I CHAPTER 7
RESTRI CTIl ONS;j

I In this chapter the concept of restrictions is introduced, both
for domains and inmages. The (domain) restriction of Rto A

whi ch has greater inportance, is witten (R OA). The inmage
restriction of R of |ess significance and accordi ngly much | ess
devel oped, is witten (R OB). x bears (RUOA) toy if and only

if both x satisfies A and x bears Rto y, and x bears (R IB) to
y if and only if both y satisfies B and x bears Rto vy.

There is an evident duality between the two concepts, which
will be established in P51 and P52. i

I' The organization is as foll ows:

P1- P48: donmain restrictions

P1: definition

P2- P7: fundanmental proposition and corollaries

P8- P13: concern the mai ntenance of inclusion and equival ence by
restrictions

P14- P16: have terns containing two restrictions

P17-P19: concern (two-place) unions

P20- P22: concern the (two-place) enpty predicate

P23-P37: invol ve domai ns

P38- P48: invol ve i nmages

P49- P53: inmage restrictions i

I 1. Orepresents restriction. i
D O,; (ROA ;; {ab: Rab &Aa]} i
I 2. Fundanental Proposition of Restrictions. i

F OROAOxOy ( (R OA[X, Y] = RX,yl & AIX] ) i

R A , 11 (Pren i
OxOy ( {a,b : Rab] &Aal}ix,yl = RX Yyl & AX] )
, 1 2 (Pred) i
Oxdy ( (ROA[X,y] =« RXx,y] & Ax] ) ,! 3 (DI: P1,2) i
OROAOxOy ( (R OAI[X,y] = RX,y]l & AIX] )
4 (O: 1,3) i

0

I 3. Fundanental Proposition of Restrictions, First Half.
i

F ORODAOxOy ( (R OA)[X,y] O RX,yl & AIX] ) i
R A X,y 11 (Prem i

( (ROAI[X,Yy] = RX,y]l & AIX] ) 12 (OE P2) i

(ROAIX,y] = RX,yl & AlX] 13 (0OE 2 i



(ROAI[X,y] O RX,yl & AX] ' 4 (<E 3)
( (ROA)IX Yl O RX,yl & Ax] ) L5 (01 4)
OROAOxOy ( (ROAI[X,y] O Rx,yl & Alx] ) ! 6 (d: 1,5)

0

I 4. Fundanental Proposition of Restrictions, Second
Hal f .

F OROAOxOy ( Rx,yl] & AAx] O (ROAI[X,Y] )

R A X,y , 11 (Pren

( (ROAIX, Yl = RXxyl &AX] ) 02 (OB P2)
(ROAIX, Yyl = RX,yl & AX] 3 (OE 2)
RIx,yl & Alx] O (R OA)[X,Y] !4 (=B 3)
( Rx,yl & Alx] O (ROAIX,Y] ) 5 (01 4)

OROAOxOy ( RIx,y] & Ailx] O (ROA[x,y] ) ! 6 (O1: 1,5)
O
I 5.

F ORODAOxOy ( (ROAI[X,y] O RXx,y] )

R A X,y , 11 (Prem
(ROA)I[X,Y] 12 (Prem
( (ROAIX Y] O Rx,y] & Alx] ) ! 3 (OB P3)
(ROAIX, ¥yl O RX,yl & AlX] 4 (OB 3)
RIX,y] & AlX] 1 5 (0OE 2, 4)
R X, Y] , 1 6 (& 5)
(ROA[X,y] O RX, V] 1 7 (0O1: 2,6)
( (ROAIx,y] O RX,y]) L8 (01 7)
OROAOxOy ( (ROAI[X,yl O RX,y] ) 9 (O: 1,8)
0
I 6.

F ORODAOxOy ( (R OA[X,y] O AX] )

RlAley ,!

[EEN

(Prem



(R OA)[X,VY] , 12 (Pren
( (ROAIIXx Yyl O RXx, ¥yl & AX] ) 1 3 (0B P3)
(ROAIX,yl O Rx,yl & AX] 4 (OB 3)
RIx,y] & AlX] , ' 5 (0OE 2,4)
Al X] ,! 6 (& 5)
(ROA[X,y] O AX] 17 (01 2,6)
( (ROAIIx,yl O Ax] ) 8 (01 7)
OROAOXOy ( (R OA)[X,y] O AX] ) 1 9 (O1: 1,8)
0
1 7.
F OROA (R OA £ R
R, A , 11 (Pren
OxOy ( (ROA[X,y] O RX,y] ) ,! 2 (OE P5)
(ROA £ER ! 3 (%: Cl1,2)
OROA (ROA) £ R I 4 (O 1,3)

0

I 8. Restrictions maintain inclusion.

F OROSOADB ( RE S& AOBO (ROA £ (S OB) )

RS, A B 11 (Prem
RES&ADB 1 2 (Prem
X,y 13 (Prem
(R OA)I[X,VY] 1 4 (Pren

( (ROAIIX,y] O Rx,y] & AXx] ) ,! 5 (0OE P3

(ROAIx,yl O RX,yl & AX] 16 (()E 5)
RIX,yl & AX] .1 7 (OE 4,6)
RIX, Y] .1 8 (& 7)
RE S 19 (&E: 2)

Rx,y] & RE S ,! 10 (& : 8,9)



( Rx,y] & R&E SO 9[x,y] ) ,! 11 (OE Cl.2)
Rx,y] & RE S O 9[x,vV] 12 (OE 11)
S[X, VY] ,1 13 (OE 10, 12)
Al X] 114 (&E 7)
AOB 1 15 (&E: 2)
AlXx] & AlUB , 116 (& : 14, 15)
( AlXx] & AOBDO Bx] ) 117 (OE 111.2)
AX] & A OB O B[X] 118 (()E 17)
B[ X] ,! 19 (OE 16, 18)
SIX,y] & B[X] 1 20 (& : 13,19)
( S[x,y]l] & B[x] O (SOB)[x,y] ) ,! 21 (OE P4
SIx,y] & B[x] O (S OB)[x,Y] 122 (OE 21)
(S OB)[X,VY] , 1 23 (OE 20, 22)
(ROA[X,y] O (S OB)[X,Y] 124 (O1: 4,23)
( (ROAX,yl O (SOB)IX,Yy]) 25 ()1 24)
Oxdy ( (ROA[Xx,y] O (S OB)[x,yl ) ,! 26 (0O1: 3,25)
(ROA) £ (S OB) 1 27 (% CL.1,26)
RES&ADOBO (ROA £ (S OB) 128 (O1: 2,27)
(RES&ADOBDO (ROA E(SOB) ) ,! 29 (()1: 28)
OROSOAB ( RE S&AOBDO (ROA £ (SOB) )
1 30 (O1: 1,29)
0
9.
FOROSOA ( RE SO (ROA £ (S OA )
R S, A 11 (Prem
RE S ' 2 (Prem
AOA 13 (0B 111.4)



RES&ADA 14 (& 2,3)

(RES&ADOAD (ROA £ (SOA )

! 5 (OE: P8)
RES&ADAD (ROA E(SOA ,! 6 (()E 5)
(ROA) £ (S OA 1 7 (OE 4,6)
RS SO (ROA £ (S OA 18 (01: 2,7)
(RESO (ROA £ (SOA ) 19 ((O)1: 8)
OROSOA ( RE SO (ROA £ (SOA ) I 10 (O1: 1,9)
O
I 10.
F OROAOB ( ADB O (ROA) £ (ROB) )
R A B 11 (Prem
ADB 1 2 (Prem
RE R ! 3 (OE Cl.3)
RER&ADB 14 (& 2,3)
(RER&ADOBO (ROA € (ROB) )
1 5 (OE: P8)
RER&ADOBDO (ROA £ (ROB) ,! 6 (()E 5)
(ROA) £ (R OB) 1 7 (OE 4,6)
AOBO (ROA £ (ROB) 18 (01: 2,7)
(AOBO (ROA £ (ROB) ) 19 ()1 8)
OROADB ( AOB O (ROA € (ROB) ) | 10 (O1: 1,9)

0

I 11. Restrictions nmaintain equival ence.

F DROSOAOB ( RES&A=B O (ROA £ (SOB) )

R S, A B , 11 (Prem
RES&A=B 12 (Prem
RE S I3 (& 2)
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( (ROA £ (SOB) &(SOB) £ (ROA

R&BOA

-

R&BOAD (S OB)

S (S UB)

R&BOAD (SOB) £ (ROA )

<

<

(R OA)

[[g]

(R OA)

(SOB) & (S OB) € (RIA

0 (ROA) = (S OB) )

(R OA)

(R OA)

<

(SOB) & (SOB) € (ROA O
|

(S 0B)

RES&A=BO (ROA

(S 0B)

4 (OE: Cl.11)
5 (OE 4)

6 (OE 3,5)
7 (& 6)

8 (&E: 6)

9 (&€ 2)

10 (OE: 111.13)
11 (()E 10)
12 (OE 9,11)
13 (&E: 12)
14 (&E: 12)

15 (&l: 7,13)

16 (OE P8)
17 (()E 16)
18 (OE 15,17)

19 (& : 8,14)

20 (OE: P8)
21 (()E 20)

22 (OE 19, 21)

23 (&: 18,22)

24 (OE Cl.6)

(ROA) = (S OB)
25 (()E 24)

26 (OE 23, 25)

27 (O1: 2,26)



(RES&A=BO (ROA

OROSOACB (R

0

I 12.

F OROSCA (R

R S, A
RZS
A=A
RES&A

(S 0B) )

28 (()1: 27)

=S&A=B0O (ROA = (SOB) )

SO (ROA

A

(RES&A=AD0 (ROA

RES&A

(ROA) =

A

0 (R OA)

(S OA)

RE SO (ROA

= (S OA

(S OA )

(S OA )

(S OA

( RESDO (ROA E (SOA )

OROSOA ( RE S O (ROA) =

0

I 13.

F OROAOB ( A=B 0O (R OA

R A B

A

]l
vy}

R

1]
Py

R=ER&A

Py,
]|

( RERS&

RER&A

A

B

(S OA )

BO (ROA

0 (R OA)

(ROA) = (R OB)

(ROB) )

(ROB) )

(R OB)

29 (OI: 1,28)

1 (Prem
2 (Pren
3 (0E 111.9)

4 (&: 2,3)

5 (OE: P11)
6 (OE 5)
7 (OE 4,6)
8 (O1: 2,7)
9 ((O)I: 8)

10 (OI: 1,9)

1 (Prem
2 (Pren
3 (0OE: Cl1.7)

4 (&: 2,3)

5 (OE: P11)
6 (()E 5)

7 (OE 4,6)



A=B0 (ROA E (ROB) 108 (0O1: 2,7)

(A=B 0O (ROA = (ROB) ) 19 (O)1: 8)
OROAOB ( A=B O (ROA) = (ROB) ) 1 10 (O1: 1,9)
O

I 14. Successive restrictions is equivalent to a single
restriction of an intersection.

F DROAOB ((R OA) OB) £ (RO(A n B))

R A B 1 1 (Prem
X,y , 12 (Prem
( (ROAIX, Y] < RX,yl & AlX] ) ! 3 (OB P2)
(ROAIX, Y] = RX, ¥yl & AX] 4 (OE 3)
( ((ROA OB)Ix,y] <« (ROA[X, Y] & B[X] )
1 5 (DE P2)
((ROA) O0BIx,yl = (ROAIX,y] & B[X]
16 (OE 5)
( (RO(A N B))IX,y] = RX,¥y] & (A n B)[x] )
17 (OB P2)
(RO(A N B))Ix,y] = Rx,y] & (A n B?![X]g (OE 7
( (An B[x] = AX &B[x] ) 1 9 (DE 113.2)
(A n B)[X] = AX] & B[X] 110 (OE 9
((ROA OB)[X,VY] ,1 11 (Prem
((ROA OBIx,yl O (ROAI[X, Y]l & Bx]
1 12 (=E 6)
(ROAI[X,Yy] & B[X] ! 13 (OE 11, 12)
(R OA)[X, Y] 114 (&E 13)
(ROAI[X,y] O RX,y] & Ax] , 1 15 (=E 4)
RIX,y] & AlX] 1 16 (OE 14, 15)
Al X] .1 17 (&E: 16)
B[ X] 1 18 (& 13)

ALX] & BIX] 119 (&: 17,18)



AlX] & B(x] O (An B)[X] ,1 20 (=E 10)

(A n B)[X] , 121 (OE 19, 20)
R X, Y] , 122 (& 16)
RIxX,y] & (A n B)[X] 123 (&l 21, 22)

Rix,yl & (An B)[x] O (RO(A n B))Ix,Y]
1 24 (<E 8)

(RO(A n B))[X,V] 1 25 (OE 23,24)

((ROA) OB)[x,y] O (RO(A NN B))IX,Y]
1 26 (O1: 11, 25)

(RO(A n B))[X,Y] 1 27 (Prem

(RO(An B))Ix,y] O Rx,y] & (A n B)[x]

1 28 (~E 8)
RX,y] & (A n B)[X] 1 29 (OE 27,28)
(A n B)[X] 1 30 (& 29)
(A n B)[x] O AX] & B[x] ,1 31 (=«E 10)
Al X] & B[X] ,1 32 (OE 30, 31)
Al X] ! 33 (& 32)
RIX, y] ,1 34 (& 29)
RX,y] & AIX] ! 35 (& : 33,34)
Rix,yl & Aix] O (R OA)[X,Y] ,1 36 (=E 4)
(ROAIX,Y] ,1 37 (OE 35, 36)
Bl X] ! 38 (& 32)
(ROAI[X,y]l & B[X] ,1 39 (&: 37,38)

(ROAI[X,y] &Bx] O ((ROA OB)[X,YVY]
,1 40 (=E 6)

((ROA) OB)[X,Y] 1 41 (OE 39, 40)

(RO(An B))[x,y] O ((ROA) OB)[x,VY]
142 (01 27,41)

((ROA OBI[x, ¥yl = (RO(A n B))IX, VI
143 (1: 26,42)



( ((ROA) OB)I[X,y] = (RO(A N B))[X,y] )

Oxdy ( ((R OA)

((ROA) OB)

ORJADB ((R OA) 0OB)

0

I 15.

FOROADB ( BO A O ((ROA) OB)

R A B

BOA

((ROA) OB)

(BOAO (An B =B)

BOAO (An B

(An B =B
( (An B =
(An B) =B

(RO(A n B))

((ROA) OB)

( (ROA) OB)
0 ((ROA

((ROA) OB)
0 ((ROA OB)

((ROA) OB)

BOAO ((ROA OB) =

144 ((O)1: 43) i
OB [x,yl = (RO(A n B))IX, ¥yl )
, 145 (0O1: 2, 44) i
(RO(A n B)) ,! 46 (%l: CL.5,45) j
£ (RO(A n B)) I 47 (0O1: 1, 45) i
i
= (ROB) ) i
, 11 (Pren i
12 (Prenm i
(RO(A n B)) , 1 3 (0OE P14) i
, ' 4 (OE 113.26) i
=B I 5 (O)E 4 i
, 1 6 (OE 2,5) i
BO ((RO(AnDB)) 2 (ROB) )
, 1 7 (OE P13) i
O (RO(An B) E (R OB)
8 (OE 7) i
(R OB) , ' 9 (OE 6,28) i
(RO(AnB) &(RO(AnB)) E (ROB)
,1 10 (&: 3,9) i
E(RO(ANnB) &(RO(ANn B) E (ROB)
0B) € (ROB) )
, 1 11 (OE C1.15) i
(RO(AnB)) &(RO(ANn B) & (ROB)
£ (R OB)
112 (OE 11) i
(R OB) ,! 13 (OE 10,12) |
(R OB) 014 (O1: 2,13) i
£ (ROB) ) 115 ((O)1: 14) i

(BOAO ((ROA OB)



OROAOB ( BOADO ((ROA) OB) = (ROB) )

16 (0O1: 1,15) i

O
I 16. i
F ORDAOX ( Alx] O ((ROA) O(x*)) E (RO(x%)) ) i
R A X 11 (Prem i
Al X] 1 2 (Prem i
( Alx] O (x*) OA) 1 3 (LE 118.13)
Alx] O (x*) OA 14 ()E 3) i
(x*) OA 1 5 (OE 2,4) i
( (x*) OADO ((ROA) O(x7)) E(RO(x*)) )
1 6 (LE P15) i
(x*) OADO ((ROA) O(x*)) & (RO(x*))
A7 (OB 6) i
((ROA) O(x*)) E (R O(x%)) ! 8 (OE 5,7) i
Alx] O ((ROA DO(x*)) E(RO(x*)) ,! 9 (0Ol: 2,8) i
( Alx] O ((ROA) O(x7)) = (RO(x*)) )’! 0 (01 9) i
OROAOX ( Alx] O ((ROA) O(x*)) £ (RO(x)) )

| 11 (O: 1,10)

0

I P17 and P18 establish that the restriction operator distributes
over unions, around inclusion. i

F17. i

F OROSOA ((RY S) OA) £ ((ROA) w (S OA) i

R S, A , 11 (Prem i
X,y , 12 (Prem i
((Rw'S) OAI[X,VY] , 1 3 (Pren i

( ((RY'S) OA[Xx,yl O (RY 9I[x,y] & AIX] )
' 4 (OE P3) i

((RY'S) OA)[x,y] O (RY §[x,y] & AX]
!5 (OE 4) i



(RY S[x,yl & AX] , 1 6 (OE 3,5 i
(RY 9[x,vVy] 1 7 (& 6) i
Al X] ,1 8 (& 6) i

( (RY 9[x,y] O Rx,y] OSx,y] ),! 9 (I C2.3) i

(R2 S)[x,yl O Rx,y]l US[x,Y] 110 (OE 9) i
Rix,yl O S[x,VY] , 111 (OE 7,10) i
RIX, Y] ,1 12 (Prem i
RIx,yl & AX] , 1 13 (&l: 8,12) i

( RIx,y] & Aix] O (ROAI[Xx,y] ) ,! 14 (OE P4) i

Rix,yl] & AlIx] O (R OAI[X,YVY] 115 (OE 14) i
(R OA)I[X,Y] ,1 16 (OE 13,15) |
(ROAI[Xx,yl O(S OAI[X,VY] 017 (O: 16) i

Rix,yl O (ROAI[x,y] O(S OAI[X,Y]
118 (O1: 12,17)

S X, Y] ,1 19 (Prem i
S[X,y] & AX] ,1 20 (& : 8,19) i

( SIx,yl & Alx] O (SOAIX,yl ) ,! 21 (OE P4) i

SIx,yl & AlIx] O (S OA)I[X,Y] 122 (OE 21) i
(S OA)[X,VY] , 1 23 (OE 20,22) |
(ROA[Xx,y] O(S OAI[X,VY] 124 (O 23) i

SIx,yl O (ROA[x,y] O(S OAI[X,Y]
125 (O1: 19,24)

(ROAX,y] O(S OAIX,Y] 1 26 (CE 11, 18, 25)
i

( (ROAIX Y O(SOAIX Yyl O ((ROA) Y (SOA))IX Y] )
127 (OE C2.4) i

(ROAIX,y] O(SOAIX,yl O ((ROA Y (SOA)IX,YI
128 (OE 27) i

((ROA) Y (SOA)IX, V] , 1 29 (OE 26,28) |



((R2'9) OAIx,yl O ((ROA Y (SOTA)IX,YI
.1 30 (O1: 3,29)

( ((RY'S) OAx,yl O ((ROA Y (STA)IX Y] )
131 ()1 30)

OxOy ( ((RY'S) OA)x,yl O ((ROA) Y (STA)IX Y] )
132 (00 2,31)

((RY'S) OA) € ((ROA) w2 (S OA) 1 33 (§: Cl.1,32) i

OROSOA ((RY S) OA) € ((ROA 4 (S OA)
| 34 (0O1: 1,33)

O

1 18.

F OROSOA ((ROA) & (S OA) € ((Ru'S) OA
RS, A 1 1 (Prem
RE (Ru ) 12 (0B 2.7)

(RE(R2 S O (ROA E ((R2 S OA )
1 3 (0E: P9)

RE(RY S O (ROA E ((R2S) OA,! 4 (OE 3)
(ROA € ((R& S) OA 1 5 (0OE 2,4)
SE (Ru S 1 6 (OE C2.8)

(SE (R~ S) O (SOA E ((ReS) OA )
1 7 (OE P9)

SE(RYZS) O (SOA E (RS OA,! 8(OE 7
(SOA € ((Ru S) OA 1 9 (OE 86,8)

(ROA) € ((R2 S) OA & (SOA £ ((Ru S OA
)1 10 (&: 5,9)

( (ROA € ((RY S) OA & (STOA £ ((Ru S OA
O ((ROA) 4 (STOA) € ((RuS) TOA )
111 (OB Q2.9)

(ROA € ((R“ S) OA & (SOA £ ((R2 S OA
0 ((ROA & (SOA) E ((Ru S) OA)
112 (OE 11)

((ROA) 2 (SOA) € ((RY S) OA 1 13 (OE 10, 12)



OROSOA ((ROA) 2 (S OA) € ((RY S) OA

0

| 14 (O 1,13)

I 19. The restriction operator distributes over unions, around
equi val ence. 1

I_

OROSOA ((RY S) OA = ((ROA 2 (S OA)

RS, A 1 1 (Prem
((Ru S) OA £ ((ROA Y (S OA) 1 2 (OB P17)
((ROA u (SOA) € ((Ru S OA 1 3 (OE: P18)

((R2 S) OA £ ((ROA “ (S OA)
& ((ROA) Y (SOA) € ((RY S) OA

4 (&8 2,3)
( ((Rw's) OA = ((ROA “ (SOA)
& ((ROA w (SOA)) &£ ((Rw S OA
0O ((R2S) 0OA 2 ((ROA Y (STA) )
, ' 5 (0E C1.6)
((Rw'S) OA £ ((ROA w2 (SUTA)
& ((ROA w (SOA) &£ ((Ru 9 OA
O ((Rw'S) OA) E ((ROA w (S OA)
' 6 (()E 5)
((Rw'S) OA E ((ROA w (S OA) , ' 7 (OE 4,6)
OROSOA ((RY' S) OA E ((ROA w (S OA)
18 (0O1: 1,7)
[
I 20.
FOA (0 OA £ o
A , 11 (Prem
(® OA £ @ 12 (OB P7)
( (P 0A £E00 (@ TOA E d) , I 3 (0OE CG4.7)
(@ 0A £E 00 (0 0OA E0 14 ((O)E 3)
(& OA = o ' 5 (0E 2,4)
OA (@ OA E o ' 6 (0O: 1,5)

0



I 21.

F OR (R O¢

R

( OxOy -~ (ROQIx,y] O (RO =

i
S

@)

Oxdy - (RO@I[x,y] O (RO E &

X,

y

(RO@IX,Y]

( (ROQIx,y] O @x])

(RO@QI[x,yl O @x]

@ X]
@ X]
F

(RO@Ix,y1 O F

-

(ROQI[X,Y]

OxOy = (R O@I[X,Y]

(RO = o

OR (R
O
1 22.

FORDA ( A= O (ROA

R A

A

Og) E O

¢

(A=ol0 (ROA

A=o¢o0 (ROA
(ROA) = (RO9
(ROg = o

(RUO@ & (ROQ

P )

i
©

1 (Prem

2 (OE: C4.8)
3 (OE 2)

4 (Prem

5 (Prem

6 (DE: P6)

7 (()E 6)

8 (OE: 5,7)
9 (OE: 115.3)
10 (F1: 8,9)
11 (O1: 5,10)
12 (-l 11)
13 (Ol: 4,12)
14 (OE 3)
15 (Ol 1,14)
1 (Prem

2 (Prem

3 (OE: P12)
4 (OE 3)

5 (OE 2,4)
6 (CE: P21)
7 (&: 5,6)



( (ROA E(RO@ &(RO@ =0 (ROA = o)

1 8 (OE Cl.15)

(ROA) £ (ROg@ & (RO@ =& 0 (ROA = o
9 (OE 8) i
(ROA) = @ 1 10 (OE 7,9) i
A=o¢o0O (ROA = o 111 (O1: 2,10)
(A=¢0O (ROA = o) 12 ()1 11) i
OROA ( A= @O (ROA) = @) | 13 (O: 1,12)
O
1 23. i

FOROA ( (RD) DA DO RE (ROA ) i

R A 11 (Prem i
(RD) O A .1 2 (Prem i
X,y , 13 (Prem i
RIX, Y] 14 (Prem i
Rx,y] & (RD) O A 15 (& 2,4) i

( Rx,y] & (RD) O A DO Ax ) .1 6 (OE C5.6) i
Rx,yl & (R 0O AD AXx] 7T (OE 8) i

Al X] ,1 8 (JE 5,7) i
RIX,y] & AX] 1 9 (&: 4,8) i

( RIx,y] & Aix] O (ROA[Xx,y] ) ,! 10 (OE P4) i

Rix,yl & Aix] O (ROA[X,Y] 111 (OB 10) i
(ROA)[X,Y] 112 (OE 9,11)
Rx,yl O (ROAI[X,Y] 113 (O1: 4,12)
( Rx,y1 O (ROAIX Y] ) 14 ()1 13) i
OxOy ( Rx,y] O (ROA[X, Y] ) )1 15 (O 3) i
RE (R OA 1 16 (®l: C1.1,15) j
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(& : 10, 21)
(OE: 112.13)
(&: 2,23)
(OE 111.32)
((E 25)
(OE 24, 26)
(OE: P15)
(OE 28)

,!1 30 (OE 27, 29)

1 31 (OE: ©6.22)

(ROB) O (((ROO oOBl) =((ROBI)
1 32 (OE 31)

((ROC OBI!) =((ROBI)

((ROC OAl) =((ROIA
& (((ROC OB =((ROBI)

&( ((ROO OAl) D (((rog oBl) ) =(rOO
134 (&: 22,33)

( ((ROC OAl) =((ROA
& (((ROC OBI!) =((ROBI)
&( ((rROC OA) O (((ROD9 OBy ) =((rROO!)
O ((rOAh) owropl)y) =(RrIOONH)

, 135 (OE 112.41)

((ROOQ OAl) = ((ROA)
& (((ROOQ oOB!) = ((ROB!)
& ( ((ROO OAl) D (RO OB!) ) =((ROOI)

0 ((ROAN OD@RrROBN) ) =(rROO)
.1 36 (()E 35)

( (rROA) O (rOBN ) =((ROO)

1 33 (OE 30, 32)

1 37 (OE 35, 36)
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(AOB =cO ( (rROA) O (RrROB) ) =((ROION

( (A OB

OROADBOC ( (A O B)
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I 44,

F OROSOx ( - (RD[x1 O (((R=S) O(x*))) = ((sOx)l))

R S, x

- (RD) [x]

=C
0 ( (ROAN O @rOB!) ) =((rROQ )

( - (RDx1 O ((RD n (x*))
- (RD[x1 O ((RD) n (x*)) =

((RD n (x*)) =
( ((RD n (x7))

((RD n (x7))

((R='S) O(x*))

( ((R25) O(x*)) = (S O(x*))
O (((RYs O N =@somx)nh)
|

((R=5) O(x*))

¢

co ( ((rROA O(rROBI) )

;1 38 (O1: 2,37)
= ((ROO) )
.1 39 (()1: 38)

| 40 (OI:

, 11 (Pren

12 (Pren

1, 39)

=¢) ,! 3 (OE 118.40)

4 ((O)E 3)

1 5 (OB 2,4)

@0 ((RYS) O(x*)) E(SDO(x*)) )
1 6 (OE: P34)

O ((RYS) O(x*)) =
|

(S 0(x*))

(S O(x*))

(S 0O(x*))
7T (OE 6)

1 8 (OE 5,7)

1 9 (DE ©6.22)

O ((Res) O(x* ) =(somxNnh

110 (OE

((Ru's) Ox*NnNh =(sowmxn @11 (0E

- (RDx1 O (((R¥'S) O(x*))

((sox)Nh
112 (O
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|
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I 45. P45's proof copies P44's.

F OROSOx ( - (RD[x1 O (((S~ R O(x*))l) = (s

R S, x

- (RD) [x]

( = (R O ((RD) n (x))

- (R [x1 O ((RD
((RD) n (x*)) =9
( ((RD) n (x*))

((RD n (x7))

n
S

((S2 R O(x*)) =

( ((S= R O(x*))

O (((s2R 0N =wsomx)nh)
|

n(x*)) =o

?)

1 1 (Prem

1 2 (Prem

1 3 (OE: 118.40)
4 (OE 3)

1 5 (OB 2,4)

e 0O ((S= R O(x*)) = (s 0O(x*)) )

1 6 (OE: P35)

O ((SsY R O(x*)) f (S TO(x*))

(S 0(x*))

(S 0(x*))

((s= R O(x*)) = (S O(x*))

D (((su R O )N =((s D(X'))'I)

(((s2 R O(xNH =sox)Nh

17T (OE 6)

1 8 (OE 5,7)

1 9 (DE ©6.22)

10 () E 9)

)1 11 (OE 8,10)

- (RDx1 O (SR O )N =somx)nh

112 (O1: 2,11)

( = (R O (((se R Ox* Nl =@soxNh)

13 ()1 12)

OROSOx (= (RP[x1 O (((s= R o)) =2 (so(xNnNh)
|

0

I 46. P46 is a |lemma for P47.

| 14 (O 1,13)

FOROADY ( ((ROA) [yl « @(Rz,yl &Az]) )

RAY

( (ROA[Y] =« X (ROAIX, Y] )

, 11 (Pren

1 2 (OE C6.2)



((ROA [yl = X (ROAIX,Y] 3 (OE 2)

( (ROAIX, Y] = RX,y] & Ax] ) 1 4 (DE: P2)
(ROAIX, Yl = RX Yyl & AlX] 5 (OE 4)
(ROAD Iy 1 6 (Prem
(ROADIYI O X (ROAIX,Y] 7 (=E 3
X (R OA)[X,Y] ! 8 (OE 6,7)
(ROAIX, Y] .1 9 (C[E 8)
(ROA[X, Y] O RX,y] & AIX] 1 10 (-E 5)
RIX,yl & AX] ) 11 (OE 9, 10)
(RIX,yl & AIX]) 112 (O 11)
[(Z(Rz,y]l & Az]) 013 (O 12)
(ROA Iy O (Rz,yl & Az]) ! 14 (D1: 6,13)
[(Z(Rz,yl] & Az]) ,! 15 (Prem
(RIX,yl & AlX]) ! 16 ([(E 15)
RIX, ¥yl & AlX] 117 (()E 16)
RIX,y] & Alx] O (R OA)[X,Y] ! 18 (-E 5)
(ROA[X,Y] ! 19 (DOE 17,18)
X (R OA[X,Y] 1 20 (O: 19)
X (ROAX,yl O (ROAD Y] 21 (=B 3)
((ROA) )1y 1 22 (OE 20,21)
Z(Rz,yl & Az]) O ((ROA Y] P23 (0O1: 15, 22)
(ROA Yl = Z(Rz, Yyl & Az]) 124 (=10 14,23)
( (ROADY1 = EZ(Rz,yl & Alzl) ) ! 25 (()1: 24)

OROADY ( ((ROA) [yl = X(Rz,yl &Az]) )
26 (0OI: 1,25)

0

I PA7 and P48 are used to translate the nmultiplication axi om
(Mult) into terns involving restrictions and i nages. i



47.

F OROA {y : Z(Rz, vyl &Az)} = ((ROA)

R A , 11 (Pren
Ox ( {y 1 Z(Rz,yl & Az])}x] = Z(Rz,x] & Az]) )

, 1 2 (Pred)

X , 1 3 (Pren

( {y: z(Rz,y] & Az])}[x] = [EZ(Rz,x] & Az]) )
1 4 (OE 2

{y + [Z(Rz,yl & Az])}(x] = [Z(Rz x] & Az])
5 (OE 4)

( (ROAN[X] =« m(Rz,x] &Az]) ),! 6 (OE P46)

(ROAN X = Z(Rz, X & Az]) 7 (OE 6)
{y © (Rz,yl & Az])}X] 1 8 (Prem
{y : (Rzyl &Az)}ix1 O Z(Rz,x] & Az])
1 9 (-E b5)
(R z,x] & Alz]) 1 10 (OE 8,9)
Z(Rz,x] &Az]) O (ROADHg 1 11 (<E 7)
((ROAIx] ! 12 (OE 10, 11)

{y : z(Rz,yl &Az])}x O (ROA)x]

,! 13 (O1: 8,12)
((ROA X 1 14 (Prem
(ROADIx1 O Z(Rz,x1 &Az]) ! 15 (<E 7)
Z(Rz,x] & Alz]) .1 16 (OE: 14, 15)
[(Z(Rz,x] & Az]) O {y: Z(Rz,yl & Az])}X]

,1 17 (<E 5)
{y : (Rz,yl &Az])}(X] ! 18 (DE 16,17

((ROANx1 O {y: (Rzyl & Az])}x]
,1 19 (O1: 14,18)

{y : 2(Rz,yl &Az])}xl = ((ROA[x]

120 (=1I:

13, 19)



( {y: Z(Rz, ¥yl &Az)}x] -« ((ROA[x)
121 ((O)1: 20) i

Ox ( {y : (Rz,yl &Az])}x1 = ((ROA)Ix])
022 (0O 3,21) i

{y : Z(Rz,y] & Alz]1)} = ((R DA)') 123 (BI: 111.1,22)
i

OROA {y : Z(Rz,y] & Az])} = ((ROA) 1 24 (O1: 1,23) i
[

I 48. P48 is proven as a consequence of P47. An alternative
approach would be to follow the lines of the proofs for P46 and
PAT7. i

FOROx {y : Rix,y1} = ((RO(x))1) i

R, a 11 (Prem i
{y : z(Rz,yl & (a*)[z]1)} = ((RO(a")))
1 2 (OE P47) i
Ox ( {y : Z(Rz,y] &(a*)[z])}[x] = [EZ(Rz x] & (a*)[z]) )
, ! 3 (Pred) i
Ox ( {y : Ra,yl}[x] =« RaXx]) ! 4 (Pred) i
X , 15 (Pren i
( {y @ E(Rz,yl & (a*)[z])}[x] = [EZ(Rz x] & (a*)[(z]) )
.1 6 (OE 5) i
{y : Z(Rz,y] &(a%)[z])}[x] = [EZ(Rz Xx] & (a*)[z])
A7 () 6) i
( {y : Rayl}ix] = Rax]) ! 8 (LB 7) i
{y : Rayl}[x] = Ra,x] 9 (OE 8) i
{y : m(Rz,yl & (a*)[z])}[x] ,! 10 (Prem i

{y : Z(Rz,y]l &(a*)[z])}ix] O Z(Rz, x] & (a*)[z])

11 (=B 7) i
Z(Rz, X & (a")[z]) 1 12 (OE 10,11)
(Rlz,x] & (a*)[z]) 13 (B 12) i
Riz,x] & (a%)[z] 14 (OE 13) i

R z, X] ,1 15 (& 14) i



(a*)[z] ! 16 (&E: 14)
( (a®)[z] O z = a) )1 17 (OE 118.3)
(a®)[z] O z = a 118 (OE 17)
z = a ,1 19 (OE 16, 18)
R a, X] ,1 20 (=E: 15, 19)
Ria,x] O {y : Ra,yl}[x] 121 (=B 9)
{y : Ra,yl}ix] ,1 22 (OE 20, 21)
{y  I(Rz,yl &(a%)[z])}ix1 O {y : Ra,yl}(x]

1 23 (O1: 10,22)
{y : Ra,yl}ix ! 24 (Prem
{y : Ra,yl}ix] O Ra,x] ,1 25 (=E 9)
R a, X] 1 26 (OE 24, 25)
(a*)[al .1 27 (OE 118.5)
Ra, x] & (a°*)[a] ,1 28 (&l: 26, 27)
(Ra,x] & (a*)[al) 129 (()1: 28)
[Z(Rz,x] & (a*)[z]) 130 (O: 29)

[Z(Rz,x] & (a*)[z]) O {y :

{y :

{y :

{y :

( {y:

Ox ( {y :

[Z(Rz,yl & (a*)[z])}[x]

131 (=E 7)
[(Z(Rz,y] & (a*)[z])}[X] ,1 32 (OE 30, 31)
Ria,yl}ix] O {y : Z(Rz,yl & (a*)[z])}[x]
,1 33 (O1: 24, 32)
[(Z(Rz,yl &(a*)[(z])}ix] <= {y : Ra, yl}[x]
1 34 (=1: 10, 22)
[(Z(Rz,y] & (a%)[z])}(x] < {y : Rayl}[(x] )
135 (()I1: 34)
[(Z(Rz,yl & (a*)[z])}ix] = {y : Rayl}[(x] )
, 1 36 (0: 5,35)

{y : (Rz,y] &(a*)[z1)} ={y : Ra,vyl}
1 37 (Bl 111.7,36)



{y : (Rz,yl &(a*)[z1)} ={y : Ra,vyl}

&{y : (Rz,y] & (a")(z])} = ((RO(a*)))
! 38 (&: 2,37)

( {y : Z(Rz,y] &(a*)[z])} ={y :

Ra,yl}

&{y : (Rz,yl & (a")[z])} = ((RO(a")))
O {y : Rayl} = ((RO(a*))))

,1 39 (OE 111.19)

{y : Z(Rz,yl &(a*)[z1)} ={y : Ra,yl}
&{y : Z(Rz,yl & (a*)[z])} = ((RO(a*))l)

O {y : Rayl} = ((RO(a"))!)
{y : Ray1} = ((RO(a"))l)

OROx {y : Rx,y1} = ((RO(x*)))

0

I 49. Orepresents image restriction.

D O, (ROB) ;

; {a,b : Ra,b] & B[b]}

I 50. Fundanental Proposition of | mge

F OROBOxOy ( (R OB)[X, Y]

R, B

< RIx,y] & Bly] )

DXDy( {a1b : R[a1 b] & B[b]}[xiy] ind R[X1Y]
!

OxOy( (R OB)[X,y] = RXx,yl & Bly] )

OROBUxOy ( (R OB)[X,y] < RX,yl & Bly] )

0

I P51 and P52 establish the duality of inmage

restrictions.

I 51.

F OROB (R OB)
R B

X,y

( (ROB)[X,y] = RXx,yl & Bly] )

(R OB)[X,Y]

(((R) O0B)")

< RIX,yl & Bly]

40 (()E 39)
41 (OE 38, 40)

42 (O 1,41)

Restricti ons.

1 (Pren

& Byl )
2 (Pred)

3 (DI: P49, 2)

4 (O 1,3)

w th domain

1 (Prem
2 (Pren
3 (OE P50)

4 (()E 3)



( (R)Iy,x] = Rx,yl) 1 5 (0OE C3.2)
(R)IYy, xI = Rix,y] ' 6 (OE 5)
( ((R) OBy, x] = (R)[y,x] &Bly] )

1 7 (OB P2)
((R) 0By, x] = (R)Iy,x1 &Blyl ,! 8 (O)E 7

( (((R) OB™)Ix, ¥yl = ((R') OBy, x] )

1 9 (OE C3.2)
(((R) 0B ix,yl = ((R) OBy, x] ,! 10 (OE 9)

(ROB)IX,Y] ! 11 (Prem
(ROB)[x,yl U RX,yl & Bly] 112 (-E4)
RIX,y]l & Bly] ,! 13 (OE 11,12)
RIX, Y] .1 14 (&E: 13)
RIx,y] O (R)Y, X] 1 15 (=E 6)
(R) Y, x] 116 (OE 14, 15)
BlY] 117 (&E: 13)
(R) [y, x] & Bly] 118 (&l: 16,17)
(R)ly,x1 &Blyl O ((R) OBy, x] ,! 19 (=E 8)
((R') OB)[y.x] 120 (OE 18, 19)
((R) OBy, xI O (((R) OB))[x,Y]

1 21 (<E 10)
(((RY) OB)*)[x,y] 122 (OE 20, 21)

(ROB)[X,y] O (((R) OB ™)[x,YV] 123 (O1: 11, 22)

(((RY) OB)*)[x,y] 1 24 (Prem
(((R) 0B )ix,yl O ((R) OBy, X

| 25 (~E 10)
((R') OB)[y.x] 1 26 (OE 24, 25)
((R) OBy, x1 O (R)Iy,x] &Blyl ,! 27 (-E 8)
(R) [y, x] & Bly] 1 28 (OE 26,27)



(RO 1Y, x]
(R)1y,x] O RX,Y]

RIX, Y]
Bly]
Rix,yl & Bly]

RIx,yl & Blyl] O (R OB)[X,Y]

(R OB)[X,Y]
(((R") OB)")(x,yl O (R OB)[X,Y]

(ROB)[X,y] = (((RY) OB)*)[x,y]

( (ROB)[x, ¥yl = (((R) OB™)Ix,yl ),

OxOy( (R OB)[x,y] = (((R) OB)*)Ix,yl )

(ROB) = (((R) OB7)
OROB (R OB) £ (((R) 0B)*)
i

I 52.

F OROB ((ROB)*) £ ((R') OB)
R B
(ROB) = (((R) OB)7)

( (ROB) £ (((R") OB") O ((ROIBT)

(ROB) £ (((R') OB)") O ((ROB)

((ROB™) = ((R) OB
OROB ((ROB)*) £ ((R) OB)
0

I 53.

F OROAOB ( OxOy(Rx,y] O (AIX] < Biy]))

0 (ROA = (ROB) )

.1 29 (&E: 28)
.1 30 (=E 6)
! 31 (OE 29, 30)
.1 32 (&E: 28)
,! 33 (&: 31,32
! 34 (=E 4)
,! 35 (OE 33,34)
;1 36 (O1: 24,35)
1 37 (=1: 23,36)
1 38 (()I: 37)
139 (0O1: 2,38)
.1 40 (%l: Cl1.5)
| 41 (OI: 1,40)
,1 1 (Prem
.1 2 (OE: P51)
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,! 3 (OE C3.26)
ﬁi%%?s>
.1 5 (0OE 2,4)
I 6 (Ol: 1,5)
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Ox Oy (R X,

X,y
(RIX, Y]

RIX, Y]

yl O (Ax] = Blyl))

O (AIX] = Blyl))

O (Alx] < Blyl)

( (ROAIX, Y] = RX,yl & Alx] )

(R OA
( (RO

(R OB)

[X’Y] At R[X,Y] &A[X]
B)[Xx,y] = RIX,yl & Bly] )

[X,Y] < R[X1y] &B[Y]

(ROAX, Y]

(ROA)IX Yl O RX,yl & AX]

RIx,yl & AX]
RIX, Yl

Al X]

(ALX] = Byl)
AIX] = Bly]
Alx] O Byl
Bly]

RIx,yl & Bly]

Rix,yl & Blyl] O (R OB)[x,Y]

(ROB)Ix,Y]

(R OA)

[x,y] O (ROB)[X,Y]

(R OB)[X,Y]

(RO

B)[x,y] O RIX,y] & B[y]

Rix,yl & Bly]

RIX, Y]

Bly]

1

2

3

4

5

6

7

8

9

10

11

12

13
14

15

16

17

18
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22

23

24

25

26
27

(Prem
(Prem
(Prem

(0E: 2)
(OE 4)
(OE: P2)
(OE 6)
(OE: P50)
(OE 8)
(Prem
(~E P7)
(OE 10,11)
(8&E: 12)
(8&E: 12)
(OE 5,13)
(OE 15)
(-E 16)
(OE 14,17)
(&: 13,18)
(«E 9)
(OE 19, 20)
(O1: 10, 21)
(Prem
(-E 9)
(OE 23,24)
(&E: 25)
(&E: 25)



(A[x] = Bly]) ,1 28 (OE 5, 26)

AlX] = Bly] .1 29 (()E 28)
Blyl] O AX] ,1 30 (=E 29)
Al X] ! 31 (OE 27, 30)
RIx,yl & AX] ,1 32 (&l: 26, 31)
RIx,yl] & AiIx] O (R OA)[X,Y] 133 (=E 7)

(R OA[X,V] ! 34 (OE 32,33)
(ROB)[x,y] O (ROAI[X, Y] 1 35 (O1: 23,34)
(ROAI[X,y] =« (ROB)[X,YVY] ,1 36 (=1: 22,35)
( (ROAIX,y] =« (RUOB)IX,y] ) 37 ((O)1: 36)

Oxdy ( (ROA[X,y] « (ROBI[x,y] ) ,! 38 (0O1: 3,37)

(ROA) = (R OB)

39 (% : CL.5,38) i

OxOy(Rx,y]l O (Alx] - Byl])) O (ROA) = (ROB)
140 (O1: 2,39)

( DxOy(Rx,yl O (AIX] < Blyl])) O (ROA) = (ROB) )
141 ()1 40)

OROAOB ( OxOy(Rix,y] O (AlX] = Bly])) O (ROA) £ (ROB) )
| 42 (O1: 1, 41)



