I CHAPTER 1
| NCLUSI ON AND EQUI VALENCE;

I' This chapter introduces the notions of inclusion, of
equi val ence, and of proper inclusion, of one-place (unary)
pr edi cat es.

Predicate Pis included in Q witten P 0 Q when everything
which satisfies P also satisfies Q

Predicate Pis equivalent to Qwitten P = Q when those things
whi ch satisfy P are exactly those things which satisfy Q

Predicate P is properly included in Q witten PO Q when it
i s included but not equival ent. .

I 1. O represents inclusion (of one-place predicates). i
$0; POQ; Dx(Px] O Qx]) i
2. i

F OPOQOx ( P[x] & PO QO Qx] ) i

P, Q x 11 (Prem i
PIx] &P OQ 12 (Prem i
P[X] ! 3 (& 2) i
POOQ 14 (& 2) i
Ox(P[x] O Qx]) ! 5 (BE P1,4) i
(Prx1 O Qx1) ! 6 (DE 5) i
Pix] O Qx] 7 (OB 6) i
A x] 1 8 (OE 3,7) i

Pix] & P 0 QO Qx] 19 (O1: 2,8) i

( Pix1 &P 0OQDO Qx] ) 110 (01 9) i

OPOQIx ( P[x] & PO QO Q@x] ) I 11 (O1: 1,10)
I

3. i
F OPOQOx ( - Qx] & PO QO = P[x] ) i

P, Q x 11 (Prem i
- Qgx] &P OQ ! 2 (Prem i
- QX] 13 (& 2) i

POOQ 14 (8B 2) i



P X]
PiIx] & P 0Q
( PIx1 &P 0 QO Qxl )
PiIx] & POQO x]
Q x]
F
Pix] O F
- PIX]
- Qx] &P OQ0O = P[X]
(-~ Qx] &P OQDO = Px] )
OPOQOx ( - Qx] &P OQO = P[X] )
0

I 4. Reflexivity of |Inclusion.
FoOoPPOP

P

PIXx]
P[x] O P[X]
(Pix1 O Prx])
Ox(Prx] O PrX])
POP
OP P OP
0

I' 5. Transititvity of |Inclusion
FOPOQOR( POQ&QOIRO POR)
P,QR
POQ&QUOR

POQ

5 (Prem

6 (& : 4,5)
7 (OE P2)

8 (OE 7)

9 (OE 6,8)
10 (F1: 3,9)
11 (O1: 5,10)
12 (-l: 11)
13 (O1: 2,12)
14 (()1: 13)

15 (O1: 1, 14)

1 (Pren
2 (Pren
3 (Prem

4 (O1: 3,3)
5 (01 4

6 (Ol: 2,5)
7 (%: PL,6)

8 (O: 1,7)
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Ox(P[x] O Q@x]) 1 4 (5E P1,3) i

QOR 1 5 (& 2) i
Ox(Q@x] O RX]) , I 6 (¥E P1,5) i

X 7 (Prem i

(PIx] O Q@x]) 18 (LE 4) i

Pix] O Qx] !9 (OE 8) i

(QAx] O RXx]) , 110 (LE 6) i

QAx] 0 RX] 111 (OB 10) i

P X] ,1 12 (Prem i

QA X] ! 13 (OE 9,12)

Rl X] ! 14 (OE 11,13)

PIx] O RIX] 115 (O1: 12,14)

(PIx] O Rix]) 116 ((O)1: 15) i
Ox(P[x] O RX]) 117 (O 7, 16) i
POR 118 (% PL,17)
POQ&QURIO POR 119 (O1: 2,18) i
(POQ&QIRDO POR) 120 (()1: 19) i
OPOQOR ( POQ&QORO POR) I 21 (O: 1,20) i

O
I 6. 3-Way Transitivity of Inclusion. This easy consequence

of transitivity will be useful, since it shortens proofs which
woul d ot herwi se need to appeal twice to transitivity. i

FOPOQIROS ( POQ&QOR&ROISO POS) i

PQR S .11 (Prem i
POQ&QIR&RDOS 1 2 (Prem i
POQ&QUOR ! 3 (&E: 2) i
(POQ&QIRDO POR) ! 4 (OE: P5) i

POQ&QURDO POR I 5 (0OE 4 i



POR

ROS

POR&RDOS

(POR&ROISDO POS)

POR&ROSDO POS

POS

POIQ&QIR&RIOISOPOS

1 6 (OE 3,5)

17 (8E

18 (&

2)

6, 7)

)1 9 (OE P5)

110 (OE 9)

, 111 (OE 8,10)

112 (O1: 2,11)

(POQ&QOR&RDOSO POS) 113 ((O)1: 12)

OPOQOROS ( PO Q& QO R&ROISO POS)
| 14 (0O1: 1,13)

I 7. = represents equival ence (of one-place predicates).

B
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FOPOQ( POQ&QIPOP

P, Q
POQ&QOP

POOQ
Ox(Px] O QX))
QO P

Ox(Qx] O PIx])

X
(Plx] O Qx1)
Pix1 O QXx]

(Qx] O Px])

Qx] O Prx]

PIx] < QXx]

Q; Ox(P[x] <« QXx])

I 8. Fundanental Proposition of

Q)

Equi val ence,

First Half.

, 11 (Pren

, 12 (Prem
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(PIx] < Qx]) 113 (01 12)

Ox(P[x] = Q@X]) 014 (0O 7,13)
P=0Q 115 (%1: P7,14)
POQ&QOPDO P=Q 116 (O1: 2,15)
(PO0Q&QIOIPO P=Q) 117 (O 16)
OPOQ( POQ&QOPDO P=Q) I 18 (O1: 1,17)
O
I 9. Reflexivity of Equivalence.
FoPP=P
P 11 (Prem
POP ! 2 (OE P4)
POP&POP 13 (& 2,2)
(POP&POPDO P=P) ! 4 (OE P8)
POP&POPOP=P I 5 ()E 4)
P=P , 1 6 (UE 3,5)
OPP=P L7 (O 1,6)

0

I 10. Symmetry of Equival ence.

FOPOQ( P=QO Q=P)

P, Q 11 (Prem
P=0Q ! 2 (Prem
Ox(P[x] = Q@Xx]) , 1 3 (%E P7,2)

X , 1 4 (Prem

(PIx] = Qx]) .1 5 (OE 3)
PIx] < Qx] 16 (OE 3)
PIx] O QXx] ,! 7 (=E 6)
Qax1 O Prx] ,! 8 (=E 6)

QAXx] = PIX] 19 (=1: 7,8)



(QAx] < PIx]) 110 (010 9) i

Ox(Qx] < P[x]) 111 (O 4,10)
Q=P 112 (B P7,11)
P=QO Q=P 113 (O1: 2,12) i
(P=QOD Q=P) 114 ()1 13) i
OPOQ( P=QO Q=P) 115 (O 1,14) i

0

I 11. Fundanental Proposition of Equivalence, Second Half,
First Part. i

FOPOQ( P=QO POQ) i

P, Q 11 (Prem i
P=0Q 12 (Prem i
Ox(P[x] = QXx]) ! 3 (BE P7,2) i

X ! 4 (Pren i

(PIx] = Qx]) 15 (0E 3) i

P[x] < QX] 16 (OE 5 i

PIx] O Qx] 1 7 (=E 6) i

(Prx1 0O Qx1) 18 (01 7) i

Ox(P[x] O Q@x]) 19 (01 4,8) i

POOQ ;110 (%: PL,09) i

P=QO PORQ 111 (Ol 2,10)

(P=QD POQ) 12 ()1 11) i

OPOQ( P=QO POQ) 1 13 (O1: 1,12) i
0

I 12. Fundanental Proposition of Equivalence, Second Half,
Second Part. i

FOPOQ( P=QD QO P) !
P, Q , 11 (Pren i



P=Q | 2 (Prem i
(P=QO Q=P) .1 3 (OE: P10) i
P=Q0 Q=P L4 (OB 3) i
Q=P | 5 (0OE 2, 4) i
(Q=PO QOP) ! 6 (OE: P11) i
Q=PO QOP 17 (O)E 6) i
QO P 1 8 (OE 5,7) i
P=QO QOP 19 (01: 2,8) i
(P=QD0 QUP) 010 (O)1:9) i
OPOQ( P=Q0O QOP) | 11 (O: 1,10)

0

I 13. Fundanmental Proposition of Equivalence, Second Half.
i

FOPOQ( P=QO POQ&QOP) i

P,Q , 11 (Pren i
P=Q 12 (Prem i
(P=QO0 PORQ) ,! 3 (OE Pl11) i
P=QO POQ P4 (OE 3) i
POOQ ! 5 (0E 2,4) i
(P=QD0 QO P) , I 6 (OE P12) i
P=QO0 QOP 1 7 (O)E 6) i
QO P ! 8 (OE 2,7) i
POQ&QOP 1 9 (&8l: 5,8) i

P=QOD POQ&QOP ;110 (O1: 2,9) i

(P=QO POQ&QOP) 111 (()1: 10) i

OPOQ ( P=QUO POQ&QOP) 12 (0O: 1,11) i
0

I 14. Fundamental Proposition of Equivalence. i



FOPOQ( POQ&QOP - P=0Q)

OPOQ( POQ&QIUP « P=Q)

0

FOPOQOR ( P=Q&Q=RO P=R)

P,

(

P
(
P

P

(

15. Transtivity of Equival ence.

P,

Q
POQ&QOPDO P=Q)

0Q&QOPDO P=Q

P=QO POQ&QOP)

Q0D POQ&QOP
0Q&QOP « P=0Q

POQ&QUOP <« P=Q)

QR
P=Q&Q=R
P=Q

(P=QO POQ&QOP)
P=QO POIQ&QOP

POQ&QOP

T
O

Q

P

|

Q
Q

ln
Py

(Q=RO QOR&ROQ)
Q=ROI QOR&RDOQ
QODR&ROQ

QOR

ROQ

POIQ&QOR

1 1 (Pren

1 2 (OE: P8)
13 (0E 2)
1 4 (OE: P13)
15 (0OE 4
1 6 (=l: 3,5)
7 (01: 8
I8 (O 1,7)
11 (Prem

1 2 (Prem

! 3 (&)

! 4 (OE: P13)
L5 (OB 4)
! 6 (JE 3,5)
1 7 (&: 6)
1 8 (&: 6)
19 (& 2)
.1 10 (OE P13)
111 (()E: 10)

112 (OE 9, 11)
1 13 (& 12)
114 (&E 12)

| 15 (& : 7,13)



(POQ&QURDO POR) ,! 16 (UE P5) i

POQ&QIRDO POR 117 (OE 16) i
POR )1 18 (OE 15,17) |
ROQ&QOP 119 (& 8, 14) i
(ROQ&QIPOROP) ! 20 (OE: P5) i
ROIQ&QUIPOROP 1 21 (()E 20) i
ROP 1 22 (OE 19,21) |
POR&ROP 1 23 (&: 18,22)
(POR&ROPO P=R) ! 24 (LE P8) i
POR&RDOPOP=R 125 (OE 24) i
P=R ! 26 (OE 23,25)
P=Q&Q=R0O P=R 027 (O1: 2,26) i
(P=Q&Q=RO P=R) 128 ((O)1: 27) i
OPOQR ( P=Q& Q=R0O P=R) 1 29 (O1: 1,28) |

0

I P16- P20 present five applications of symmetry to transitivity.
[

I 16. Applications of Symetry to Transitivity, nl. i

FOPOQQR( P=Q&Q=RO R=P) i
P,Q R 11 (Prem i
P=Q&Q=R 12 (Prem i
(P=Q&Q=R0O P=R) ! 3 (OE P15) i
P=Q&Q=R0O P=R 14 (OE 3) i

P =R 1 5 (OE 2,4) i
(P=ROR=P) 1 6 (LE P10) i
P=RO R=P 17 (()E 6) i

R=p ! 8 (OE 5,7) i



P =

(P

Q&Q=ROR

=Q&Q=RI

R

P

P)

OPOQR ( P=Q&Q=RO R=P)

0

P17,

FOPOQOIR ( P=Q&R=Q0 P =R)

P, QR
P=Q&R=Q
P=Q
R=0Q
(R=QD Q=R)
R=QU0 Q=R
Q=R
P=Q&Q=R
(P=Q&Q=ROP
P=Q&Q=R0O P =
P=R
P=Q&R=Q0U0 P=R
(P=Q&R=Q0 P=
OPOQOR( P=Q&R=Q0O
[
I 18. Applications of

FOPOQOR( P=Q&R=Q0 R=P)

P, QR

P

(

P

Appl i cations of

P

Q&R

= Q&

Q&R

9 (O1: 2,8)
10 (()1: 9)

11 (O1: 1,10)

Symmetry to Transitivity, n2.

RY)

RY)

P=R)

1 (Prem

2 (Prem

3 (&€ 2)

4 (&E: 2)

5 (CE: P10)
6 (OE 5)

7 (OE 4,6)
8 (&: 3,7)

9 (DE: P15)
10 (OE 9)
11 (OE 8, 10)
12 (O1: 2,11)
13 (()1: 12)

14 (O 1,13)

Symmetry to Transitivity, n3.

RY)

1 (Prem
2 (Pren
3 (0OE: P17)

4 (OOE 3)
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I 19. Applications of
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R
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I 20. Applications of

FOPOQIR( P=Q&P=R0O R=Q)

P

P)

R=P)

1 5 (OE 2, 4)
.1 6 (OE: P10)
17 (()E 6)
1 8 (OE 5,7)
19 (01: 2,8)
110 (O)1: 9)

I 11 (O1: 1, 10)

Symmetry to Transitivity, n4.

RO Q=R)
Q=R)
=R

R

ER)

0 Q=R)

11 (Prem

12 (Prem

13 (&E: 2)

! 4 (OE: P10)

5 (OE 4)

! 6 (JE 3,5)
17 (8E: 2)

1 8 (&l: 6,7)

1 9 (CE: P16)

110 (OE 9)

! 11 (DE 8,10)
112 (O1: 2,11)
113 ()1 12)

| 14 (O: 1,13)

Symmetry to Transitivity, nb5.



P, QR , 11 (Pren i

P=Q&P=R 12 (Prem i
(P=Q&P=R0O Q=R) ! 3 (OE P19) i
P=Q&P=R0O Q=R I 4 ()E 3) i
Q=R 1 5 (OE 2,4) i
(Q=RO R=Q) ! 6 (DE P10) i
Q=RO R=Q 7 (OB 6) i
R=0Q ! 8 (OE 5,7) i
P=Q&P=R0OR=Q 19 (01: 2,8) i
(P=Q&P=R0OR=Q) 110 ((O)1: 9) i
OPOQIR ( P=Q&P=R0O R=Q) I 11 (O1: 1,10)

O
I 21. 3-Way Transitivity of Equival ence. Thi s proposition

will save steps in proofs, as two uses of transitivity can be
col l apsed into one use of 3-way transitivity. i

F OPOQIROS( P= Q& Q=R&R=S 0 P=S) i

PQR S 11 (Prem i
P=Q&Q=R&R=S 12 (Prem i
P=Q&Q=R 13 (& 2) i
(P=Q&Q=R0O P=R) ! 4 (DE P15) i
P=Q&Q=R0O P=R 5 (OB 4) i
P =R ! 6 (OE 3,5) i
R=S 17 (& 2) i
P=R&R=S 18 (& 6,7) i
(P=R&R=S0O P=S) ! 9 (OE P15) i
P=R&R=S0O P=S 110 (OB 9) i
P=s 1 11 (OE 8,10) |

P=Q&Q=R&R=S0 P=S 1012 (O1: 2, 11) i



(P=Q&Q=R&R=S0 P=S) 13 ()1 12)

OPOQOROS ( P= Q& Q=R&R=S0O P=S)
| 14 (O: 1,13)

0

I P22- P28 present seven applications of synmmetry to 3-way
transitivity.

I 22. Applications of Symetry to 3-Way Transitivity,

FOPOQIRIS ( P=Q& Q=R&S=R0O P=S)

P,QR S 11 (Prem
P=Q&Q=R&S=R 1 2 (Prem
P=0 1 3 (& 2)
Q=R 14 (& 2)
S=R 1 5 (& 2)
P=Q&Q=R 16 (&: 3,4)
(S=ROR=S) 1 7 (OE P10)
S=RO R=S 8 (OB 7)
R=S , ' 9 (OE 5,8)
P=Q&Q=R&RE=S 110 (&: 6,9)
(P=Q&Q=R&R=S0OP=S) ,! 11 (OE P21)
P=Q&Q=R&R=S0 P=S5S 1 12 (()E 11)
P=S 1 13 (OE 10, 12)

P=Q&Q=R&S=R0OP=S 114 (O1: 2,13)

(P=Q&Q=R&S=R0OP=S) 115 ()1 14)

OPOQOROS ( P= Q& Q=R&S=ROP

n
0]

16 (OI: 1,15)
O

I 23. Applications of Symetry to 3-Way Transitivity,

FOPOQOROS ( P=Q&R=Q&R=S0 P=S)

n2.



P,QRS
P=Q&R=Q&R=S

P=Q

R=Q

R=S

P=Q&R=S

(R=Q0IO Q=R)

R=QU Q=R

Q=R

P=Q&Q=R&RZ=S
(P=Q&Q=R&R=S0 P=S)
P=Q&Q=R&R=S0 P=S
P=S
P=Q&R=Q&R=S0P=S
(P=Q&R=Q&R=S0OP=S)

OPOQOROS ( P= Q& R=Q&R=S0O P

I
I 24,

Applications of
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& R
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1 (Prem
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4 (&E: 2)
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6 (& : 3,5)

7 (OE: P10)

8 (OE 7)

9 (OE 4,8)
10 (&: 6,9)
11 (DE: P21)
12 (O)E 11)
13 (OE 10,12)
14 (O1: 2, 13)

15 (()1: 14)

16 (Ol 1, 15)

-Way Transitivity,
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S=R0ORE=ES
R=S
P=Q&R=Q&R
(P=Q&R=Q&
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OPOQOROS ( P=Q&R=Q&S

I
| 25.
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Symetry to

FOPOQOROS ( Q= P& Q=R&R=S10

P, QR S
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8 (OE 7)

9 (OE 5,8)
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14 (O1: 2,13)
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0

I 26. Applications of
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Q=R
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(Q=PDO P=Q)
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(P=Q&Q=R&S=RO
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I 27. Applications of

Symetry to
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Applications of Symetry to

FOPOQOROS ( Q= P&R=Q&S =R

PQRS
Q=P &R
Q=P
R=0Q
S=R
R=Q&S
( Q=PI
Q=P U
P=Q

Q&S =R

1 3 (& 2)

14 (& 2)
1 5 (& 2)
1 6 (&: 5,6)
! 7 (OE: P10)
8 (OE 7)
)1 9 (0OE 3,8)
110 (&: 6,9)
1 11 (DOE P23)
112 (OB 11)

1 13 (OE 10, 12)
114 (O1: 2,13)
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I P29-P34 are various versions of the sane sane:
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12 () E 11)

13 (OE 10, 12)

14 (O1: 2,13)

15 (()1: 14)

16 (0O1: 1,15)
that either

left or right termof an inclusion can be replaced by an
equi valent term

I 29.

FOPOQOR ( P=Q&QORO POR)

P, QR
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Q& QIR
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=QU POQ)

QU PIUQ
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POQ&QOR
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0Q& QORI POR)

POIQ&QORDO POR

P U
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P=Q&QUORDO POR

(P=

Q& QO RO POR)

OPOQR( P=Q& QO RO POR) !

0

1 (Prem

2 (Prem

3 (& 2)

4 (DE: P11)

S (OE 4)

6 (OE 3,5)
7 (& 2)

8 (&: 6,7)

9 (OE: P5)

10 (OE 9)
11 (OE: 8,10)
12 (O1: 2,11)
13 (()1: 12)

14 (O1: 1,13)
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I 30.

FOPOQOQR( Q=P & QORO POR)

P,QR .1 1 (Prem
Q=P&QOR .1 2 (Prem
Q=P I3 (& 2)
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I 49. [ represents proper inclusion (of one-place predicates).
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I The devel opnent of O will be scant, since it will have fewer

applications. One particular of inportance to note is in the
definition of a hereditary predicate in IV.6. 1
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61. P61 is an inmediate corollary to P60.
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