 (OE 3,5)
7 (O1: 2,6)
8 ((O)1:7)

9 (O: 1,8)

1 (Prem

2 (Pren



( (®c)[x,y] O (x-¢c) =y) , I 3 (OE P19)

(®c)ix,yl O (x-¢) =y 14 (0O 3)
(x-c) =y ' 5 (0E 2,4)
<[c, X] ,' 6 (TE C5.7,5)
( <[c,x] O wec]l & wx] ) , ' 7 (OE C3.5)
<[c,x] O wc] & wX] 18 (OE 7)
WwC] & WX] 1 9 (OE 6,8)
( g[c,x] O wf(x-c)] ) ,1 10 (OE C5.8)
<[c,x] O w(x-¢)] 111 (OE 10
W[ (X-C)] 1 12 (OE 6,11)
W Y] 1 13 (=E: 5, 12)
wcl & WXl & W] 114 (&: 9,13)
(©c)[x,y] O wc] & wx] & Wyl 015 (O1: 2, 14)
( (©c)ix,y] O wc] & wx] & wy] ) 116 (()E 15)

OcOxOy ( (®c)[x,y] O wc] & ofx] & o{y] )
| 17 (OI: 1, 16)

0

I P23 and P24 establish that adding ¢ and subtracting c are
i nverses (when c is a finite nunber).

I 23.

FOc (ofc] O ((©c)”) = (Oc) )

c 11 (Prem
W C] , 12 (Pren
X, Y , 1 3 (Pren
( ((®c)™)Ix,yl = (®c)ly,x] ) 14 (OB 1113.2)
((8c)")[x,yl = (8c)[y,x] 5 (0E 4)
( (®c)[y,x] = (y - ¢) =x) ! 6 (OB P18)
(8c)[y, xI = (Y - ¢) =x 7 (OE 8)



((y-¢ =x -« (x+c)=y)
(y-¢) =x e« (x+c)=y

(wfc] & (Oc)ix,y] = (x +¢) =y)

wcl & (He)[x,yl = (x +¢) =y
((8c) ™) [x,y]
((©®c)™)x,y1 O (©c)ly,x]
(©c) 1y, x]
(©c)ly,x1 O (y - ¢) =x

(y - ¢) =x

(y - ¢) x O (x+c) =y

(x +¢c) =y
(x +¢) =y 0O wc] & (Oc)[x,Y]
wcl & (Hc)[x,y]
(Oc)[x,y]

((©c)")ix,y1 O (Oc)(x,y]
(Oc)[x,y]
wcl & (Oe)ix,yl
wcl & (Oc)ix,yl O (x +¢) =y
(x +¢c) =y
(x +c) =y D (y-c) =x
(y - ¢ =x
(y - ¢) =x 0 (8c)[y,x]
(©c)ly, x]
(8c)ly,x1 O ((©c)*)Ix,y]
((8c)*)[x, Y]

(Oc)ix,yl O ((©c)™)[x,y]

8 (OE: C6.6)

9 (OE 8)

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

(OE: P2)
(OE 10)

(Prem

(OE 12,13)
(«E 7)
(OE 14, 15)
(=E 9)
(OE 16,17)
(-E 11)
(OE 18, 19)
(&E: 20)
(O1: 12,21)
(Prem

(&l: 2,23)
(-E 11)
(OE 24, 25)
(«E 9)
(OE 26,27)
(«E 7)
(OE 28, 29)
(=E 5)
(OE 30, 31)

(O1: 23,32)



((Bc)™)ix,yl = (Oc)[x,V] 1 34 (=1 22,33)

( ((®c)")Ix,y1 = (Oc)ix,yl ) 135 (()1: 34) i
DxOy ( ((®c)*)ix,yl = (Oe)ix,yl ) ! 36 (OI: 3,35) i
((®c)™) = (Oc) 1 37 (%l: 1111.5,36)

i
wicl O ((©c)*) E (Oc) 138 (O1: 2,37)
(wicl O ((©c)”) = (Oc) ) 139 (()1: 38) i
Oc ( wc] O ((®c)*) E (Oc) ) I 40 (OI: 1,39) i
a
| 24, i
FOc (wicl O ((Oc)") = (O¢) ) i
c 1 1 (Prem i
W C] 12 (Prem i
(wel O ((8c)*) = (Oc) ) ! 3 (DE P23) |
wel O ((©c)”) = (Do) 14 (OE 3) i
((©c)”) = (Oc) ! 5 (OE 2,4) |
( ((®c)™) 2 (Oc) O ((Oc)*) = (Oc) )
1 6 (OB 1113.23) |
((®c)™) = (Oc) O ((Oc)*) = (Bc) 7 ((O)E 6) i
((Oc)™) = (Oc¢) ! 8 (OE 5,7) i
wicl] O ((Oc)*) E (Bc) 19 (O1: 2,8) i
(wcl O ((Oc)”) = (Oc) ) 110 (01 9) i
Oc ( wc] O ((Oc)™) E (\c) ) I 11 (O: 1,10) i
a
| 25. Subtracting O is the identity on w i
F(©0) = (Iw) i
(w0 O ((00)") = (©0) ) ! 1 (DE P24) |

0] O ((00)*) = (©0) 2 (OE 1) i



((00)™)
( (00)
(0o) =
((00)™)
((00)™)
( ((00)

((00)™)

(©0) =

((Io)”

N—r

(©0) =

( (©0)

(©0) =

(©0)
I

(©0)

(Io) O ((00)7)

(Io) O ((0O0)7) =

*

((I) ™)

(©0) & ((O0)")

((

= (©0) & ((00)%)

(©0) & ((0O0)")

((I) ™)

= (Iw)

((I0) ") & ((Ie)7)

= ((I9)7") & ((Iw)7)

((I) ") & ((Ie) ")

(Iw)

! 3 (0E wo,2)
((I) ™) ) 1 4 (OE 1113.20)
T) ™) !5 (OE 4

! 6 (OE P7,5)
((Iw) ™) 17 (& 3,6)
= ((Iw*) 0 (80) = ((I)") )

1 8 (OE 1111.18)
SRR HE

1 10 (OE 7,9)

111 (OE 11111, 23)
(Iw) 112 (& 10, 11)

= (Ilw) 0O (©0) & (Iw) )

(Iw) O (©0) E

, 1 13 (OE 1111.15) j
(1)
114 (OE 13)

I 26. Subtracting 1 is the predecession on

F (©1)

((6 Dw)7™)

(ol O ((01)7) = (1) )

w1 O ((0D7)

((01)7)

( (01

(01) =
(0D )
(0D ")

(0 Dw) O ((O1))

(©1)

(©1)

(0 Dw) O ((O1)7)

((c 0w™)

(©1) & ((01)")

= ((c0w™) )

((c O0w™)

| 15 (OE 12, 14)

((c 0w™)

1 (OE P24)

2 (OB 1

3 (OE

4

(COE

V9. 2, 2)

1113.20)

5 (OE 4)

6 (OE P8,5)

7

(&:

3, 6)



( ((O01)7) 2(O1) & ((O01)7) & ((c Dw)™) O (B1) £ ((c 0W™) )
1 8 (OB 1111.18) |
((01)7) (01 & ((O01)7) 2 ((6 Dw™) O ’(!92) (f)(ESGS)Dw)*) i
(©1) 2 ((c Ow™) .1 10 (OE 7,9) i
a
1 27, i
F Oc (wicl O f(Oc) ) i
c 11 (Prem i
oy ] 12 (Prem i
( wic] O 1 (Oc) ) ! 3 (OE P14) i
wic] O 1 (Oc) A4 (OE 3) i
1 (Oc) 1 5 (OE 2,4) i
(wc] O ((©c)*) = (Oc) ) 1 6 (OB P23) i
wel O ((®c)*) = (Oc) 7 (OE 6) i
((©c)") = (Oc) 8 (OB 2,7) i
1 (Oc) & ((®c)*) = (Oc) 19 (& 5,8) i
(1 (0c) & ((®c)*) 2 (Oc) O f(O¢) )
110 (OB 1119.14) i
1 (Oc) & ((©c)*) = (Oc) O f(\c) ,! 11 (()E 10) i
f (©c¢) 112 (OE 9,11) |
wic] O f (Oc¢) 113 (O1: 2,12)
(wc O f(8c) ) 14 (01 13) i
Oc ( wic] O f(8c) ) I 15 (O: 1,14)
O
| 28. i
F OcOx ( <fc,x] O ((®c) x) = (x-c) ) i
c, X 11 (Prem i

<[c, X] , 12 (Prem i



( <lc,x] O wc] )

<fc,x] O wc]

i C]

(wcy O f(8c) )

wc] O f (Oc)

f (©c¢)

( sfc,x] O (©c)[x,(x-¢)] )
sfc,x] O (8c)[x, (x-c)]
(©c)[x, (x-¢)]

f (©c) & (Oc)[x, (x-¢)]

( f(©®c) & (©Oc)[x,(x-¢c)] O ((©c) x)

! 3 (OE: C3.6)
4 (OE 3)

1 5 (0E 2,4)
.1 6 (OE: P10)
L7 (OB 6)

! 8 (JE 5,7)
1 9 (OE: P21)
110 (OE 9)
! 11 (DE 2,10)
112 (&l 8, 11)
= (x-¢) )
113 (OE 1118, 22;

(x-¢): C5.7,2)

f(®c) & (©Oc)[x,(x-¢c)] O ((®c) x) = (x-c)

((8c) x) = (x-c)
<fc,x] O ((©c) ' x) = (x-c¢)
( stc,x1 O ((©c) x) = (x-¢) )
OcOx ( <(c,x] O ((©c) x) = (x-¢) )
a

I 29.

F Oc ( wic] O ((8c)D) = (¢ o) )

c
W[ C]
(wcl O ((Oc)l) = (c w) )
wel O ((Oe)l) = (¢ )
((Oe)!) = (¢ )
( ((Oe)l) =(c @ O (((Bc)")D) = (c

1 14 (()E 13)
115 (OE 12, 14)
116 (O1: 2,15)
117 ()1 16)
| 18 (OI: 1,17)
11 (Prem

1 2 (Prem

.1 3 (OE P13)
4 (OE 3)

1 5 (0E 2,4)
®) )

16 (OE

1116.17)



((Oc)!) = (c ) O (((Bc)")D) = (¢ )

17 (OE 6) i
(((Oc)") D) = (¢ o) ! 8 (DE 4,7) i
(wic] O ((Oc)") & (8c) ) 1 9 (OE P24) i
wcl O ((Oc)*) 2 (Oc) 1 10 (OE 9) i
((Oc)™) E (O\c) 111 (OE 2,10)

(((O0c)")D) = (¢ ») & ((Oc)*) E (Bc) ,! 12 (& : 5,11) i

( (((Oc)")D) = (c @) & ((Oc)™) & (B¢c) O ((©c)D) = (c ») )
1 13 (OE 1115.16) |
(((Oc)")D) = (c @) & ((Oc)™) & (Oc) O ((©c)D = (c )
114 (()E 13) i
((Bc)D) = (¢ o) 1 15 (OE 12,14) |
wicl O ((©c)D) = (¢ o) 116 (O1: 2,15)
(wcl O ((8c)D = (c ) ) 117 (01 16) i
Oc (wic] O ((©c)D) = (c =) ) ! 18 (O 1,17)
a
I 30. i
F Oc (wcy O1 (8c) ) i
c 11 (Prem i
o ] 12 (Prem i
( wic] O f(Oc) ) ! 3 (OE P10) i
wic] O f (Oc) A4 (OE 3) i
f (Oc) 1 5 (OE 2,4) i
(wcl O ((©c)*) = (Oc) ) 1 6 (OB P23) i
wel O ((®c)*) = (Oc) 7 (OE 6) i
((©c)") = (Oc) 8 (OB 2,7) i
f (Oc) & ((©¢)”) E (Oc) 19 (& 5,8) i

( f(Oc) & ((®c)*) = (Oc) O 1 (Bc) )
1 10 (OE 1119.16) |



f (Oc) & ((©c)”™) = (Oc) O 1 (B¢)

1 (8¢)

wcl O 1 (©9c)

(wc] O 1(0c))

Oc ( oc] O 1 (Bc) )

0

F OGO ( fG& wn & wi] & (A)[i]
O (((8n) =@ (n+i)) =(Gi) )

31.

Gn,i

fG&wn &wi] & (G)[i]

f G

Wn & il
@ N}
(P[]

( (P10 vy gi,y)
(P11 0 Iy gi,yl

by qi,yl

qi,yl

fG& Qqi,y]
(fG&Qgi,y1 O (Gi) =vy)
fc&a i,y O (Gi) =y
(Gi) =y

(wn O f(©n) )

wn O f(©n)

f (©n)

f(®n) &fG

11 (()E 10)
12 (OE 9,11)
13 (O1: 2,12)
14 (()1: 13)

15 (0 : 1, 14)

1 (Prem

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (&€ 2)

6 (&€ 2)

7 (OE 1115.3)
8 (OE 7)

9 (OE 6,8)
10 ([E: 9)

11 (&l: 3,10)
12 (OE: 1118.22)
13 ()E 12)
14 (OE 11, 13)
15 (OE P27)
16 (()E 15)
17 (OE 5, 16)

18 (& : 3,17)



( f(®n) &fG0O f((Bn) ° G ) 119 (OE: 11110.22)

f(©n) &fGO f((@n) ° G 120 (()E: 19)
f ((©n) ° Q 1 21 (OE 18, 20)
(wn &ofi] O ((n+) -n) =i ) .1 22 (OE C6.36)
Wn & wi] O ((n+i) - n) =i 123 ()E 22)
((n+i) - n) =i 1 24 (DE 4,23)
( ((n+¥i)-n) =i O (®n)[(n+i),i1 ) ,! 25 (OE 20;
(n+i): Cl.7,4)
((n+i)-n) =i O (©n)[(n+i),i] 126 ((OE 25)
(©On)[(n+i),i] 1 27 (OE 24, 26)
(@n)[(n+i),i] & Gi,vy] 128 (&: 10,27)
((en)i(n+i),i1 & Gi,yl) 129 (()1: 28)
Z((©®n)[(n+),z] & Gz,Y]) 130 (O: 29)

( Z((On)[(n+i),z] & Gz,y]) O ((©n) > G[(n+i),y] )

,1 31 (COE 11110.4;
(n+ti): CL.7,4)

Z((@n)[(n+i),z] & Gz,y]) O ((©n) ° G[(n+i),y]

132 (OE 31)
((8n) ° G[(n+i), V] ,! 33 (OE 30, 32)
f((Bn) G & ((Bn) ° Q[(n+i),y] ! 34 (&: 21,33)
( F£((On) QG & ((en) ° G[(n+i),yV]
O (((©n) > Qg (n+i)) =vy)
,! 35 (COE 1118.22;

(n+i): CL.7,4)

f((@n) -G & ((On) ° g[(n+i),y]
O (((®en) =@ (nti)) =y

1 36 (()E 35)
(((Bn) ° G (n+i)) =y 1 37 (OE 34, 36)
(((®n) > § (n+i)) = (Gi) 1 38 (=E: 14, 37)

fG& wn &wi] & (A)[i] O (((Bn) » G (n+i)) = (Gi)



139 (O1: 2,38)

(fG&wnN &afi] & (D[] O (((Bn) > QG (n+i)) = (Gi) )
140 (()I1: 39) i

OGN0 ( FG& wn & wi] & (AP)[i]
O (((8n) e (n+i)) =(Gi) )
I 41 (O1: 1,40) ;

0

I 32. (Oc) represents dyadic multiplication, multiplying by c.
[

D O; (Oc) ; ; (B ¢) Do Dw i
I 33. i

F OcOxOy ( ofc] & (Oc)[x,y] < (cxx) =y ) i

€ Xy 11 (Prem i
((O ¢ c)ix,yl] = 0Ox,c,vyl) V2 (OB 11117.2)
(D 0 C)[X,Y] ind D[X,C'Y] !! 3 (()E 2) i

( ((O0%c) DWIx,yl = (O ¢ c)[x,yl & wx] )

L4 (OE 1117.2)
((DOC) Dw)[X1Y] ind (DOC)[X’y] &('O[X]
A5 (OE 4) i
( (((® c) Dw Dwix,yl = ((B» c) D)X, y] & o{y] )
,! 6 (OE 1117.50)
(((B® c) Dw Ow)[x,yl = ((B c) Dwix,y]l & wy]
17 (OB 6) i
(Oc)[x,y] = ((B®» ¢) Dwi(x,y]l] & wy] ,! 8 (DI: P32,7) i
wic] & (dc)[x,y] ' 9 (Prem i
W C] ,1 10 (& 9) i
(Oc) [x,Vy] 111 (& 9) i
(Qe)ix,yl O ((B c) Dwix,yl & wy]
,1 12 (=E 8) i
((® c) DwIx,yl & Wyl V13 (OE 11,12)
((® c¢) DwI[x,VY] , 1 14 (& 13) i

W Y] ,1 15 (& 13) i



wic] & wy] !

((® c) Dwix,yl O (O ¢ c)ix,yl & wX]

) !
(00 c)ix,yl & wix] , !
(0O ¢ c)Ix,V] !
o[ X] , !
W X] & wc] & wy] .
(O ¢ c)lx,yl O Ox,c,y] , |

U[x, c, vyl , !

WX] & wc] & wWy] & Ox,c,vVy] , !

( WX & wcl] & wy] & 0O(x,c,y] O (xxc)

16 (& : 10, 15)

17 ( -E 5)
18 (OE 14, 17)
19 (&E: 18)
20 (&E: 18)
21 (& : 16, 20)
22 (<E 3)
23 (OE 19,22)
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