I CHAPTER 8
SI NGLETON PREDI CATES;

I In this chapter singleton predicates, which are predicates

satisfied by one and only one thing, are introduced. (a*) is
satisfied by one and only one thing, a. i

I * is used to represent singleton predicates. i
1. i
D * ; (a%);; {a: a=a} i
I O propositions P2 through P5, P3 and P5 are the nost

inportant. P3 says that the only thing satisfying a singleton
predicate is that thing used to define the predicate. P5 asserts
that the thing used to define the predicate, satisfies it. i

2. i

F OaDx ( (a®)[x] < x = a) i

a , 11 (Prem i
Ox ( {a: a=a}[x] <« x =a) ,1 2 (Pred) [
Ox ( (a®)[X] < X = a ) 1 3 (DI: PL,2) i
Dalx ( (a°)[x] = x = a ) I 4 (0OI: 1,3) i
0
I 3. i

F DaOx ( (a®)[x] O x = a) i

a, X , 11 (Prem i
( (a®)[x] = x = a) 12 (DB P2) i
(a®)[x] < x = a 3 (0OE 2 i
(a®)[x] O x = a 1 4 (<E 3) i
( (a®)[x] O x =a) 5 (01 4) i
Dalx ( (a®)[x] O x = a ) I 6 (Ol: 1,5) i
0
I 4. i

F OaOx ( x = a O (a°)[x] ) i
a, X 11 (Prem i

( (a*)[x] = x =a) 12 (OB P2) i



(a*)[x] = x = a 3 (OE 2) i

x = ald (a*)[x] ' 4 (=E 3) i
(x=al (a)[x] ) 15 (01 4) i
Oalx ( x = a 0O (a*)[x] ) 6 (0O: 1,5) i
0
I 5. i

F Oa (a°*)[a] i

a 01 (Prem i

a = a 12 (=1) i

(a=al0 (a*)[a] ) 1 3 (OE P4) i

a=al (a")[a] 4 (OB 3) i

(a*)[a] 15 (OE 2,4) i
Oa (a*)[a] | 6 (OI: 1,5) i
0

I 6. This is the second half of Leibniz' s Law of Indiscernibles,
the first half already having been proven in I13. Wile
phil osophically inportant, it is never used. i

F OxOy ( OP(P[x] < Ply]) O x =vy) i

X,y 1 1 (Prem i
OP(PIx] = PLyl) 12 (Prem i
((y*)Ix1 = (y*)Iy1) 13 (DB 2) i
(y)Ix1 = (y*)iyl 4 (OE 3) i
(y*)lyr O (y*)Ix] 15 (=E 4) i
(y*) Iyl ! 6 (LE PS5) i
(y*)Ixl 7 (OB 4,5) i
( (y)Ix1 O x =y) ! 8 (DB P3) i
(y)ix1 0 x =y 9 (OE 8) i

X =y , 1 10 (OE 7,9) i



OP(P[X] = Ply]) O x =y 011 (O1: 2,10) i

( OP(PIx] < Ply]) O x =y) 12 (01 11) i
OxOy ( OP(P[x] = Ply]) O x =vy) 13 (O 1,12) i
0

I 7. P7 is the contrapositive of P3. i

FOaOx ( = x =a 0 = (a*)[x] ) i

a, X 11 (Prem i
2 x =a 12 (Prem i
(a*)[x] .1 3 (Prem i

( (a*)[x] O x =a) | 4 (OE PR) i
(a®)(x] O x =a 5 (OB 4) i

X = a ! 6 (OE 3,5) i

F 7 (F1: 2,6) i
(a®)[x] O F 18 (O1: 3,7) i
- (a%)[x] 19 (-l 8) i
~x =al - (a*)[x] 110 (OI1: 2,9) i
(~x=al = (a")[x] ) 111 (O)1: 10) i
Dadx ( -~ x =a 0 = (a*)[x] ) 112 (O 1,11)

0

I 8 P8 is the same as P7, except it switches the order of the
terms in the fornmula before the inplication. i

FOaOx ( -~ a=x 0 = (a*)[x] ) i

a, X 11 (Prem i
W a = x 1 2 (Prem i
(n~a=x0 -2x=a) ,1 3 (OE 13.3) i
—a=x0 --x=a 14 (()E 3) i
- X = a 1 5 (OE 2,4) i
(~x=ab - (a")[x] ) 1 6 (OE P7) i

- x =ald = (a%)[x] L7 (O)E 6) i



- (a*)[x] , ! 8 (OE 5,7) i

- a=x0 = (a*)[x] 19 (0d1: 2,8) i
(~a=x0 = (a")[x] ) 110 ()1 9) i
Oalx ( - a =x O = (a*)[x] ) 11 (Oi: 1,10) i

0

I 9. P9 is the contrapositive of P4. i

F OaOx ( - (a®)[x] O =~ x =a) i

a, X 1 1 (Prem i

- (a*)[x] ! 2 (Pren i

X = a 1 3 (Prem i

- (a%)[al 14 (=B i

(a*)[al ! 5 (OE P5) i

F 1 6 (Fl: 2,5) i

x =ald F 17 (O1: 3,6) i

- X = a 18 (Al 7) i

~(a*)[x] O = x = a 19 (O1: 2,8) i

(~(a’)ix1 0O -~x=a) 10 (Ol 9) i

Daldx ( -~ (a®)[x] O -~ x = a) I 11 (O 1,10)
O

I 10. P10 is the sane as P8, except it switches the order of the
terns in the formula after the inplication. .

F OaOx ( - (a®)[x] O = a = x) i

a, X 11 (Prem i
- (a*)[x] ! 2 (Pren i
(~(a*)[x] O -~x=a) 1 3 (OE P9) i
- (a*)[x] O = x =a 4 (O)E 3) i
- x = a | 5 (OE 2,4) i

(-~x=al ~a-=x) 1 6 (OE: 13.3) i



- X =Zall = a =X
- a = X
- (a®)[x] O -~ a=x

X )

( - (a")[x} 0 - a
Oalx ( - (a*)[(x] O -~ a =x)

0
Io11.

FOa-(a%) =0
a
(a*)[al

X (a*)[x]

( x (a®)[x] O =~ (a*) =¢)

x (a*)[x] O -~ (a%) =

1]l
S

- (a') =0
Da - (a%) =9
[
112,
F OPOa ( (a*) O PO Pla] )
P, a
(a®) OP
(a*)[a]
(a®)[a] & (a*) OP
( (a*)[a] & (a*) O PO Pay )
(a®)[a] & (a*) O P O Pla]
Pl a]
(a*) O P O Pla]

( (a*) O PO Pa] )

7 (()E 6)

8 (UE 5,7)
9 (OI: 2,8)
10 (()1: 9)

11 (O 1,10)

(Prem

(OE: P5)
(d: 2)
(OE: C5.7)
(OE 4)
(OE 3,5)

(Ol 1,6)

(Prem
(Prem
(OE: P5)
(&: 2,3)
(0E: Cl.2)
(OE 5)
(OE 4,6)
(O1: 2,7)

(O1: 8)



(OPOa ( (a*) O P O Pral )
O
I 13. P13 is often used.
F OPOa ( Pla] O (a*) O P)
P, a
Pl a]

X
(a*)[x]
( (a®)[x1 0 x =a)
(a*)[x] O x = a
X = a
PIX]
(a®)[x] O PIx]
( (a*)[x1 O Prx] )
Ox ( (a*)(x1 O Px1 )
(a*) O P
Pla] O (a*) O P
( Prap O (a%) OP)
OPOa ( Pla] O (a*) OP)
O
! 14. P14 is a corollary of P13.
F OPOQDa ( Qa] & QO PO (&%) OP)
P,Qa
Qal & QO P
Q a]
QU P
( Qa; O (a%) 0 Q)
Qa 0O (a*) 0O Q

10 (O1: 1,9)

[EEN

(Prem
(Prem
(Prem
(Prem

(OE: P3)

w N

I

(62}

6 (()E 5)

\l

(OE 4,6)

(o¢]

(=E: 2,7)
9 (OI: 4,8)
10 (()1: 9)
11 (O 3, 10)
12 (®: Cl.1,11) |
13 (O1: 2,12)
14 (()1: 13)

15 (0O: 1, 14)

1 (Prem

2 (Prem

3 (& 2)
4 (&E: 2)
5 (OE: P13)

6 (()E 5)



(a*) OQ
(a®) 0 Q&QOP
((a®) 0Q&QUPIO (a*) OP)
(a®) 0Q&QOIPDO (a*) OP
(a*) O P
Qal & QU PO (a*) OP
( Qa] & QO PO (a*) OP)
OPOQ0a ( Qal & QO P O (a*) OP)
0
I 15.
F OPOaOx ( P[x] & PO (a®) O x = a)
P, a, x
PIx] & P O (a%)
( PIx] &P O (a%) O (a%)[x] )
PIx] & PO (a*) O (a°)[x]
(a*)[x]
( (a®)[x1 0 x =a)
(a*)[x] O x = a
X =a
PIx] & PO (a") O x = a
( PIx] &P O(a*) O x =a)
OPOalx ( P[x] & PO (a*) O x = a )

O

I 16.

F OPOa ( Ox(P[x] O x =a) « P O (a%) )
P, a

Ox(P[x] O x = a)

7 (OE 3,6)
8 (&: 4,7)
9 (OE: C1.5)
10 (OE 9)
11 (OE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (0O1: 1,13)

1 (Prem

2 (Prem

3 (OE Cl.2)
4 (OE 3)
5 (OE 2, 4)
6 (OE: P3)
7 (()E 6)
8 (OE 5,7)
9 (O1: 2,8)
10 (()1: 9)

11 (O1: 1, 10)

1 (Prem

2 (Prem



PIXx]
(P[x] O x = a)
PIx] O x = a
X = a
(a*)[al
(a*)[x]
PIx] O (a°)[x]
(Pix) O (a*)[x])
Ox(Prx) O (a*)[x1)
PO (a*)
Ox(P[x] O x =a) O P O(a*)

PO (a*)
X

PIX]
Pix] & P O (a°%)
( PIx] &P O (a*) O x =a)
PIx] & PO (a*) 0O x = a
X = a
Pix] O x = a
(P[Ix] O x = a)
Ox(P[x] O x = a)
PO (a*) O Ox(P[x] O x = a)
Ox(P[x] O x =a) < PO (a*)

( Dx(P[x] O x =a) « P O(a%) )

OPOa ( Ox(P[x] O x = a) < P O (a") )

0

3
4

5

6

7

8

9

10

11

12

13

14

15

16
17

18

19

20

21

22

23

24

25

26

27

28

(Prem

(Prem

(0E: 2)

(OE 5)

(OE 4,6)

(OE: P5)

(=E: 7,8)
(O1: 4,9)
(O)1: 10)
(Ol: 3,11)
(% : CL.1,12) |
(O1: 2,13)
(Prem
(Prem
(Prem
(&: 15,17)
(OE: P15)
(OE 19)
(OE 18, 20)
(O1: 17, 21)
(O1: 22)
(Ol: 16, 23)
(O1: 15, 24)
(=1: 14,25)
((O)1: 26)
(O: 1,27)



I 17.

FOPOa ( P=(a") O Pla] )

P, a 11 (Prem
P=(a") 12 (Prem
(a*)ral ! 3 (OE P5)
(a*)[a] & P = (a*) 4 (&l 2,3)
( (a®)[a] & P =(a") O Pla] ) ! 5 (OE Cl.36)
(a*)ra] & P =(a") O Pla 1 6 (OE 5)
P[ a] 1 7 (OE 4,86)

P=(a') O Pla 18 (O1: 2,7)

( P=(a") O Pra] ) 9 (01 8)

OP0a ( P =(a*) O Pra] ) 1 10 (O1: 1,9)
0
I 18,

F OPOalOx ( P[x] & P=(a®) O x =a)

P, a, X 1 1 (Pren

Plx] & P = (a°) 1 2 (Pren

( PIx] & P =(a") O (a°)[x] ) ! 3 (E: Cl.35)

Pix] & P =(a%) 0O (a%)[x] 4 (OE 3)

(a*)[x] I 5 (OE 2,4)

((a")[x] O x =a) ! 6 (OE: P3)

(a®)[x] O x = a 17 (OE 6)

X = a ! 8 (OE 5,7)
Pix] &P =(a") O x =a 19 (O1: 2,8)
(PIx] &P =(a*) O x =a) 110 (()1: 9)

OPOaOx ( P[x] & P=(a") O x = a) | 11 (OI: 1, 10)

0



I 19.

FOPOa ( P=(a®) O Ox (P[x] = x = a) )

P, a 11 (Prem
P=(a") 12 (Prem
X 1 3 (Prem
P X] 1 4 (Prem
P[x] & P = (a*) 5 (& 2, 4)
( PIx] &P =(a") O x =a) ! 6 (OE: P18)
Pix] &P =(a*) O x = a 7 (O)E 6)
X = a ! 8 (OE 5,7)
Pix] O x = a 19 (O1: 4,8)
X = a 1 10 (Prem
( P=(a*) O Pla] ) ! 11 (OE P17)
P=(a) O Paj 112 (()E 11)
Pl a 1 13 (OE 2,12)
P[ X] 1 14 (=E 10, 13)
x =a 0 P[x] 115 (O1: 10, 14)
P[X] = X = a 116 (<1: 9,15)
(P[X] = x = a) 117 ()1 16)
Ox (P[x] < X = a) 118 (O1: 3,17)
P=(a) O Ox (P[x] = x = a) 119 (O1: 2,18)
( P=(a’) O Ox (P[x] = x = a) ) 120 (()1: 19)
OPda ( P =(a*) O Ox (P[x] = x = a) ) 1 21 (O0: 1,20)
O
I 20,

FOPOa ( P=(a") O Pla] & Ox (P[x] O x =a) )
P, a 11 (Prem

P=(a) 42 (Prem



,\
-

= (a’) O Pla] )

P=(a*) O Pla]

( P=(a*) O Ox (P[Xx] « x =a) )

P=(a*) O Ox (P[x] =« x = a)

Ox (P[X] < x = a)
X
(P[Xx] < x = a)
P[X] « X = a
Pix] O x = a
(P[x] O x = a)

Ox (P[x] O x = a)

Pla] & Ox (P[x] O x = a)

P=(a*) O Pra] & Ox (P[x] O x = a)

( P=(a®*) O Plal & Ox (P[x] O x =a) )
I

OPCa ( P

0
I 21.
F OPOa ( Pla] & P O (a°) O
P, a
Pla] & P O (a°*)
Pl a]
PO (a%)
( Plag O (a*) OP)
Plag O (a*) O P

(a®) O P

P=(a%) )

(a*) O Pla] & Ox (P[x] O x = a)

3 (OE: P17)
4 (OE 3)

5 (OE: 2,4)
6 (OE: P19)
7 (()E 6)

8 (OE: 2,7)
9 (Prem

10 (OE 8)
11 (()E 10)
12 (<E 11)
13 (()1: 12)
14 (Ol: 9,13)
15 (&l: 5, 14)

16 (O1: 2,15)

17 (()1: 16)

18 (OI: 1,17)

[EEN

(Prem

(Prem
(& 2)

N

w

4 (& 2)

5 (OE P13)

(o]

(OE 5)

\]

(OE 3,86)



PO(a") &(a*) OP

(PO(a%) &(a*) OPO

PO (a®) & (a°) OP O

P=(a")

Plal] & P O (a*) O P = (a*)

( Plal] & PO (a*) O P =(a*) )

=(a") ) !

OPOa ( Pla] & PO (a*) O P =(a®) ) !

0

I 22.

8 (&: 4,7)

9 (OE: Cl.8)

110 (OE 9)

11 (OE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (0O1: 1,13)

F OPOa ( Pla] & Ox(P[x] O x =a) O P =(a") )

P, a

Pla] & Ox(P[x] O x = a)

Pl a]

Ox(P[x] O x = a)

( Dx(P[x1 O x

Ox(P[x] O x =a) <« P 0O (a*)
Ox(P[x] O x =a) O PO (a*)
PO (a*)

Pla] & P O (a*)

( Plaj & PO (a®) O P

Pla] & P O (a*) O P = (a*)

P=(a")

=a) - PO(a") ) !

(a*) ) !

Pla] & Ox(P[x] O x =a) O P

( Pla] & Ox(P[x] O x = a)

OPOa ( Pla] & Ox(P[x] O x = a) O

U

(a*) !
=(a%) )

P =(a") )

1 (Prenm

2 (Prem

w

(&E: 2)

IN

(& 2)

(62}

(OE: P16)

6 (OE 5)

\l

(=E 6)

8 (UE 4,7)
9 (&: 3,8)
10 (DE: P21)
11 (()E 10)
12 (DE 9,11)

13 (O1: 2,12)

14 (()1: 13)

15 (O1: 1,14)



I 23. The First

F OPOa ( P O (a®)

P, a
P O

(P

]

]

P

1]
S

(X P[X]

P X]

Squeeze Theorem

O P=oe0OP=(a%) )

®)

¢ U X Prx])

O X P[x]

PIx] & P O (a°*)

( PIx] & P O (a*) O

X

1

QD
~

Pix] &P 0O (a*) O x = a

X

Pl a]

a

Pla] & P O (a°*)

( Plal] & PO (a*) O P =(a*) )

Pla] & PO (a®) O P

P

P

- P

(a*)

1]
—~
QD

.
~

O P=(a")

o0 P=oeOP=(a*)

0P

PO(a") O

P

(a*)

e OP = (a*)

[EEN

(Prem

2 (Prem

3 (OE: Cl.48)
4 (OE 3)

5 (Prem

6 (0: 5)

7 (O1: 5,6)

8 (Prem

9 (OE: C5.16)
10 (OE 9)

11 (OE 8,10)
12 ([E 11)

13 (&: 2,11)
14 (OE: P15)
15 (()E 14)
16 (OE 13, 15)
17 (=E: 12, 16)
18 (&: 2,17)
19 (OE: P21)
20 (()E: 19)
21 (OE 18, 20)
22 (O: 21)

23 (OI: 8,22)
24 ([E: 4,7,23)

25 (O1: 2,24)



(

PO(a*) O P=e0OP=(a*) )

OP0da ( PO(a*) O P=oeUOP=(a%) )

0

I 24.

FOadb ((a=b O (a*) = (b*) )

a,

a

(

b

a=hb
(a*)[a

(a*)[b]

(b*)[al

( (b*)ra] O (a*) 0O (b*) )
(b*)ra; O (a*) O (b*)
(a*) O (b%)

(a*)[by & (a*) O (b*)

( (a*)rby & (a*) O (b*) O (a*) = (b*) )
!

(a*)[by & (a*) O (b*) O (a*) = (b*)
(a*) = (b%)
=b 0O (a%) = (b*)

a=»>bi0 (a*) = (b*) )

Dalb (a=b O (a*) = (b*) )

0

I 25.

F DaOb ( (a®)

a,

(b*) O a=bh)
b

(a*) = (b%)

(a*)[a]

(a*)ra] & (a*) = (b%)

26 (()1: 25)

27 (Ol: 1, 26)

[EEN

(Prem
(Prem

3 (OE P5)

N

4 (=E 2, 3)

ol

(=E 2, 3)
6 (OE: P13)

7 (OE 6)

o]

(OE 5,7)

9 (& : 4,8)

10 (OE: P21)
11 (()E 10)
12 (OE 9,11)
13 (O1: 2,12)
14 (()1: 13)

15 (O 1, 14)

1 (Prem
2 (Prem
3 (OE: P5)

4 (&: 2,3)



( (a*)ral & (a*) = (b*) O (b*)[a]
(a*)[ra] & (a*) = (b*) O (b*)[a]
(b*)[a

( (b*)fal O a=b)

(b*)[a] O a=nb
a=nb
(a®) =(b*) O a=bh
( (a%) =(b*) O a=b)
Dalb ( (a*) =(b*) O a=bh)
O

! 5 (OE: Cl.35)
6 ((O)E 5)

1 7 (OE 5,7)
1 8 (OE: P3)

9 (OE 8)

1 10 (OE 7,9)
111 (O1: 2, 10)
12 ()1 11)

1 13 (O 1,12)

I Two propositions about conplenents are placed here, so that

second (P27) can be used by P40.
I 26.

F DaOx ( ((a®)C)[x] =« = x = a)

a, X
( ((a*)%)ix1 = = (a*)x1 )
((a*)©)[x1 = = (a*)ix]

((a%)©)[x]

((a*)©)[x1 O = (a*)[x]

- (a%)[x]

(-~ (a’)[x] O ~x=a)

- (a*)[x] 0 - x =a

- X = a
(-x=alb = (a%)[x1 )

- Xx =al = (a*)[x]

[ERN

(Pren

(OE: C4.2)

N

3 (0B 2)

I

(Prem

1 5 (=E 3)

»

(OE 4,5)

\l

(OE: P9)

8 (0OE 7)

1 9 (OE 6,8)

110 (O1: 4,9)
1 11 (Prem

! 12 (DE P7)

1 13 (()E: 12)



- (a*)[x] , ! 14 (OE 11,13)

- (a%)[x1 O ((a*)%)[x] 115 (=E 3) i

((a*)C)[x] 1 16 (OE 14,15) |

-~ x =ad ((a*)C)[x] 117 (O1: 11,16)

((a*)C)[x] = = x = a 118 (=l: 10,17) |

( ((a")0)[x] = = x =a) 19 ()1 18) i

DaOx ( ((a®)C)[x] « = x = a ) 1 20 (OI: 1,19)
O

1 27. i

F OPOa ( - Plag O (a®) O (PC) ) i

P, a ! 1 (Prenm) i

- Pla] 1 2 (Prem i

( - Pla] O (PC)ra] ) ,! 3 (0OE C4.4) i

- Pra] O (P¢)[a] 4 (OB 3) i

(PC)[a] ! 5 (0E 2,4 i

( (P&rar O (a*) O (P°) ) ! 6 (LE P13) i

(P€)[a] O (a%) O (P°) 7 (OE 6) i

(a*) O (PC) ,! 8 (OE 5,7) i

- Pla] O (a*) O (PC) 19 (01: 2,8) i

( -~ Praj O (a*) O (P°) ) 110 ()12 9) i

OPOa ( -~ Pfa] O (a®) O (PC) ) I 11 (O 1,10)
0

I P28 through P39 are propositions about singletons and unions.
i

I 28. i
F OPOaOx ( (P O (a®))[x] < P[x] Ox =a) i
P, a, x 11 (Prem i

( (PO (a*))[x1 = Pix3 O(a*)[rx1 ) 12 (OE C2.2) i



(PO (a%))ix1 = Pix] O (a")[x]
( (a°)[x] = x =a)
(a*)[X] = x = a
(P O (a%))[x]
(PO (a%))[x1 O Pixp O (a*)[x]
Pix] O (a°)[x]
PIXx]
Pix] OOx = a
PIx] O P[x] Ox = a
(a*)[x]

(a*)[x] O x =

o]

X = a
PIx] Ox = a
(a®)[x] O P[x] Ox = a
PIx] Ox = a
(PO (a*))[x] O P[x] Ox = a
Plx] OOx = a
PIx]
PIx] O (&) [x]
Pix] O Prxy O (a*)[x]
X = a
Xx = al (a*)[x]
(a*) [x]
PIx] O (&%) [x]
x = ald Px] O(a*)[x]

P[x] O (a®)[x]

Pix] O(a*)[x] O (P O (a*))[x]

3 (0OE 2)

4 (OE P2)

5 (OE 4)

6 (Prem

7 (=E 3)

8 (OE: 6,7)

9 (Prem

10 (O: 9)

11 (O1: 9, 10)
12 (Prem

13 (~E 5)

14 (OE 12,13)
15 (O: 14)
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((a*) OP&(a*) O(QF) O (a*) O(P\ Q)
112 (OB C7.24)

(a*) OP & (a*) O(Q) O (a*) O(P\ Q
!

13 (O)E 12)
(a®) O(P\ Q 1 14 (OE 11,13)
Pla] & - Qa] O (a*) O(P\ Q 115 (O1: 2,14)
( Pla] &~ Qa] O (a*) O(P\ Q ) 116 (()I: 15)

OPOQJa ( Pla] & -~ Qal O (a*) O (P\ Q )
I 17 (O: 1, 16)

0
! 50.

F OPOa ( - Pla] O (P\ (a%)) =P)

P, a 11 (Prem
- Praj I 2 (Prem
( ~Pa] O (Pn(a)) =¢) 1 3 (OE: P40)
-~ Plap O (Pn(a%)) =9 4 (OB 3)
(Pn(a%)) =0 1 5 (OE 2,4)
((Pn(a)) =00 (P\ (a*)) =P) ,! 6 (OE C7.55)
(Pn(a%)) =0 (P\ (a%)) =P 7 (OB 6)
(P\ (a%)) =P ! 8 (OE 5,7)
-~ Pla] O (P\ (a%)) =P 19 (O1: 2,8)
( -~ Pla] O (P\ (a%)) =P) 110 ((O)1: 9)
OPJa ( -~ Pla] O (P\ (a%)) =P) 11 (O 1,10)
O
| 51.
FOalb (= a=hb O ((a") \ (b*)) =(a*) )
a, b 11 (Prem
~a=b 12 (Prem

(~a=b0 - (a*)[b] ) 1 3 (OE P8)



~a=b0 = (a%)[b] N
- (a%)[b] !
( - (a%)rbr O ((a*) \ (b*)) =(a*) ) .!
- (a%)rby O ((a*) \ (b*)) = (a°) !
((a*) \ (b%)) = (a°) !
ma=b 0 ((a") \ (b%)) =(a°) !
(~a=Db0 ((a%) \ (b*)) =(a%) ) !
Dalb ( -~ a=b 0O ((a°) \ (b%)) =(a") ) !
O
| 52.
FDOalb ( - a=b O ((b*) \ (a")) = (b%) )
a, b N
~a=b N

bO -b=a) !

(-~a

( ~b=ad ((b*) \ (a%)) =(b*) ) !
~b=al ((b") \ (a%)) = (b*) N
((b*) \ (a%)) = (b*) !
ma=Db 0 ((b*) \ (a%)) = (b*) !
( ~a=b0 ((b*) \ (a%)) =(b*) ) !
Oadb ( - a=b O ((b*) \ (a%)) =(b*) ) !

0
! 53.

F OPOQJa ( Ox(Qx] « P[x] &~ x =a) O Q=
P,Qa |

Ox(QXx] < P[X] & = x = a) , !
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(O1: 3)
(OE 2,4)
(OE: P51)
(O)E 6)
(0E 5,7)

(O1: 2,8)

10 (()1: 9)

11 (O 1, 10)
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2

(Prem
(Prem

X 1 3 (Prem



(AX] < P[X] & = x = a) o

QAX] = P[X] &~ X = a

( (P\ (a*))[x] = P[X] &~ x =a),!

(P\ (a*))[x] = P[Xx] &~ x = a |

Q x]

Qx] O P[x] &~ x = a , !

P[Ix] & = X = a

ag (P

P[X] & = X
(P\ (a%))[x]
Qaxy O (P\ (a%))Ix]

(P\ (a%))I[x]

\(a'))ixr !

(P\ (a*))[x] O P[x1 &-x=a ,!

PiIx] & - x = a , |
PIXx] & -~ x = a O QX] , !
Q x] , |

(P\V (a%))Ix] O Qx]
QAx] < (P (a%))[x]

( Ax] =« (P\ (a%))[x]

) , !

Ox( Ax] < (P\ (a%))[x] ) !

Q= (P\ (a%))

X

(AX] = P[X] &~ x = a)
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(o]
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o
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O Q= (P\ (a%))
124 (O1: 2,23)

(0E: 2)
(OE 4)
(OE: P48)
(OE 6)
(Prem

(=E 5)
(OE 8,9)
(=E 7)
(0E 10, 11)

(O1: 8,12)

(Prem

(OE 14, 15)
(=E 5)

(0E 16, 17)
(O1: 14, 18)
(=1: 13,19)
(O)1: 20)

(Ol 3,21)

(5 : Cl.7,22)

( Ix(QAX] = PIx] &=-x=a) O Q= (P\ (a%)) )
125 ()1 24)

OPOQJa ( Ox(QX] = P[X] & = x = a)

0O Q= (P\ (a%)) )

| 26 (O1: 1,25)



FOPOQDa ( Q= (P\ (a*)) O Ox(Qx] -

P,Q a

Q= (P\ (a%))

X
Ox( Ax] < (P\ (a%))[x]
( Ax] = (P\ (a%))[x] )

QAx] < (P\ (a%))[x]

( (PN (@%))[x] = P[X] &~ x =

) , !

|
QD
~

(P\ (a*))[x] =« P[X] &~ x = a !

Q x]
Qx] O (P\ (a%))[x]

(P\ (a%))[x]

(P\ (a*))[x] O P[x] & = x

PIx] & -~ x = a
Qx] O P[Xx] &-Xx = a

PIx] & = x = a

I
QD

PIx] &~ x =a0 (P\ (a*))rxy ,!

(P\ (a%))I[x]
(P\ (a%))[ix1 O Qx]
Qax]
PIx] & - x = a O QXx]
QAXx] = P[X] &~ x = a

(QAx] = P[x] & = X

a)

Ox(Q@X] = P[x] & -~ x = a)

Q= (P\ (a%)) O Dx(Qx] = P[x] & - x =

( Q= (P\ (a%)) 0O Ox( Qx]

P[x]&—|x:a))

1 (Prem
2 (Prem
3 (Prem

4 (SE CL.7,2)
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(OE: 4)

(0]

(OE 3)

7 (OE P48)
8 (OE 7)

9 (Prenm

10 (=E 6)

11 (OE 9, 10)

, 112 («E 8)

13 (OE 11, 12)
14 (O1: 9, 13)

15 (Pren)

16 (~E 8)

17 (OE 15, 16)
18 (~E 6)

19 (OE 17, 18)
20 (OI: 15,19)
21 (=1: 14,20)
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24 (O1: 2,23)

= P[X] & -~ x = a) )
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OPOQJa ( Q= (P\ (a%)) O Ix(Q@x] <« P[x] &-x = a) )
26 (0O1: 1,25)

0

I 55. There is an alternative proof using P38, but it would
require additional |Iemas to be cl ean. i

FOPOQ( QU PO M(Pla] & QO (P\ (a%))) )

P, Q 11 (Prem
QO P 1 2 (Prem
( QO PO XP[X] &= Qx]) ) ,! 3 (OE: CL.60)
QUPO X(P[x] & ~ Qx]) 14 (O)E 3)
X(P[X] & = QX]) 1 5 (OE 2,4)
(Pla] & - Qaj) .1 6 ([E 5)
Pla] & - Qal] 7 (OE 6)
P[ a] 18 (& 7)
(QUD PO QOP) 1 9 (OE Cl.50)
QUPDO QOP 110 (OE 9)
QO P 1 11 (OE 2,10)
( Pla] &-Qa] O (a*) O(P\ Q ) ,! 12 (OE P49)
Pla] & -~ Qa] O (a°) O(P\ Q 113 (O)E 12)
(a®) O(P\ Q ! 14 (OE 7,13)
QOP&(a") O(P\ Q 115 (& 11, 14)

(QOP&(a") O(P\ Q O QO(P\ (a%)) )
1 16 (OE C7.26)

QUP&(a*) O(P\ Q O QO (P\ (a*))
I

117 (()E: 16)
QO (P\ (a%)) 118 (OE 14,17)
Pla] & QO (P\ (a%)) 119 (&: 8,18)
(Pla] & QO (P\ (a%))) 120 (()1: 19)

Mm(Pla] & QO (P\ (a%))) 121 (O: 20)



QOPO M(Pla] & QO (P\ (a%))) 122 (O1: 2,21)
(QOPO M(Pla] &QO (P\ (a%))) ) ,! 23 (O1: 22

OPOQ( QO PO Ma(Plal] & QO (PV\ (a%))) )
| 24 (O 1,23)

O
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P, a 11 (Prem

Pl a] 12 (Prem
( Praj O (a*) O P) ,! 3 (OE P13)
Plaj 0O (a*) O P 14 (O)E 3)
(a®) O P 1 5 (OE 2,4)
((a®) OPO ( (P\ (a*)) O(a*) ) =P

)
6 (OE: C7.65)

(a®) OPO ((P\ (a®)) O(a") ) =P
17 (OE 6)
((P\ (a%)) O(a") ) =P ! 8 (OE 5,7)
Plaj O ( (P\ (a%)) O(a*) ) =P 19 (O1: 2,8)
( Plap O ( (P\ (a%)) O (a*) ) =P) 1 13 (()I: 9)
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| 14 (O: 1,10)
0
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FOPOa ( Play O ( P=(P\ (a%)) O (a®) ) )
P, a 11 (Prem
P[ a] , 12 (Prem
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P),!' 3 (OE P56)
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o

Prap O ( (P\ (a%)) O (a%) ) 4 (OFE 3)

( (P\ (a*)) O(a*) ) =P 1 5 (0OE 2, 4)
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( Plag O P=((P\ (a%)) O(a") ) ) ! 10 (O 9 i
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O
I 60. A proof appealing to P59 is given, although it is |ong.
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- Pla] 1 2 (Prem
(-~ Plag O P=(((PO)) \ (a*)) ),! 3 (LE P59)
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0

' P62 and P63 are pernutations of the theme that two things, m nus
one of these things, is the other thing. i

I 62. i
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a, b 11 (Prem i
~a=h 12 (Prem i
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19 (0O1: 2,8) i
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0
I 63. i
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O
' P64 through P67 are |l emmas for future propositions.

I 64.
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P[ b] 1 3 (&)

( Ptby O (b*) O P) ! 4 (DE: P13)



Plby O (b*) OP 15 (0OE 4

(b*) OP 1 6 (OE 2,4)
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(((a*) 0O (b*)) \ (b*)) =(a%)
& ( (P\ ((a%) O (b%))) O (b%) )
=( P\ (((a%) O (b%)) \ (b%)) )
117 (&: 9,16)
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O P\ ((a®) O (b%))) O (b*) ) =(P\ (a%)) )
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0
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F OPOaOb ( - a =b & Pla] O
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- b =a 1 7 (OE 3,6)
- b =a & Pa] 18 (& 4,7)
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1 11 (OE 8, 10)
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114 (()E 13)
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& ( (P\ ((b*) O (a%))) O (a%) )

(P\ (b*))
116 (&: 11,15)
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(P\ ((a*) O (b*))) O (a°*)

(~a=Db&Pa]
O (
OPOallb ( = a =b & P[a]
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