' CHAPTER 3
SOVE SI MPLE PROPOSI Tl ONS;

I' The primary aimof this chapter is to prove various sinple,
fundanental |ogical facts, which nmay be needed in future proofs.
It turns out that, except for the final four, the proofs do not
appeal to prior propositions; instead the denonstrations are from
first principles. However, several proofs could, wthout

consi derabl e extra length, be reconstructed so that they appeal ed
to the previous proposition. For exanple there is a proof of P6,
only slightly longer than the one actually used, which appeals to

I For conpl eteness' sake, the symmetry and transitivity of
equality are stated first, although they will never be used, since
this would not result in a saving of steps.

For instance, consider symetry of equality, nanely

OxOy ( x =y Oy =x).
Suppose in the mdst of a deduction x =y has al ready been

proved. Symmetry of equality allows the deduction of y = x in
three steps, as foll ows:

(x =y Oy =x) (CE Prop)

x =y Oy=x (OB

y =X (0B
It takes only two steps to use the rule of deduction =E

X = X (=E or =I)

y =X (=B i
I 1. Symmetry of Equality. i

FOxOy ( x =y Oy =x) i

X,y 11 (Prem i
X =y , 12 (Pren i

I Since x =y, =E allows the substitution of x for y in any
proposition already proved in the environnent, including x =vy.
i
X =X 1 3 (=E 2, 2 i
y = X 14 (=E 2, 3) i
x =y Oy =x 15 (01 2,4) i
(x=y0Oy=x) 16 ()1 5) i
OxOy ( x =y Oy =x) L7 (0O: 1,6) i

I 2. Transitivity of Equality. i
FOxOyOz ( x =y &y =z 0 x =2) i
X,Y,Z , 11 (Pren i

X =y &Y =12 , 12 (Pren i



X =y 13 (& 2) i
y =2z 14 (& 2) i
X = z ! 5 (=E 3,4) i
X =y &y=2z0x=12z 16 (01 2,5) i
(x=y &y =2z0x=12) L7 ()1 6) i
OxOyDz ( x =y &y =z 0O x =2z) 8 (O: 2,7) i
0
I 3. Symmetry of Inequality. This theorem wi//l be used. It

is proved by reductio ad absurdum i.e. by contradiction. i

FOxOy (= x =y 0O =y =x) i

X,y

- X

= X =
(- x
OxOy (

0

11 (Prem i

=y , 12 (Prem i
= x , ' 3 (Prem i
« = x 14 (=E 2,3) i
= X 15 (=1) i
16 (FI: 4,5) i

x 0 F 17 (01: 3,6) i
= x I8 (=l 7) i
y O -y =x 19 (O1: 2,8) i
=y 0 -~y =x) 110 (O1: 9) i
X=yO-y=x) I 11 (O 1,10)

I 4. Law of the Excluded Mddle for Equality. There will be
ot her versions of the Law of the Excluded M ddl e stated bel ow.

Because

there is no way to refer to propositions qua propositions,

it is not possible to state a general Law of the Excluded M ddl e.

O cours

e, for any statenent P, one can prove P 0 - P, and such a

proof follows the sane techni que used here to prove the LEM for
Equal i ty.

The i
M ddl e,
full gen
for "mac

nability to formulate a fully general Law of the Excl uded
and to formulate rules involving propositions in their
erality, could be solved by permtting and devising rules
ros" or schenas. .

FOxOy (x =y O=ax=y) i

X, Y

, 11 (Pren i



- (x=yOd=ax=y) 12 (Prenm i

X =y , 1 3 (Prem i
X =y O=-x =y 14 (O: 3) i
(x=yU=x=y) 5 (01 4) i
F 1 6 (Fl: 2,5) i
x =y O F 17 (O1: 3,6) i
- X =y 18 (Al 7) i
X =y Oax =y 19 (O: 8) i
(x=yO=-x=y) 010 (O)1:9) i
F 11 (F1: 2,100
~(x=yO-x=y) 0O ¥ 12 (O1: 2,11)
(X =y Oax=y) 113 (Al 12) i
(x=yO-x=y) 1 14 (-E: 13) i
OxOy ( x =y O-x =y ) I 15 (O1: 1,14)

0

I The next several propositions formalize various forns of the
Process of Elimnation, in the special case of equality and
inequality. They are evidently particular cases of nore general
rul es, but the general propositions are thenselves not readily
applicable, since equality is not represented in the sanme way as
ot her two-pl ace predi cates.
For instance, it would obviously have been preferable to state
the next proposition inits full generality, as
OROSOxOyOzOa ( (Rix,y] OSz,a]) &~ Rx,y] O §z,a ),
and then to substitute '=" for 'R and 'S, to get
OxOyOzOa ( (=[x,y] O=[z,a]) & - =[x,y] O =[z,a] ).
However, this would not have been useful, since FCEA does not
relate =[x,y] and x =y, and the =E and =l rules are stated for
the syntax 'x = y'.
Indeed, in order to state the idea in its full generality, it
woul d be necessary again to use a "nmacro" or schena. i

I 5. Process of Elimnation, for two equals nl. i
F OxOyOzOa ( (x =y Oz =a) &-x=y 0 z =a) i

X,y,z,a , 11 (Prem i
(Prem i

(x =y Oz = a) 1 3 (& 2) i

N

(x =y Oz =2a) &~ x =y , !



- X =y 4 (8E 2) i

x =y Oz =a ' 5 (O)E 3) i
X =y , 1 6 (Pren) i
-7 = a 17 (Pren i

F 1 8 (F1: 4,6) i
-z=al &F 19 (01 7,8) i
-7 = a 110 (Al: 9) i
Z = a , 111 (-E: 10) i
x =y QO z=a 112 (0O1: 6,11) i
Z = a ,1 13 (Prem i
z =—al z=a 014 (0O1: 13,13)
Z = a , 115 (CE 5,12, 14) j
(x =yUdz=2a) &-~-x=y [0 z =a ;0016 (O1: 2, 15)

((x=yQdz=a &-~x=y 0 z=a),! 17 (()I: 16) i

OxOyOdzOa ( (x =y Oz =a) &-x =y 0O z =a)

118 (O1: 1,17) i
I
I 6. Process of Elimnation, for two equals n2. The proof is
fromfirst principles, although as is noted below, a slightly

| onger proof which appeals to the previous proposition could have
been used. i

F OxOyOzOa ( (x =y Oz =a) &-z=al x=y) i

X,Y,2,a 11 (Prem i
(x =y Oz =a) &~z =a 12 (Prem i
(x =y Oz = a) 1 3 (& 2) i
~z=a 14 (8B 2) i
x =y Oz = a 15 (O)E 3) i

X =y , 1 6 (Pren) i
x =y O x =y 07 (O1: 6,6) i
Z = a , 18 (Prem i

- X =y ,!Q(Prem i



F ,1 10 (F1: 6,9) i

-x =y O F 111 (O1: 9,10) i
X =y 112 (Al 11) i
X =y 1 13 (-E 12) i
z=alx-=y 114 (O1: 8,13) i
X =y ,1 15 (O 5,7,14)
(x =yQOz=4a) &-~z=alx=y , 116 (O1: 3,15) i

((x=y0Oz=a &-~z=alx=y),!" 17 (()I: 16) i

OxOyOzOa ( (x =y Oz =a) &~z =al x =y )

1 18 (Ol: 1,17)
O

I An alternative, slightly |onger but nore el egant, proof for P6,
appeals to P5. Co-incident with the previous proof to step 5,from
step 6 it proceeds as follows:

X y , 6 (Pren

z =alx =y , 7 (O: 6)
X =y U z=alx-=y , 8 (0OI: 6,7)

zZ = a , 9 (Prenm

z =alx =y , 10 (O: 9
Xx =y OO z=alxz=y , 11 (O1: 9,10)
z=alx=y , 12 (CE 5,8, 11)
(z =aOx =y) , 13 (()1: 12)
(z=alx=y) &~z = a , 14 (&: 4,13)
((z=alx=y) &-z =al x =y)

, 15 (OE P5)

(z=alx=y) &-z =a 0 x =y , 16 (()E 15)
X =y , 17 (OE 14, 16)

(x =y DOz =a) &~
((x =y 0Oz =a) &
OxOyOzOa ( (x =y Oz =a) &~z

N
I
|
x
I
<

118 (O1: 3,17)
1 19 (()I: 18)
X =Yy)
1 20 (OI: 1,19) i

J
N
I
QO
(|
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I
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I 7. Process of Elimnation, for tw unequals nl. i
F OxOyOzOa ( (- x =y 0=z =a) &x =y 0 =z =a) i
X,Y,2,a 11 (Prem i

(- x =y d=-z=a) &x =y , 12 (Pren i



(~x =y On-z=a) 1 3 (& 2) i

X =y 14 (&E 2) i
- X =y -z =a 5 ((O)E 3) i
=X =y , 1 6 (Pren i
z = a 107 (Prem i

F 1 8 (FI: 4,6) i

z =al &F 19 (0O1: 7,8) i
L7 = a 110 (Al: 9) i
- X =y U -z =a 011 (O1: 6, 11) i
~zZ=a ! 12 (Prem i
-z =al =~z =a 013 (01 12,12)
-z = a ,1 14 (CE 5,11, 13) j
(- x =y O=-2z=a) &x =y 0 =~z =a,! 15 (OI: 2,14) i

((-x=y O=-z=3a) &x =y 0 -~z =a)
16 (()I: 15) i

OxOyOzOa ( (- x =y O= 2z

a) &x =y 0 -z =a)
P17 (0O1: 1,16) i

0

' As with P6 fromP5, P8 could also be proved by appealing to the
previ ous proposition, P7, rather than fromfirst principles. j

I 8. Process of Elimnation, for two unequals n2. i

F OxOyOzOa ( (- x =y O~z =a) &z =all = x =y) i

X,Y,2,a 11 (Prem i
(~x=y0-z=a) &z = a 1 2 (Prem i
(- x =y O=z = a) I 3 (& 2) i
z = a 4 (& 2) i
S x=yDO-z=a 15 (OE 3 j
-z = a , 1 6 (Prem i

X =y 17 (Prem i

F 1 8 (F1: 4,6) i



x =y O &F 09 (0O1: 7,8) i

X =y ,1 10 (-1 9) i
mz=al ~x=y , 111 (O1: 6,10) i

- X =y ,1 12 (Prem i
X =y O ax=y 113 (O1: 12,12)
X =y , ! 14 (CE 5,11, 13) j

(—|X:y|:|—|

N
I
©

N—r

Ro
N
I

al -~x=y,! 15 (0Ol: 2,14) i

((-x=y O-z=3a) &z =al ~x =y)
116 (()I1: 15) i

OxOyOzOa ( (- x =y O= 2z

a) &z =al -x=y)
117 (0O1: 1, 16) i

O
I 9. Process of Elimnation, for three equals. i

F OxOyOzOaObOec ( (x =y Oz =aOb=c¢c) &-x =y
0 z=alOb=c) i

X,Y¥,z,a,b,c 11 (Prem i
(x =yOz=alOb=c) &~ x =y , 12 (Prem i
(x =y Oz =alb=c) I3 (& 2) i
A X =y 4 (& 2) i
x =y Oz=alOb=c !5 (OE 3) i
X =y , 1 6 (Prem i
- (z =a0b =¢c) 107 (Prem i

F , 1 8 (F1: 4,6) i

- (z=alb=c¢ 0O F L9 (Or: 7,8) i
-- (z =a b =c) , 110 (= 9) i
(z =a b =c¢) , 111 (-E 10) i
z=alb=c P12 (OB 11) i
x=yDOz=alb-=c 113 (O1: 6,13) i

z=alb-=c , 114 (Prem i



z=alOb=cOz=alb-=c 115 (O1: 14,14)
z=alOb=c 1 16 (CE 5,13, 15) |

(x =y Oz=alOb=c¢c) &~-x=y 0d z=alb-=c
017 (O1: 2,16) i

((x=yOz=alb=c) &-x=y 0O z=alb=c)
118 ((O)1: 17) i

OxOyOzOalObOe ( (x =y Oz
U z=allU

o |
I o

Ob=c¢) &~ x =y
c)

19 (0OI: 1,18) i
O
I 10. Process of Elimnation, for four equals. i

F OxOyOzOaObOcOdOe ( (x =y Oz =aOb=cOd=¢) &-Xx =y
0z=alOb=cOd=c¢e) i

X,y,z,a,b,c,d, e 11 (Prem i
(x =yUOdz=alOb=c0Od=¢e) &~ X =Yy
12 (Prem i
(x =yQOz=alb=c0d=e¢e) 1 3 (& 2) i
X =y 14 (&E 2) i
Xx=yDODz=alb=cUOd-=c¢e 5 ((OE 3) i
X =y , 1 6 (Prenm i
- (z=alOb=c0Od=e¢e) 107 (Prem i
F , 1 8 (FI1: 4,6) i
- (z=alb=cUOd=¢e) O F 09 (O01: 7,8) i
-~ (z=alOb=c0d=c¢e) 110 (=12 9) i
(z=alb=cUOd=e¢) , 111 (-E: 10) i
z=alOb=c0Od-=c¢e 112 (OE 11) i
x =y z=alUb=c0Od-=c¢e 113 (O1: 6,12) i
z=alUb=c0Od-=e¢e , 1 14 (Prem i

Zz=alb=cOd=e0 z=alb=cOd-==¢e
,0 15 (O1: 14,14)

z=alb=cOd=c¢e ,! 16 (CE 5,13,15) |



(x =y Oz=alOb=c0Od=¢) &-~x =y

117 (O1: 2,16)

—
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e) &~ x =y

118 ((O)1: 17) i

OxOyOzOaObOcOdOe ( (x =y Oz =alOb=c0d=¢e) &~ Xx =y
Oz=alOb=cOd=¢)
1 19 (0OI: 1,18) i

0

I 11. Process of Elimnation, for one-place predicates nl.
i

F OPOQOxOy ( (Pix] O0Qyl) &= P[x] O Qy] ) i

P,Q X,y 11 (Prem i
(Pix1 0 Qyl) & = P[X] 12 (Prem i
(Pix1 0O Qy1) 13 (& 2) i
- P[X] 14 (& 2) i
Plx] O Qy] S (OE 3) i

P[ x] ,1 6 (Prem i

- Qy] 07 (Prem i

F 1 8 (FI: 4,6) i

- Qy] 0 & 19 (O1: 7,8) i

= Q] 110 (=1 9) i
Qy] 1 11 (-E: 10) i
Pix] O Qv 012 (O1: 6,11) i
Qy] 113 (Prem i
Qy] O Qy] 114 (O1: 13,13)
Qv ! 15 (CE: 5,12, 14) |
(PIx] O0Qyl) & - Pix] O Qy] ;116 (O1: 2,15) i
( (PIx1 D Qyl) & - Pix] O Qyl ) 17 (()1: 16) i

OPOQOxDy ( (P[x] 0 Qy]) & - Pix] O Qy] )



1 18 (O1: 1,17)
a

I' As with P6 fromP5 and P8 from P7, P12 could al so be proved by
appealing to the previous proposition, P11, rather than fromfirst
princi pl es.

i
I 12. Process of Elimnation, for one-place predicates n2.

i

F OPOQOIxOy ( (Pix] O0Qyl) &= Qyl O PIx] ) i

P,Q X,y 01 (Prem i
(PIx] O Qyl) &~ Qyl ! 2 (Prem i
(PIx1 0 Qyl) 13 (8E 2) i
- Qyl 1 4 (& 2) i
Pix] O Qyl !5 (OE 3) i

PIX] , ! 6 (Prem i
Pix] O P[X] V07 (0O1: 6,6) i
Qy] 18 (Prem i

- P[X] 19 (Prem i

F , 110 (F1: 6,9) i

- P[x] O F 111 (O1: 9,10)

== P[X] 112 (=1 11) i

PIX] , 118 (-E 12) i
Qyl O Prx] 114 (O1: 8,13) i
P[ X] 1 15 ([E 5,7,14) |
(PIx] 0 Qyl) &-Qy] O Prx] 016 (O1: 2,15) i
( (PIx] 0 Qyl) &= Qyl O Px] ) 17 (01 16) i

OPOQIxOy ( (P[x] O Qyl) & - Qyl O P[x] )
1 18 (0OI: 1,17) i

0

! De Mdirgan's Laws (& and O Form) has several versions:
OxOyOzOa ( - (x =y 0z =a) =« - Xx =y &~z =a)
xOyOz0Oa ( (x =y Oz =a) ©« n (X =y &=~z =a))



xOyOzOa ( (- x =y O=z=a) « =~ (x =y &z = a)
xOyOzOa ( ~ (- x =y O=-z=23a) =« (x =y &z
Only the first will be proven, in two parts, here.

1
QD
Nt

I 13. De Mirgan's Law (& and O Form nl, First Half.

F OxOyOzOa ( = (x =y Oz =a) 0 -x=y &-2z =a)

X,Y,2,a , 11 (Prem

- (x =y Oz = a) 12 (Pren

X =y , 13 (Pren

x =y Qdz =a 04 (O 3)

(x =y Oz = a) U5 (01 4

F ' 6 (Fl: 2,5)
x =y o F V07 (0O1: 3,6)
Ax =y 18 (Al: 7)

Z = a ' 9 (Prem

x =y @z =a , 110 (O: 9

(x =y Oz = a) 011 (()1: 10)

F 12 (F1:o2,11)
z =al &F , 113 (O1: 9,12)
-z =a , 114 (=1 13)
- X =y &-2z=a 115 (& : 8, 14)

116 (O1: 2,15)

(~(x=yUOz=a UO-x=y &-2z=a)
117 ()1 16)

OxOyOzOa ( - (x =y Oz =a) O ~x =y &~z =a)
18 (O1: 1,17)

O
I 14. De Mrgan's Law (& and O Form nl, Second Half.
F OxOyOzO0a ( -~ x =y &=~z =ald -~ (x=y Oz =a) )

X,Y,Z,a 11 (Prem
A X =Yy &~z = a , 12 (Prenm



(x =y Oz = a) , 1 3 (Prem i

x =y Oz = a 4 (O)E 3) i
X =y , 1" 5 (Pren i
X =y 16 (&E 2) i
F 1 7 (FI1: 5,6) i

x =y 0o &F 18 (0O1: 5,7) i
Z = a , 19 (Prem i
-7 = a ,1 10 (& 2) i
¥ 011 (F1: 9, 10) i

z =al &F 012 (O1: 9, 11) i

F ,1 13 ([E 4,8,12 ) j

(x =y Oz =2a) O F 114 (01 3,13) i
- (x =y Oz = a) 115 (-l 14) i

- X =y &-z=al-(x=yUdz=a),! 16 (OI: 2,15) i

(- x=y &-z=al -~(x=y Oz =a))
U017 ((O)1: 16) i

OxOyOdzOa ( - x =y &=z =al - (x=y Oz =a))
18 (0O1: 1,17) i

I 15. Law of the Excluded Mddle for One-Place Predicates.
i

F OPOx ( P[x] O= P[x] ) i

P, X 011 (Prem i
- (P[x] O = P[X]) , 12 (Pren i
PIX] , 1 3 (Prem i
PIx] O = P[X] 04 (O 3) i
(Prx] O = Prx]1) 5 (01 4) i

F 16 (Fl: 2,5) i
Pix] O F 17 (0O1: 3,6) i

—|P[X] ! 8(—||: 7) i



Pix] O = P[X] , 09 (O: 8) i

(P[x]1 O~ P[X]) ;010 ((O)1: 9) i
F P11 (Fl: 2,10) i
- (P[x] O- P[x]) O F P12 (O1: 11) i
-- (P[x] O = P[X]) , 113 (-l 12) i
(P[x1 O = P[X]) ,1 14 (-E 13) i
OPOx ( P[x] O = P[x] ) | 15 (0O1: 1, 14) i
0
' 16. Leibniz's Law of Indiscernibles, First Half. The
second half will be proved in chapter 11.8, once it has been

established that, for every thing, there exists a predicate which
is only satisfied by that thing. i

FOxOy ( x =y O OP(P[Xx] = P[y]) ) i

X,y 11 (Prem i
X =y 12 (Prem i
P , 1 3 (Prem i

P[ X] 1 4 (Pren i

Ply] 15 (=E 2,4) i

Pix] O Pry] 16 (0O1: 4,5) i
Ply] U0 7 (Prem i

PIX] 1 8 (=E: 2,7) i

Plyl O PIX] P9 (g1 7,8) i
PIx] < Ply] , 110 (=I: 6,9) i
(PIx1 = Plyl) 11 (O 10) i
OP(P[X] < PLy]) 0012 (0 3,11) i
x =y O OP(P[x] = PLY]) 113 (O1: 2,12) i
( x =y 0O OP(P[X] < Ply]) ) 14 ()1 13) i
OxOy ( x =y O OP(P[X] = Plyl) ) I 15 (O 1, 14) i

0

I Leibniz's Law will never be used, because =E i s nuch sinpler and
nore direct. The follow ng proposition, however, does save steps.



I 17. i

F OPOxOy ( P[x] & - Ply] O = x =y ) i

P, X,y 11 (Prem i
PIx] & = Ply] 12 (Prem i
P[ X] 13 (& 2) i
- Ply] 14 (& 2) i

X =y , 15 (Prenm i

PLy] , 1 6 (=E 3,5) i

F U7 (F1: 4,6) i

x =y 4o &F 18 (0OI1: 5,7) i
TX =y , 19 (-l: 8) i
PIx] & -~ Ply] O = x =y ;110 (O1: 2,9) i
(PIX] &-~Ply] O -x=y) 111 ()1 10) |
OPOxOy ( P[x] & =~ Ply] O =~ x =vy) 112 (Ol: 1,12) i

0

I 18. Law of the Excluded Mddle for Two-Place Predicates.
i

F OROxOy ( Rx,y] 0= RX,y] ) i

R X,y 11 (Prem i
- (RIx,yl O- RXx,yl ) 12 (Prem i
RIX, Y] 1 3 (Prem i
Rix,yl 0= RX, Y] 4 (d: 3) i
(Rix,yl O = RX,y1) 5 (01 4) i

F 1 6 (F1: 2,5) i
Rx,y] O F 1 7 (O1: 3,6) i
- RX, VY] 08 (Al 7) i
Rix,yl O~ Rix,y] 19 (0 3,8) i
( Rx,yl 0= Rx,y] ) 110 (01 9) i

F 111 (K1 2,100



- ( Rx,yl O=-Rx,y] ) O &F 012 (O1: 2,11) i

-- ( Rx,y] O= RX,y] ) , 113 (-l 12) i
( Rx,yl] O= RX,vy] ) , ! 14 (-E 13) i
OROxOy ( Rx,yl O= RX,y] ) 15 (Ol: 1,14) i

0

I The next several propositions (P19-P28) concern De Mirgan's
Laws for Existential and Universal Quantifiers. They are |inked

to De Morgan's Laws for & and [0 because over a finite domain

Exi stential Quantification is essentially disjunction, and
Uni versal Quantification conjunction. i

I 19. De Mdrgan's Law for Quantifiers vl1l, First Half. i

FOP( Ox PIx] O = X = P[x] ) i

P 11 (Prem i
Ox PIX] 12 (Prem i

X = P[x] 13 (Prem i

- P[a] 14 (E 3) i

Pla] , ' 5 (0OE 2) i

F 1 6 (FI: 4,5) i

X - P[x] O &F 17 (0O1: 3,6) i

- [X = P[X] 18 (-l 7) i

Ox P[x] O = X = P[X] 19 (0O1: 3,8) i

( Ox P[x1] O = X = P[x] ) ;1010 (()1: 9) i
OP ( Ox P[x] O = X = P[X] ) I 11 (O1: 1, 10) i

0

I 20. De Morgan's Law for Quantifiers v2, First Half. i

FOP( Ox PIx] O =~ Ox = P[x] ) i

P , 11 (Pren i
X P[X] 1 2 (Prem i
Ox = P[X] , 1 3 (Prem i

Pl a] 14 (CE 2) i



[
(
OP (

0

I 21.

- Pla]

F
Ox = P[x] O &F
- Ox = P[X]

Pix] O = Ox = P[X]

X P[x] O = Ox = P[x] ) ,

(X P[x] O = Ox = P[X] )

De Morgan's Law for

5 (OB 3)

6 (Fl: 4,5)
7 (O1: 3,6)
8 (-l: 7)

9 (O1: 2,8)
10 (O)1:9)

11 (O 1,10)

Quantifiers v3, First Half.

FOP( Ox - P[x] O =~ X P[x] )

P

Ox = P[X]
(X P[X]
Pl a]
- Pla]
F
X P[x] O F

- [X P[X]

Ox = P[x] O = [k P[X]

(
OP (

0

I 22.

Ox = P[x] O = [x P[x] ) ,

Ox = P[x] O = X P[x] )

De Morgan's Law for

1 (Prem
2 (Prem
3 (Prem
4 ([E 3)
5 (OE: 2)
6 (Fl: 4,5)
7 (O1: 3,6)
8 (-l: 7)
9 (O1: 2,8)
10 (O)1: 9)

11 (O1: 1, 10)

Quantifiers v4, First Half.

FOP( Ox = P[x] O = Ox P[x] )

P

(X = P[X]

Ox P[x]

1 (Prem
2 (Prenm

3 (Prem



- Pla]
Pl a]
F
Ox P[x] O F
- Ox P[X]
(X = P[x] O = 0Ox P[X]
( x = P[x] O = Ox P[x] )

0P ( x -~ P[x] O

0

I 23. De Morgan's Law for

FOP (- DOx Px] O X = P[x] )

P

—

(

- Ox P[X]

- [X = P[X]

= PX]

(X =P[X]

- P[x] U
- PIX]
PIx]
Ox P[X]
F
- X = P[x] O
-= [X = P[X]
(X = P[X]
0 X

Ox P X]

- Ox P[X]

- [Ox P[X] )

F

F

- P[X]

DDX—lP[X])

4 ([(E 2)

5 (OE: 3)

6 (Fl: 4,5)
7 (O1: 3,6)
8 (-l: 7)

9 (O1: 2,8)
10 (()1: 9)
11 (OI: 1,10)

Quantifiers v4, Second Half.

1 (Prem

2 (Prem

3 (Prem

4 (Prem

5 (Prem

6 (O: 5)

7 (F1: 3,6)
8 (O1: 5,7)
9 (-l: 8)

10 (-E: 9)
11 (OI: 4, 10)
12 (F1: 2,11)
13 (O1: 3,12)
14 (-l: 13)
15 (-E: 14)
16 (O1: 2,15)
17 (()1: 16)



OP ( - Ox P[x] O X = P[x] ) 1 18 (OI: 1,17)
O
I 24. De Morgan's Law for Quantifiers v3, Second Half.
FOP( - x PIx] O Ox = P[x] )
P , 11 (Pren
- [X P[X] 12 (Pren
- Ox = P[X] 1 3 (Prem
X 14 (Prem
P[ X] 1 5 (Prem
X P[X] ! 6 (O: 5)
F 17 (F1: 2,6)
PIx] O F .1 8 (0O1: 5,7)
= P[X] 19 (=l: 8)
Ox = P[X] 110 (O1: 4,9)
F 111 (F1: 3,10)
- 0Ox - P[x] O F 112 (O1: 3,11)
- Ox = P[X] 113 (Al: 12)
Ox = P[X] 1 14 (-E 13)
- [x P[x] O 0Ox = P[X] 015 (O1: 2, 14)
( - X Pix] O Ox = P[x] ) 116 (()I1: 15)
OP ( - X P[x] O Ox = P[x] ) 17(01r: 1,16)
O
I 25. De Morgan's Law for Quantifiers v2, Second Half.
FOP(-DOx -~ Px] O XP[x] )
P 11 (Prem
= Ox = P[X] 12 (Pren
- X P[X] , 1 3 (Prenm

( - x P[x] O Ox = P[x] ) 1 4 (OB P24)



- [X P[X]
0Ox = P[X]
F
- [X P[x] O
= [X P[X]
(X P[X]
- Ox = P[x] O

( - Ox = P[x]

0 Ox = P[x] ,

F )1

X P[X] !

O x P[x] ) ) !

OP (- Ox - P[x] O Ok P[x] ) !

0

I 26. De Mbrgan

's Law for Quantifiers vl,

FOP( - Ix - P[x] O Ox P[x] )

P
- [X = P[X]

- 0Ox P[X]

( - Ox P[x] O X = P[x] ) , !

- Ox P[X]
(X = P[X]
F
- Ox Prx) 0O
- [OX P[X]
Ox P[X]
- [X =~ P[x] O
(= Ix = P[x]
OP ( = X = P[X]

0

I 27. De Morgan

F OP ( Ox PIx]

0 X - P[X] !

F )1

Ox P[X] ) !
O Ox P[x1 ) .

O Ox P[x] ) !

s Law for Quantifiers vi.

4:—|D(—|P[X])

5 (OE 4)

6 (OE 3,5)
7 (F1: 2,6)
8 (O1: 3,7)
9 (-l: 8)

10 (-E: 9)
11 (O1: 2,10)
12 (()1: 11)
13 (O1: 1,12)
Second Hal f.
1 (Prem

2 (Prem

3 (Prem

4 (DE: P23)
5 (OE 4)

6 (OE 3,5)
7 (F1: 2,6)
8 (O1: 3,7)
9 (-l: 8)

10 (-E: 9)
11 (O1: 2,10)
12 (()1: 11)
13 (O1: 1,12)



OP ( Ox Prx]

0

F OP ( Ox PIX]

OP ( Ok PX]

0

P
( Ox P[x]
Ox Prx) O

(- x =~ P[x]

N

- X - PIX] )

- [XK = P[X]

- X = P[X]

Ox P[Xx]

( Ox P[X]

28. De Modrgan's Law for

P
( Ix P[x]

(X P[x] O

(‘IDX‘!P[X]

= = X =~ P[x] )

O

O Ox P[Xx]

= = [XK = P[X]

O Ox P[x] )

= = X = P[x] )

Quantifiers

= = Ox = P[x] )

- Ox = P[X] )

- Ox = P[X]

- Ox = P[X]

(X P[X]

( Ix Px]

= = 0Ox = P[X] )

U X P[X]

= = Ox = P[X]

0 Ox P[X] )

= = Ox = P[x] )

(Prem

(OE: P19)
(OE 3)
(OE: P26)
(OE 4)
(=1: 3,5)
(O)1: 6)
(O1: 1,7)
(Prem
(OE: P20)
(OE 2)
(OE: P25)
(OE 4)
(=1: 3,5)
(O)1: 6)
(O1: 1,7)



