I CHAPTER 2
DYADI C UNI ONS;

I This chapter introduces the notion of dyadic union (of those
t hi ngs satisfying one of two predicates).

I As in the first chapter, not all variations or pernutations of
a simlar thenme are asserted, the propositions which appear being
restricted to those which will actually be used | ater. i

I Anal ogous to C2.12, .13, and C2.13,the crucial propositions
here are P7, P8, and P9. However, an alternative devel opnent has
been enpl oyed: P8 is proven using P5, whereas the proof of Q.15
(which corresponds to P5) appeals to C2.12, .13, and C. 14. |

I 1. Y represents union (of two-place predicates). i
Dw,;, (ReYS ;; {ab: Rabl OYa,b]} i
I 2. Fundanmental Proposition of Dyadic Unions. i
F OROSOxOy ( (R~ S)[x,y] = Rx,yl OS[x,y] ) i

R, S , 11 (Prem i

|:I)(Dy ( {a,b: R[a,b] Ds[a,b]}[xi)’] < R[X,Y] DS[X,Y] )
, 1 2 (Pred) i

DXDy( (RLJ S)[X!y] = RIx,y] U 3[x,Y] )
1 3 (DI: PL,2) i

DRDSDXDy( (RLJ S)[X!y] A R[X,Y] DS[X,Y] )
| 4 (O1: 1,3) i

0

I 3. Fundanental Proposition of Dyadic Unions, First
Hal f . i

F OROSOxOy ( (RY S)[x,y] O Rx,yl O9x,y] ) i

R S, X,y , 11 (Pren i
( (R 9[x,y] = Rx,yI OS[x,y] ) 2 (OB P2) i
(RY S)[x,yl = Rx,yl OS[x,y] 3 (0OE 2) i
(R~ S)[x,yl O Rx,yl OS[x,V] 4 (=-E 3) i
( (R2 9[x,yl O Rx,yl O8[x,y] ) A5 (01 4) i

OROSOxOy ( (RY S)[x,y] O Rx,yl O9Xx,y] )
1 6 (O1: 1,5) i



haﬁi‘ Fundamental Proposition of Dyadic Unions, Second
F OROSOxOy ( Rx,yl OSx,y] O (R S)[x,y] )
R S, X,y , 11 (Pren
( (RY 9[x,y] = Rx,yl OSxy]) ! 2 (DB P2)
(R 9§)[x,y] < Rx,yl OS[x,y] 3 (OB 2)
Rix,yl O Six,yl O (RY S)[x,y] !4 (B 3)
( Rx,yl OSx,yl O (RY 9[x,y] ) S (0O 4
OROSOxOy ( Rx,yl O98x,yl] O (RY S[x,y] )
I 6 (O1: 1,5)
O
I 5. Commutative Law of Dyadic Union Around I nclusion.
FOROS (R S) € (Su R
R, S , 11 (Pren
X,y 12 (Prem
(RY 9)[x,y] ,1 3 (Prem
( (RY 9§[x,yl O Rx,y] OSxy]),! 4 (0E P3)
(RY §)[x,y] O Rx,yl OS8x,vy] S (OB 4
RIx,yl O S[X,Y] 1 6 (OE 3,5)
R X, Y] U0 7 (Prem
S[x,y]l O RX,Y] 08 (O: 7)
Rix,yl O S[x,y] ORX,YVY] 09 (0O1: 7,8)
S[X, Y] ,1 10 (Prem
S[Xx,yl O RX,YVY] ;111 (O: 10)
SIx,yl O S[x,yl] ORX,VY] .1 12 (O1: 10, 11)
S[x,yl] O RX,VY] ,1 13 ([E 6,9, 12)
( SIx,yl] ORXx,y] O (SY RI[x,y] ),! 14 (OE P4)
SIx,yl ODRx,yl O (S~ RI[x,Y] 115 (OE 14)

(S Y RI[X,Y]

16 (OE 13, 15)



(RY 9[x,yl O (S“Y RI[X,YV] 017 (O1: 3,16) i

( (R 9[x,yl O (S RIxy]) 118 ()1 17) i
OxOy ( (RY S)[x,y] O (SY R[x,y] ) ,! 19 (Oi: 1,18)
(RY'S) € (SuR 1 20 (®: CL.1,19)

OROS (RY S) € (SU R 1 21 (O1: 1,20)

0

I 6. Commutative Law of Dyadic Union Around Equival ence.
i

FOROS (Rw S) E (SU R i

R, S 11 (Prenm i
(RY S) £ (Su R .1 2 (OE P5) i
(SYU R £ (Ru S ,!1 3 (OE P5) i

(R2'S) E(SUR &(SZR E(RuS,! 4(&: 273) i

((R2'S) £E(S“R &(SZ R E(Ru S
O (RS 2 (SUR)

,1 5 (OE Cl.6) i
(R2S) € (SUR &(SZ2R £ (RUY)
0 (RYS) E(SU R
16 (OE 5) i
(RuS) E(SUR 1 7 (OE 4,6) i
OROS (RY S) E (SY R 18 (O1: 1,7) i
0
! 7. Inclusion in Dyadic Unions, Left. i
FOROSRE (Rw S i
R S 11 (Prem i
X,y 1 2 (Prem i
RIX, Y] 1 3 (Prem i
RIx,yl O S[X,y] 14 (O: 3) i

( Rx,yl OS[x,yl O (RY S)[x,y] ).! 5 (LE P4 i



Rix,yl OSx,yl O (RY §[x,V] ' 6 (()E 5)

(RY S)[x,Vy] 17 (OE 4,6)

Rix,yl O (RY S)[x,y] 18 (0O1: 3,7)

( Rx,yl1 O (RY S)Ix,y] ) 9 (01 8)
OxOy ( Rx,yl O (RY S)[x,y] ) ;010 (O 2,9)
RE (RU S 1 11 (®: CL.1,10)

OROSRE (RY ) 1 12 (O: 1,11)

0

I' 8. Inclusion in Dyadic Unions, Right.

FOROSRE (S¥ R

R, S , 11 (Pren
RS (RU ) 1 2 (DE PY)
(RYS) € (SuR ! 3 (OE: P5)
RE(RY S &(RY S) £ (SUR P4 (&l: 2,3)
(RE(RZS) &(RYS) E(S“R ORE(SHZR )
.1 5 (OE Cl.4)
RE(RZS) &(RYS) £(S“R ORE (SuR
16 (OE 3)
RE (SUR 1 7 (OE 4,6)
OROS RE (S« R 1 8 (O1: 1,7)
0
' 9. Inclusion of Dyadic Unions.
FOROISOT ( RET&SETO (RYS ET7T)

RS T 11 (Prem
RET&SET 12 (Pren
RET b3 (&F)
SET L4 (8B

X,y , 15 (Prem

(R 5)[x,yl] ,! 6 (Prem



( (RY

S)[x,yl O Rx,yl OS8[x,yl )

(RY S)[x,yl O Rx,yl O S[x,y]

RIX, y]
OxOy (
(RIX, Y]
RIX, Y]
OxOy (
(RIX, Y]
RX, Y]
TIX, Y]

(RY 9

U S[x,yl

Rix,yl O TIx,yl)
O TIx,y1)

O TIx,y]

Six,yl O TIx,y1)
O Six, y1)

O S[x,y]

X, yl O TIx,y]

( (RY 9[x,yl O TIx,yl )

OxOy ( (R
(Ru 9§ &
RET&SE

(RET&S

Y S)[x,yl O TIx,yl )
T
TO(RuYS ET7

STO(RUS £T)

OROSOT ( RET&SETO (RU S)

0

I 10. Ildenpotency of

Equi val ence) .
FOR(RY R E

R

(]

RE (Ru R

Py
(]

R

RE R&RE

R&RE

Py,
(]

R
S RO (RLR ER)

RO (RuY R ER

=

T)

7 (CE: P3)

8 (()B

9 (OE

10 (BE: Cl.1,3)
11 (DE: 10)

12 (()E 11)

13 (SE: Cl1.1,4)
14 (DOE: 13)

15 (()E: 14)

16 (CE: 9, 12, 15)
17 (O1: 6, 16)
18 (()1: 17)

19 (OI: 5,18)
20 (& : CI.1,19)
21 (O1: 2,20)
22 (()1: 21)

23 (OI: 1,22)

1
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Dyadic Union (Relative to

(Prem
(0E: P7)
(OE: CL.3)
(&: 3,3)

(OE: P9)

(OE 5)



(RZ R E R 1 7 (OE 4,6) i

(RUR ER&RE (RU R 18 (& 2,7) i
((RYR ER&RE (R R O (RY R ER)
,1 9 (OE: Cl.6) i
(RYUR ER&RE(RUR O (RuUR ER
110 (OE 9) i
(RZ R ER 1 11 (OE 8,10)
IR(RY R ER 112 (O 1,11)

0

I 11. P11 states that dyadic unions nmaintain inclusion, for both
both positions. It corresponds to II2.32. i

FOROSOTOU ( RES&TEUD (RYT) E(S2U ) i

RS T, U 11 (Prem i
RES&TEU 1 2 (Prem i
RE S 13 (& 2) i
SE (Su Uy ! 4 (OE P7) i
RES&SE (Su U 15 (&l 3,4) i
(RES&SE(S“U ORE(Sw V)

,1 6 (OE CL.4) i
RES&SE(S“UY ORE(S“ U ,!'7(0)E 6) i
RE (Suw U ! 8 (OE 5,7) i
TEU 19 (& 2) i
UE (Su U ! 10 (OE P8) i
TEU&UE (Su U 111 (&9, 10) i

(TEU&UE (S“ U OTE(S=U)
1 12 (OE: Cl.4) i

TEU&UE (SHUY OTE(SY U ,! 183(OE 12 i
TE (Sw U ! 14 (OE 11,13)
RE(SYU &TE (Su U ,! 15 (& : 8, 14) i

(RE(Su U &TE(S2 U O(RUT E(SuU)



, 1 16 (OE P9) i

RE(SUZ U &TE(S2 U O (RZT) E(Su U

117 (OE 16) i

(RUT) E(Su U 1 18 (OE 15,17) |

RES&TEUD (RUT E(SwU 1 19 (O1: 2,18) |
(RES&TEUD (RUT E(SuU)

120 ((O)1: 19) i

OROSOTOU ( RE S&TEUD (RUYT E(Sw U )
21 (0O 1, 20) i

0

I P12, P13, and P14 state that dyadi c unions maintain

equi val ence, for both positions (P12), for the left position only
(P13), and for the right position (P14). They correspond to
112.35,112.36, and 112.37, respectively. i

I 12. P12 is proven as a corollary to P11. i

FOROSOTOU ( RES&TEUDO (RUT E(SHU ) i

RS T, U 01 (Prem i
RES&TE U , 12 (Pren) i
RE S 1 3 (& 2) i
( RESO RES&SER) ! 4 (OE Cl.11) i
RESORSS&SER L5 (OB 4) i
RSES&SER ,! 6 (OE 3,5) i
RE S 1 7 (& 6) i
S £ ,! 8 (& 6) i
TE U 19 (& 2) i
( TEUO TEU&UET) ,! 10 (OE C1.11)
TEUOTEU&UET 111 (()E 10) i

TEU&RUET 112 (OE 9,11)
TE U 1 13 (& 12) i
UET 114 (& 12) i
RES&TEU 115 (&l 7,13) i



(RES&TEUD (RUT E(Su U )
|

! 16 (OE P11)
RES&TEUD (RLEYT E(SY U ,! 17 (OE 16)
(R T) & (Su U ,! 18 (OE 15,17)
SER&UET , 119 (&l: 8,14)
(SER&UETO (SH U E(RUT)
,! 20 (COE P11)
SER&UETDO (S U &E(RYT ,!' 21 (()E 20
(S U &£ (RYT) ! 22 (OE 19, 21)
(RYT) &E(SH U &(S“YU &E(RuT
.1 23 (&l: 18, 22)
((RuUT) E(SHUY &(SH U &£ (RuT
O (RYT) E(SHU )
,! 24 (OE CL.6)
(R T) £E(SHU &(S“H U & (RUT
0 (RUT) E(SuU
125 (OE 24)
(R T) E (S U ,! 26 (OE 283, 25)
RES&TEUD (RUYT E(Su U 127 (O1: 2,26)
(RES&TEUO (RYT E(SY U )
1028 ((O)I1: 27)
OROSOTOU ( RES&TEUDO (RUYT E(SU U )
29 (0O1: 1,28)
O
I P13 and P14 are corollaries to P12.
I 13.
FOROSOT ( RESO (RYT) E(SUT)
RS T , 11 (Prem
RE S , 12 (Pren
TET ! 3 (OE CL.7)
RES&TET 1 4 (&: 2,3)
( RES&TETO(RYT E(SUT)



)1 5 (OB P12)

RES&TETO (RUT E(SUT ! 6 ()E 5)
(RUT) E(SuUT 1 7 (OE 4,6)
RESO (RUT) = (SuT) 18 (O1: 2,7)
(RESO(RUT) E(SUT) 19 ()1 8)
OROSOT ( RE SO (RUT) E(SuUT)) | 10 (OI: 1,9)
O
1 14,

FOROSOT ( RESO (TH R E(TYS) )

RS T 1 1 (Prem
RE S 1 2 (Prem
TET ! 3 (0B CL.7)
TET&RE S D4 (&l 2,3
( TET&RESO (TR E(TWYS )

.1 5 (DE P12)
TET&RESDO (TYUR E(TYS ! 6 (()E 5)
(TUY R E(TWY , ' 7 (OE 4,6)
RESO(TYR E(TWY) 08 (0O1: 2,7)
(RESO(TYR E(TYY ) 9 (01 8)
OROSOT ( RESO (TR R E(TYS) ) I 10 (OI: 1,9)
0

I P15, P16, and P17 state nore assertions on the thene that
dyadi ¢ uni ons mai ntai n equi val ence.

I 15.

F OROSOTOULV (T

RS T,UV 1 1 (Prem
TE(RZS) &REU&SEYV 12 (Prem
TE (RYYS) 13 (& 2)
REU&SEV 14 (& 2)

(R2'S) &REU&SEVOTE(ULV) ) |



(UV) )
|

1 5 (0OE P12)
1 6 (()E 5)
1 7 (OE 4,6)

18 (&: 3,7)

(U2v) OTE(UYV) )

1 9 (OE Cl.15)

S(Uu V) OTE (Uu V)
|

(REU&SEVDO (RUS) =
REU&S=EVDO (RS E (UL
(RS =E (UL Y
TE(RZS) &(RY S) = (Uu V)
( TE(R2S) &(Ru S) =
TE(RZ S) & (RY S
T=E(Uu V)
TE(RYS) &R=EU&SEVOTE(

(T=

(RuS) & REU&S=EVOT

OROSOTOULV (1 T

0
I 16.

FOROSOTOU ( TE(RZ S) & REUDO T

RS T, U
TE(R2S) &R
SES
TE(RZ S &R
(TE(RZ S &
T=E(Ru2 S) &R
TE(Uu S)

T=E(RY S) &RE

( TE(R2S) &R

OROSOTOU (1 T

Py

U

Ué&

U &

o T

uug

Ué&

wn

S

wn

S

= (

T E

1]
)]
|

uu )

(U

(R2'S) &R=EUD T

110 (OE 9)

, 111 (OE 8,10)

Uwu V)

112 (O1: 2,11)
(Uuv) )

113 ()1 12)

(RZS) &REU&SEVIOTE (UL V) )

| 14 (O 1,13)

=(Uvy9 )

S)

1 1 (Prem
1 2 (Prem
! 3 (OE C1.7)
14 (& 2,3)

=(Uuy) )
1 5 (OE P15)

(Uw's)
16 (OB 3)

1 7 (OE 4,6)
18 (O1: 2,7)
) P9 (01 8)

(U 'y )
1 10 (OI: 1,9)



0
117, i

FOROSOTOU ( TE(SY R &REUO TE (S U ) i

RS T, U 11 (Prem i
TE(SY R &REU ! 2 (Prem i
SES .1 3 (OE CL.7) i
TE(SYR &SES&RE 4 (& 2,3) i
(TE(SYR &SES&REUDTE(SHU U )

! 5 (JE P15) i
TE(SYR &SES&REUDTE(Su U

! 6 (O)E 5) i
TE (Su U 17 (OE 4,6) i
TE(SYUR &REUDO TE (Su U 08 (Ul 2,7) i
(TE(SYR &REUDTE(SZUY ), 9(0)!: 8) i

OROSOTOU ( TE(SY R &REUO TE (Su U )
I 10 (OI: 1,9) i

O
I 18. P18 is a lenma, which will be used in a future chapter. j

FOROS ((RY S) 2 S) E(RUYS i

R S 11 (Prem i
(RS € ((RUS) uy 1 2 (OB P7) i
(RuUS) € (RUS) .1 3 (LE Cl.3) i
SE(Ru Y 4 (UE P8) i
(R2S) £ (RYS) &SE (RUYS) 1 5 (&: 3,4) i

( (R2S) €E(RUS) &SE (RY Y
O ((R@S) 2y &£ (RYS))
1 6 (0OE PY) i

(R2S) €E(RZS) &SE(RYS O ((R2S) S € (RuYS)
7 (OB 6) i

((R2S) 2SS € (RuS) 1 8 (OE 5,7) i



((R2'S) 2SS € (RUS) &(RYS) £ ((ReS) us)
19 (&: 2,8)

(((ReS) 2S5 £E(RUS) &(RUS) £ ((RuS Y
O (R4S 2§ E(RUY )
,1 10 (OE Cl.6)

((R2'S) 2 S) € (RuS) &(R2S) £ ((RuS) us)

O ((RYS) uS) = (RUYS)
111 (OE 10)
((RuS) us = (RUYS) 1 12 (OE 9, 11)
OROS ((RY S) U S) = (RU Y 1 13 (O 1,12)

0



