THE LANGUAGE AND SYSTEM

FOEA uses a nodification of a natural -1 anguage deducti on
system like that found in Lemmon's Beginning Logic. It is
different, first, inthat it is dynamc. The | anguage changes as
FOEA progresses; sone synbols are original (introduced at the
begi nning), but others are defined | ater over the course of tineg,
according to rules prescribed here. Secondly, although this is
relatively sinple, cooments are pernmtted and used to rmake any
appropriate remarks parenthetically. So for instance, it may be
noted that a particular theoremis called the Commutative Law of
Addition. There are other borrow ngs from conputer science, nost
especially the notion of an environnent, which is described in

further detail bel ow

Synmbol s

As in any witten | anguage, the fundanental atomis a synbol.
Here we stipulate that a synbol mnust be horizontally connected,;
that is, it is inpossible to draw a vertical |line through white
whi ch divides a synbol in two. The contrary holds as well, and
any marking which is horizontally connected is a candidate to be a
synbol . For exanple, "w' is a synbol since it is connected. "i"
is a synbol, since only a horizontal |ine separates the dot from

t he body. However, is not a (one) synbol, since vertica
i nes separate the dots.
To be clear, a different font, size, or style (e.g. bold or

italic) differentiates synbols. For exanple, "w', "w', "w", and

"w" are all different. "a" (Courier 12 pt plain), "a" (Courier

12 pt bold), , "a" (Geneva 12 pt plain), and "a" (Courier 14 pt

plain) are all different as well. Case also distinguishes, of
course: "a" and "A" are different. Color has not been used in
FOEA, but evidently it could al so be used to distinguish synbols
(or it could be used as a stylistic, clarifying device and not
di stingui sh synbols). Position, such as a sub- or super-script,

will also (though nore rarely) be used to differentiate synbols.



A conplete list of synmbols, their neanings (very briefly),
and their first appearance, is given in Appendices 1 and 2 of

this chapter

Li nes
FOEA is divided into lines. O, in other words, FCEAis a

concatenation of lines. Lines are not the sane as physical |ines,
in that a FOEA line nmay extend over several physical |ines (what
you see on a page). Each FCEA line is one of five sorts:

a comment,

a definition,

t he proposition header (where the proposition which needs
to be proved, is stated),

a statenent in a proof (statenents in proofs are separated
by a comma), or

the proof-ternination synbol ().

A comment line begins with ! and ends with j. The follow ng

physical line is an exanple of a comment [ine:

I This is a comment. i

Normal |y, but not always, the ! synbol is in the first colum, and
the j synbol is in the last colum. Again, a conent nmay extend
over several physical |ines.

A definition is one of three sorts: & D, or T. Each
variety will be explained in nore detail bel ow

The proposition header asserts a proposition, prior to its

proof. For instance, the first proposition header of FCEA is:

FOxOy (x =y Oy=x) i

A proposition header begins with the "turnstile" symbol F, which

is always in the first colum, and termnates with j. In between
there lies a proposition, which has a definite syntax, described

bel ow.



A statenent in a proof usually has the sane syntax as found
in statenents belonging to a proposition header, with one

addition. Again, this is described in detail bel ow

The Environnent and Language

An environnment is a 4-tuple, which may be witten & =

(&, ®,wW, A). It consists of:
(1) the | anguage,
(2) the set of all propositions which have been proven,
(3) a position marker, specifying where one is; and
(4) if oneis within a proof, a stack.

When one is within a proof, the position marker is the
proposition to be proved. Qherwise, it is any synbol
representing "out-of-proof."

"Stack"™ has been chosen because of its conputer-science
connotations. Over the course of a proof, things may be popped
onto the stack and then | ater popped off, on a last-in, first-out

basis. Technically, the stack is a list (t1,t2,...,tpn) of 2-
tuples, i.e. eachti = (Aj,G). The first tuple & is itself a

list, of statements. The second tuple G is a set of constants.

Intuitively, the each elenent of the stack represents an

environnent, and as i increases, the environnent gets nore and

nore restricted. A represents the statenments whi ch have been

proven up to that point in the environment, and G the constants

whi ch have been introduced.
In order to inprove readability, we will wite the stack |ist

and the list of statenents naking up a stack el ement using "<...>"

instead of "(...)". So a stack list will be witten
<t1,t2,...,tpn> where each ti = (A4j,G), and each & =
<$1,S2,...,5m>.

A proof can only termnate when the stack is null, defined to

mean the list (of length one) of the 2-tuple, where the first

tuple is the enpty list (the Iist of length 0) and the second



tuple is the enpty set. This wll be witten <(<>,{})>.

The environnment is dynamc and will change wi th each
additional line. |In particular, FCEA s |anguage can be nodified
over the course of its derivations, so it is dynamc as well. The
initial language is fixed, but subsequent evol utions are not
(al t hough the rules of evolution are nonethel ess stated in

advance, of course).

A |l anguage I may be thought of as a 6-tuple: of synbols,
constants, variables, and three lists of definitions (what we w |
call &, D-, and T-definitions). These will be represented by:
Synbol (£), Const (%), Var( L), E( L), D(E), and T(LE).

Now al |l wel | -behaved predicates are things, but not all things
are wel | -behaved predi cates. As upper-case letters represent
wel | - behaved predi cates and | ower-case things, upper-case may be
substituted for lower-, but not the reverse, and in a fornal
characterization of FOEA s | anguage and grammar, which is after
all the purpose of this chapter, one should strictly speaking
differentiate | ower- and upper-case constants, variables, and
defined ternms. Nonetheless, the formalization of this distinction
is at the price of greater conplexity. As the existing
devel opnent is likely to prove already sonewhat difficult by its
novelty, this additional conplication to the formalism has been
rejected, although fromtine to tinme there may be coments,
exterior to the actual technical characterization, about the
distinction. Instead, according to the actual formalization
appearing in this chapter, FOEA is a standard first-order system
whi ch has nunerous advantages, not |least of which is that it is

the nost famliar to | ogicians and students alike. In any case,

the FOEA derivations never substitute small-letters for big-,
whi ch can be readily verified by anyone willing to inspect all its
pr oof s.

The initial synbols are listed in Appendix 1 to this chapter.
As al ready stated, new synbols nmay be introduced, so |long as they
are horizontally connected. They are listed in Appendi x 2.

The initial (lower-case) constants are:



01234

The intial (upper-case) constants are:

M. wo O A[Q

Initial constants are al ways subsequently constants.

The initial variables are letters, either big or little, and
either normal or bold, in Courier 12 point. Big letters are, of
course, upper-case, and little | ower-case. Subsequently, from
time to time, and tenporarily, letters may becone constants and
cease to be variables. They keep their case, e.g. a | ower-case
variable can only becone a | ower-case constant. This is what
happens when one says "Suppose X exists." X, which was up to this

point a | ower-case variable, ceases to be one and now becones a

| ower-case constant. It retains this new character until the "O"

rule is invoked, after which it again becones a vari abl e.
The syntax of &, D-, and T- definitions are given in

Appendi x 3. There are no initial definitions.

Logical Rules of Inference

The initial environnment consists of: (1) the initial |anguage,
(2) the set of axions, which will be described herein, (3) a
mar ker indicating one is out-of-proof, and (4) the null stack,
since one is not within a proof.

As already stated, FOEA is a concatenation of |ines, which may
be of five sorts. Not all concatenations of lines are permtted,
and this section wll describe which are.

A comment |ine nmay appear at any time, either in- or out-of-
pr oof .

Definition lines are only all owed out-of-proof. The
envi ronnent changes (it is different before and after the
definition line), in that the | anguage changes. One remains out-

of - proof .



A proposition header may only be concatenated if one is
positioned out-of-proof. It mnust consist of a statenment in the
current environnment's |anguage. The environnent changes, in that
one is now in-proof, and the proposition in the header becones the
marker, to show that one is currently trying to prove it.

A statenment in a proof is only permtted in-proof and if it
follows according to the rules of inference stated herein. It
changes the stack and may change the | anguage.

A proof-termnation synbol is only allowed if all of the
following hold: the stack is a list of length one; the first tuple
of this list's one elenent is itself a list, whose |last elenent is
identical to the proposition in the header (which is the position

mar ker); and the second tuple of this list's one elenent is the

enpty set. |.e. the stack nust be of the form
<(<s1,82,...,sm> {})> where smis the proposition which was to be
proved. The stack becones null, the set of proved propositions

adds the proposition in the header, and the position marker
i ndi cates that one is now out - of - proof.

Thr oughout the statenment of the rules of inference and the

definitions, it will be supposed that the current environnent is &
= (&, ® W, .8).
Let #®° = all the propositions in # plus all the statenents

whi ch appear in the lists of the stack.

Whien X is a subset of Var(iZ) for some | anguage I, then Lx
refers to the | anguage exactly like I, except that Var(L£yx) =
Var(£) \ X and Const(£x) = Const(£) O X Wen £ is a | anguage
and X is a subset of Const(4), then x& refers to the | anguage
exactly li ke &, except that Var(xLf) = Var(£) O X and Const ( x4&3)

= Const (&) \ X. Wien X is the singleton set {y}, we may sinply
wite xy i nst ead of x{y} and y£ i nst ead of {y}x.

Recall that the stack is a (finite) list of 2-tuples,

<t1,t2,...,tpn> where ti = (A,G), A being a list of statenents



and G being a set of constants. W wll say a statenent Sis

added to a stack <t1,t2,...tnp-1,tn> to nean that the new stack is
<t1,t2,...,tn-1,tn"> where tn = (An,Cn) and tn* = (An"<S> , Cn).

That is, the new stack is identical to the original stack, and in

particul ar keeps the same | ength; the only difference is that the

termnal list of statenents 4Apn now has added on, as a | ast

element, the statenent S. Intuitively, a statenment is added to
the stack when it has just been proved.
Saying a constant is added to the stack has a simlar sense,

where everything stays the same except that now Cy contains the

constant in question. Intuitively, a constant is added to the
stack when it has just been introduced.

W will say that a tuple t is popped onto a stack to nean that
the stack changes, wth the new stack identical to the origina

stack, except there is now an additional element on the list tp+1
(indeed, it is the termnal element), with tpn+1 =t. Intutively, a

tuple is popped onto a stack when the environnent changes. E. g.
when we assune a proposition ("Suppose X isS non-zero"), so that we
can deduce its consequences, then the environnment has changed, and
the stack's length increases by 1, to represent this new
environnent. If the stack is a list of length two or greater, we
will say that a tuple t is popped off a stack, in order to nean
that new stack is the sane as the original stack, except it is

mssing the termnal elenent, i.e. it equals (t1,t2,...,tn-1).

So, the length of the stack descreases by one. E. g. suppose again
that we have assuned a proposition "Suppose x i s non-zero", and
suppose that we have concluded that "x has a predecessor”. Then
we can infer that "If x is non-zero, then x has a predecessor,"
and this inference is correct in the previous environnment, i.e. it
does not need the assunption that "Suppose x is non-zero."

Rul es of inference inpact always the stack and sonetines the

| anguage. The only inpact of definitions is on the | anguage.

&St atenents, OStatenents, and the |like, are defined in



Appendi x 3. The reader can probably nonet hel ess understand the
subsequent w thout |earning the particularities of the
definitions.

[x\a,y\b,---\c] is used to nean that all instances of x are

repl aced by a, all instances of y by b, ..., and all instances of
z by c. The replacenents are sinultaneous, so e.g. if b contains
i nstances of z, these z-instances are not replaced by c. Al though
| ower-case letters are used, upper-case nmay al so appear. In order
to differentiate | ower- and upper-case, it would be necessary to
stipulate that any pair around the "\" nust be either both | ower-
case or both upper-case. E.g. either x and a nust be both | ower-
case or both upper-case.
"\\" is used instead of "\" to nean that sone but not al

substitutions are made. E. g. [x\\c] is used to nean that sone

(perhaps not all and perhaps no) instances of x are replaced by c.

Again, both letters may be upper-case, rather than |ower-.

ASSUVPTI ON
(Prem

Any statenent may be asserted (as a prem se).

Remark that a statenent nmay either be a proposition (somnething
whi ch could be proved) or a Prenkx statenent, i.e. of the sort

" Suppose x exists."

Suppose the statenment Sis a proposition. Then it, or nore
precisely ((S),enpty set) is popped onto the stack. The | anguage

remai ns the sane.

On the other hand, suppose Sis a PrenkEx statenent, i.e. Sis X

for sone variable x. Then the | anguage changes, with the new

| anguage being L£yx, where the old (current) |anguage was .

Mor eover, (<S>, {S}) is popped onto the stack.

As a convention, Premstatenents will be indented two spaces nore



than the previous statenent (indented in colum three if the first
statenment). Nonet hel ess, successive PrenEx statenments can be
grouped on one line, like

X,VY, Z, I Suppose X, y, and z exists. i
rather than |ike

X, I Suppose x exi sts. i

Y, I Suppose y exists. i
z, I Suppose z exists. i

AND | NTRODUCTI ON

(&)
@
Y& - &<¢
Y& & &--- &{ (note: @ may be at one of the borders)
Precisely, if o and ¢ & --- & 0O # and ¢, y,..., lare

&St at enents, then the line
Y& - & & &

can be deduced. It is added to the stack.

AND ELI M NATI ON

(&F)
Y & - & @ & --- &{ (note: ¢@ may be at one of the borders)
@
Precisely, if ¢ & --- & @ &--- & 0O ® and @, ¢,..., (are

&St atenents, then the |ine

@

can be deduced. It is added to the stack.

e Uy or ¢ Uog



Precisely, if ¢ 0 #" and @ and ¢ are OStatenents, then either the
l'ine

o Oy
or the line

Y 0o

can be deduced. It is added to the stack.

OR ELI M NATI ON

Precisely, suppose o 0 and ¢ O Cand w O ¢ O ®*. Further

suppose that g and ¢ are [IStatenments and { is an &Statenent. Then

the line

4

can be deduced. It is added to the stack.

EQUI VALENCE | NTRODUCTI ON
(=1)

0 y

Precisely, if ¢ 0 ¢ and ¢ O @ O # and @ and ¢ are &Statenents,
then the line
Q= Y

can be deduced. It is added to the stack.



EQU VALENCE ELI M NATI ON
(=B

Precisely, if ¢ = ¢ O # and ¢ and ¢ are &Statements, then
either the line

0 ¢
or the line

yu e

can be deduced. It is added to the stack.

| MPLI CATI ON | NTRODUCTI ON
(o)

Assune @ and ¢ are &Statenents. Suppose @is the first el enent
and ¢ is the last elenent of the first tuple of the stack's | ast
elenent, i.e. ¢ =s1 and ¢ = sm where An = (S1,S2,...,Sm, Wwhere

nis the length of the stack list. (It is possible that m=1

and that @ = ¢.) Further suppose that no constant appearing in ¢
belongs to Cy. Then @ O ¢ can be deduced. (.4n,Cnh) is popped
off the stack, and ¢ 0O ¢ is added. The |anguage changes, w th
t he new | anguage bei ng ¢ch4, where the old (current) |anguage was

L.

Remark that the condition about Cy (about no constant appearing

in ¢ belonging to Cy) is to prevent the foll ow ng reasoning:

y x =y ,! Prem j
X .



As will be noted below, y is added to the stack (i.e. it is added

to Cy), in order to forestall this erroneous concl usion.

As a convention, statements justified by Inplication Introduction

will be indented two spaces | ess than the previous statenent.

MODUS PONENS/ | MPLI CATI ON ELI M NATI ON
(0B

Precisely, if ¢ 0 ¢ and ¢ O #" and @ and ¢ are &Statenents, then

the line

W

can be deduced. It is added to the stack.

ABSURDI TY | NTRODUCTI ON
(F1)

Precisely, if @and -9 O " and ¢is a -Statenent, then the |ine

F

can be deduced. It is added to the stack.

NEGATI ON | NTRODUCTI ON
(=)




Precisely, if ¢ O F O ®" and @is an &Statenment, then the |ine
%

can be deduced. It is added to the stack.

NEGATI ON ELI M NATI ON
(-E)

—|—|q0

@

Precisely, if =mp O # and ¢is a -Statenent, then the line

®

can be deduced. It is added to the stack.

UN VERSAL QUANTI FI CATI ON | NTRODUCTI ON

(an)
If ¢ has been deduced fromthe assunption that a,b,...,c exist,
t hen
OxOy- - - Uz@[a\x, b\y, -..,c\z]

can be deduced.

Preci sely, suppose the last elenents of the stack list are

ti,...,tn, where n-i+1 is the nunber of variables appearing in
the list x,y,...,z or the nunber of constants in the |ist
a,b,...,c. Let tj = (Aj,G) and & = <sil,s2l,..., smli>for

i <] £n And suppose sli = a, sli+1 =b, ..., s1" = c,

sm = @, which is assuned to be a Bl ockStatenent. And suppose

G O0OG+1 O... O Cy does not include any synbol which appears



in @[a\x,b\y,-..,c\z]. Finally, suppose that x,y,...,z are

variables in the current |anguage and do not appear in @ Then

(call this the statenent S)

OxOy- - - Dz@[a\x, b\y, -..,c\z]

can be deduced.

The el enents tnp,...,tj are popped off the stack, and the

proposition S is added. The | anguage changes, with the new

| anguage being cifi, where the old (current) language is I, and C

being G O G+1 O... O Gy

The above description allows for single or nultiple
generalizations. Here is an exanple of two single

general i zati ons:

P , | 1 Prem i

X ol 2 Prem i

P[ X] , | 3 Prem i

PIx] O P[X] . 4 1 i
(P[x] O P[x1) ! 5 (Ol i
Ox(P[x] O P[X]) ! 6 Ol i
POP )l 7 Tl i
OopP P O P ! 8 Ul i

The stack behaves as follows, supposing the intial stack to be
<(<>,{})> and indicating the stack existing at the end of each
statenent. Quotation marks are used around statenents to

i ncrease readability.

11 <(<P> {P})>
21 <(<P> {P}), (<x>, {x})>
3: <(<P> {P}), (<x> {x}), ("PIx1", {})>

4: <(<P> {P}), (<x,"P[x] O P[x]"> {x})>

5: <(<P>{P}),(<x,"P[x] O P[x1","(P[x] O P[x1)">{x})>



6: <(<P,"Ox(P[x] O P[x])"> {P})>
7: <(<P,"Ox(P[x] O P[x])","P O P">, {P})>
8: <(<"OP P O P> {})>

Here is an exanple of a multiple generalization. Notice that the
first physical line in fact includes two lines, with one |ine

separator (i.e. the comm) between the "x" and the "y".

X,y , ! 1 Prem i

X =y ! 2 Prem i

X = X , | 3 =l i

y = X , ! 4 =E i

Xx =y Oy =x , ! 5 Ul i
(x =y Oy=x),t 60l i

OxOy(x =y Oy =Xx)

! 7 0l i

The stack behaves as follows, supposing the intial stack to be

<(<>{})> and indicating the stack existing at the end of each

st at enent .
1 <(=<x>{x}), (<y>{y})>
2 <(<x>{x}), (<y>{y}), (<"x =y">{})>
31 <(<x>{x}), (<y>{y}), (<"x = y","x = x">{})>
4: <(<x>{x}), (<y>{y}), (<"x =y","x =x","y = x">{})>
5: <(<x>{x}),(<y,"x =y Oy =x">{y})>

6: <(<x>{x}),(<y,"x =y O vy =x",
"(x =y Oy =x)">{y})>

7 (<"DxOy(x =y Ovy=x)">{})>

Note that the restriction about G, not including any ot her

constants contained in ¢@is necessary, to prevent the follow ng

reasoni ng:
Oxy x =y . Prem j
X ) Prem j
y x =y )l OE
X =y , ! i
!

Ux x =y . Ul



yx x =y 1 0 i
xly x =y U ylx x =y . Prem j

As will be noted below, y is added to the stack (Cy), in order to

forestall this erroneous concl usion.
As a convention, statenments justified by Universal Quantification
Introduction will be indented two spaces | ess than the previous

St at enent .

UNI VERSAL QUANTI FI CATI ON ELI M NATI ON

(0B
Suppose a,b,...,c are terns and x,y,... are variables. Further
suppose a,b,...,c are on the list of successfully referring terns

in the current environnent. Then:

Preci sely, suppose that OxOy---Oze O #", that ¢ is a

Bl ockSt atement, and that a,b,...,c are proven to be successfully

referring terms (see below). Then @[x\a,y\b,...,z\c] may be

deduced. It is added to the stack.

W will define what it neans to prove a termis successfully
referring nuch later. Suffice to say here that nost terns are

i nherently successfully referring, so do not have to be proved
such. Those which are not, are terns defined with a supposition
and these terns are proven to be successfully referring when the
supposition is proven. For exanple, if in order to wite (3') we
must know that 3 is a natural nunber, we nust have proven that 3
iIs a natural nunber before we can substitute the term(3') for a

universally quantified vari abl e.

EXI STENTI AL QUANTI FI CATI ON | NTRODUCTI ON




(o)

@ where ¢ contains constant ¢

Preci sely, suppose constant ¢ is successfully referring and
appears in ¢ O ", which is a BlockStatenent. Further suppose
that x is a variable. Then

X@[ c\\ x]

can be deduced. It is added to the stack.

EXI STENTI AL QUANTI FI CATI ON ELI M NATI ON
(B

@[ x\c] for sone available c.

Preci sely, suppose kg O #*, and that ¢ is a Bl ockStatenent.
Further suppose that ¢ is a variable. Then
@[ x\ c]

can be deduced. It is added to the stack. The variable ¢ is al so

added to the stack. The | anguage changes, with the new | anguage

being L£L{c}, where the old (current) language is L.

| DENTI TY | NTRODUCTI ON
(=)

C =Cc where c is a successfully referring term

Preci sely, suppose c is a successfully referring termin the
current environment. Then ¢ = c¢ can be deduced. It is added to

t he stack.



| DENTI TY ELI M NATI ON

@[a\\b] O @[b\\a]

Preci sely, suppose a and b are terns in the current |anguage, and

that proposition ¢ O #*. Then either @[a\\b] Or @[b\\a] can be

deduced. It is added to the stack.

PARENTHESES | NTRODUCTI ON
(O

Precisely, if proposition ¢ O #°, then (@) can be deduced. It

is added to the stack.

PARENTHESES ELI M NATI ON
(OB

Precisely, if proposition (¢) O #°, then ¢ can be deduced. It

is added to the stack.

EXCHANGE
( Exch)

A dummy variable in aterm{x,y,...z : (¢} can be replaced by any

ot her variabl e whi ch does not appear in (.



Preci sely, suppose that termt = {x,y,...z : (¢} appears in
proposition ¢ O #*. (y may be the first or last of the variable
list.) Al so suppose that variable v does not appear in @ and |et
s be {x,v,..., 2z Y[y\v]} Then @[t\s] can be deduced. It is

added to the stack.

PREDI CATES

(Pred)
Oalb. .. Oc({x,y,...,z : ¢}[a,b,..c] = @[a\x,b\y,...c\z])
where @ is a OPStatement (%, (x,y,...,2)), & being the current
| anguage.

(A OPStatenent has no variables in a predicate position. A
precise definition is given in Appendi x 3.)

Precisely, let & be the current |anguage, and let x,y,...,z and
a,b,...,c be disjoint lists of variables (of the sane |ength and
with no duplicates). Suppose ¢ is a OPStatenent (%5, (X,y,...,2)),
whi ch does not contain any of the a,b,..., c. Then

Oalb. .. Oc({x,y,...,z  @}[a,b,...,c] = @[a\x,b\y,...c\z])
can be deduced. It is added to the stack.

Mat hemati cal Axi ons

( Count 0)
OnOCOxOyOz ( €[n,Q & Ox,y] & Jz,y] O x =2z)

(Count 1a)
OnOC ( €[N, &~-n =00 [a dn,a )

( Count 1b)

OnOndkOCOa ( win] & wim & G[n,C & -~ [X Jx, a]
& TIim{x,y : gx,y] O(x =m&y = a)}]
& Trk,{x,y : Ox,y] O(x k &y = a)}]
O m=k)

(Count 2)
OC ( €0, = - Xy Ox,yl )



(Count 3)
OnOndCODOa ( win] & o[n,mM & - X (X, a]

&DXDV(QX,Y] @qX,Y] D(X:m&y:a))
0 (Gn,q - Tm0DO) )

(w0)
o[ 0]

( Count Exi st)
OnOCHOa ( win] & €[n,Q & - [X Jx, a]

O n( om & Em{x,y : Ox,y] O(x =m&y =2a)}] ) )

(Nunb)
OnOP ( N[n, Pl = OC( C[n,Q & Oy (x Ox,yl < Py1) ) )

ONE, TWO, THREE, AND FOUR

(One)
o[ 0, 1]

( Two)
o1, 2]

(Three)
o[ 2, 3]

(Four)
o[ 3, 4]

ADDI T ON
(Add)

OnOmkOAOB ( win] & wim & wk] & T.[n, Al & T.[m B]
& - X(AX] & B[x])
O (O, mkl < N[k, {x : Ax] OB[x]}]) )

| NE | TY

(I neql)
OnOnJAOB (- T[n, A & N.[mB] & Ox (AIx] O B[X])
O Aln,m )

(1 neq2)
OnOnJAOB ( Aln,m & T[n, Al & T.imB] & Ox (B[x] O AX])
O Ox (AX] = BIx]) )

SUBTRACTI ON
(Subtr)

OnOmJKOAOB ( wfn] & wim & wk] & T.[n, Al & T.[m B]
& Ox (AIxX] O B[x])
O (e@mn,kl < Nk, {x : B[x] &= Alx]}1) )

MULTI PLI CATI ON




(Ml t)

OnOmidkOPOR ( fn] & w(m & ofk] & T.[n, P

& Ox (Pix1 O Tim{y : RIx,y1}1)
& OxOyOz (Rx,y] & Rz,y] O x = z)
O ¢ Onmky < N[k {y : Iz (Rz,y] &Pz])}]) )

Mat hematical Rule of |Inference

| NDUCT1 ON
(1 nduct)

@[ 0\ n]
OnOm ( winl &oln,m & ¢ O ¢[mn])

Preci sely, suppose @ is an &Statenent which does not contain m
and t hat

g[o\n] O #* and

OnOm ( winl &olnm & ¢ O @[mn]) O ",

Then
On ( ofn] O @)

can be deduced. It is added to the stack.

Definitions

There are three kinds of definitions: %, D-, and T-.
The first two are abbreviations, & for propositions, D- for

terns. T-definitions are baptisns, referring to the one and only

one thing which has been shown to exi st.

Definitions thenselves are only all owed out-of-proof. That
is, it is a historical fact that the proofs did not use them and
so when it cane tinme to characterize the system and | anguage
(which, historically, was done only after the proofs were first
conpl eted), they were not permtted in-proof. Nonetheless,
obviously logically this [imtation could easily be reversed.

In any case the various rules, such as Introduction and



Elimnation, involving definitions, are allowed in-proof and only
i n- proof .

Suppose Dis a definition. Then define:

LHN(D) = the new synbol of the definition

LHM D) = the definiendumpart of the definition
£g(D) = the definiens part of the definition

£p(D) = the pre-supposition part of the definition
£H\v(D) = the set of variables used in the definition

For instance, a definition D m ght be:

DA; (nAm ; wn &wmMmM &(-n=00-m=0) ;

(x(d nm)
Then
LHON(D) = A
HMD) = (n A m
HS(D = (x(d6n m)
LHp(D) = wn &M &(-n=00-m=0)

HV(D) = {n, n}
8- Definitions
An L-definition never nmakes a pre-supposition. So as |ong

as it is part of the | anguage, any &-definition is allowed out-
of - proof .
Wth T-definitions a proposition (wth certain variabl es)

can abbrevi ated by an expression which is a concatention of those
sanme vari abl es and a new synbol. Wen either the abbreviation or
the abbreviated is asserted, with constants now repl acing the

vari abl es, so may the other.

For instance, here is an exanple of an & definition:

& 0; POQ; Ox(Pxp O Qx]) i



The new synbol, in this case “[0’, follows directly after “% and is

followed by a sem-colon. Next is a concatention involving the synbol
and certain variables, followed by another sem-colon. Last is a
statenment containing the sane certain variables, followed by an upside-

down excl amati on point.
The sense of this definition, of course, is that “P 0O Q nmay be
used to abbreviate “IOx(P[x] O Q@x])”. Any termin the | anguage may

replace P or Q
In a proof (and only in a proof) the ¥ synbol may be introduced or

elimnated. An exanple where it is introduced:

Ox(P[x] O P[X]) cdrn) i

POP () i

And a case where it is elimnated:

QUR P(&B) i
Ox(Qx] O Rx]) b (FE) i

Needl ess to say, except for different terns replacing P or Q
and di fferences in whitespace, the statenents nust be exactly as appear

in the & definition for the introduction and elimnation rules to be

used. For instance, the appearance of parentheses or indeed any

addi tions woul d prevent the use of elimnation. The following is

i ncorrect:
( QUR) (&) i
I | NCORRECT USE i
( Ox(QAx] O Rx1) ) (5B i

So is the following (the rule does not apply on sub-statenents):

QUR&RIOQ 1 (&B) [
' 1 NCORRECT USE i

Ox(Q@x] O Rx]) & Ox(Rx] O Qx]) ! (5B i



S_DEFI NI TI ON

Qut - of - proof one may always state a definition D O TDef (4&). It
changes the | anguage to &', where L' is exactly like £, except
that & &') contains D and Synbol (') contains LN(D).

T_| NTRODUCTI ON

(%)
Suppose D [0 &Def (£) and that x,y,...,z lists the variables in
£Hv(D). Suppose a,b,...,c O Tern( L&) and that

@ = (HS(D)[x\a y\b, ..., z\c] O F".
Then (HMD))[x\a,y\b,-..,z\c] may be deduced. It is added to
t he stack.

S_ELI M NATI ON

(5E)
Suppose D 00 &Def (£) and that x,y,...,z lists the variables in
LHv(D). Suppose a,b,...,c O Term( £) and that

9= (HMD)[x\a y\b, ..., z\¢c] O P".
Then (£H5(D))[x\a,y\b,-..,z\c] may be deduced. It is added to
t he stack.

T-Definitions
The T-definition is akin to a baptism by proving that one and

only thing exists, we introduce a termto refer toit. |In FOEA all
i nstances are such that a condition nust be prem sed in order for the

one and only one thing to exist, so all uses involve presuppositions.
So not all T-definitions are permtted, but only those for which the

proper pre-suppositions have been proven.
For instance, it turns out that we are able to prove the follow ng

two propositions:
| 18. i
FOROx ( fFR& (RP)[x] O a Rx,a] ) i

and

I 19. [
FORDx ( fFR& (RP)[x] O OyOz(RXx,y] & Rix,z] Oy =2)) i

The first says that, “if Ris a function and x is in its domain, then
there exists an a such that R x,a]”, the second that, “if Ris a

function and x is in its domain, then whenever Rx,y] and Rx, z], y and



z nust be the same thing.” Thus, when f R & (RP)[x] holds, we can be
sure there is one and only one thing a such that Rix,a]. W therefore

are permtted to introduce a termwhich refers to this, as such:

I 20. (R x) refers tothe thingy to which x bears R It pre-
supposes that Ris functional and x is in the domain of R which
ensures that y exists (P18) and is unique (P19). i

T ; (Rx); fR& (RP)[x] ; RX,Y] i! (TD: P18, P19)

A T definition has to be justified, and the corment at the end
explains that the “TD’ rule is being used (in fact, it is the only

rule which justifies a T definition), based on the two precedi ng

propositions, P18 and P19.

There are the usual associated rules. First, introduction:

f R& (RD)[x] 1 8 (&l: 3,7) i

R X, (R x)] , 19 (TI: P20, 8) i

Since (Rx) is the unique thing y such that Rx,y] when f R & (RP)[x],
then Rx, (R x)]. Notice that, previously, the pre-supposition f R &

(RD)[x] has been asserted.

Secondly, elimnation:

(Rx) =y 14 (& 2) i

f R& (RD)[x] I 5 (TE P20,4) |

When an atonic statenment has been asserted with (R x) in an argunent
pl ace, then the pre-supposition holds and may be asserted. Remark the
requi renent about the argunment place is strict: (R x) may not be a

sub-termin an argunment place, so for instance {a : a = (R x)}

appearing in an argunent place does not allow one to assert fR &

(RO [x].

TERM DEFI NI TI ON
(TD




Suppose one is out-of-proof, with DO TDef(L£). Set ¢ = LHp(D)),

= dL£g(D). Let X,y,...,z be the elenents of LO\y(D) (again, they
may be upper-case), where x is the variable not in . Let
a,b,...,c be (perhaps upper-case) variables of I, and let d be
anot her variable distinct fromthese. Suppose
Ob...0c (Y[y\b,-..,2z\c]
O 0B ¢[x\a,y\b,-..,z\c]) O ®
and
Ob...0c (Y[y\b,-..,z\c] U
OaOd ( @[ x\a,y\b,-..,z\c] & @[x\d,y\b,-..,z\c]

Oa=d)) O%®".
Then at that point one may state the definition D. It changes the
| anguage to &', where &' is exactly like 15, except that T(£')

contains D and Synbol (£') contains L£&N(D) .

TERM | NTRODUCTI ON

(T1)
Suppose D O T(X5E). Set ¢ = Hp(D, o= LHg(D), t = HMD). Let
X,Y,...,Z be the elenents of O\(D), where x is the variable not
in ¢ (and so not int) And let a,b,.,c be terns of £. Set

S =t[y\b,-..,z\c]
| f

Wy\b,-..,z\c] O ®*,
t hen one nmay deduce

@[ x\'s,y\b,-..,z\c]-

It is added to the stack.

TERM ELI M NATI ON
(TE)
Suppose D 0 T(L&). Set ¢ = Hp(D), t = HMMD). Let x,y,..., z be

the elenments of £\(D), where x is the variable not in ¢ (and so
not int). Suppose

e 0 #*,

where @is an atomc formula with s in one of its argunent, where
S =t[y\b,-..,2z\c]

for sone terns b,...,c. Then one nmay deduce

Yly\b, . ..,z\c]-

D-Definitions
D-definitions are abbreviations, but since they may

abbreviate for T-definitions, they may al so nmake pre-

supposi ti ons.



Here are two exanples of a ID definition w thout pre-suppositions:

' 1. (b _c) represents the finite interval between b and c
(i nclusive). [

D , (b _c) . ; {a: <g[ba &<fa,c]} i

I 1. @ represents the predicate of non-identical things, which of
course is enpty (nothing satisfies it). i

D ¢; ¢; ; {a: ~a=a} i

The new synbol --in the two exanpl es or “@¢-- follows “ID” and is

followed by a sem-colon. Next cones a concatenation involving the
synbol and perhaps certain variables. |If there are variables, then the
term nmust be encl osed in parentheses, otherwi se no. Because neither
exanpl e invol ves a pre-supposition, two sem-colons follow Finally
conmes a term which nust contain the sane variabl es as appeared earlier

in the |ine.

The evi dent neaning of the first definitionis that “(b _c¢)” is
to abbreviate “{a : <[b,a] & <[a,c]}".

These ID-defined terns may be introduced or elim nated.

An i nstance of DI:

Ox ( {a : <[b,a] O<[a,cl}[X] = <[b,x] & £[x,c] )

, 1 2 (Pred) i

Ox ( (b _c)[x] = <[b,x] & <[x,c] ) , 1 3 (DI: P1,2) i
And of DE

((b+1) _ c)rh 12 (Prem i

{a : <[(b+1l),a] & <[a,c]}[b] , ' 3 (DE P1,2) i

ID definitions also all ow presuppositions. For instance, “(n")”
is introduced to abbreviate the term

“((c Dw)"'n)”.
Now “((o Ow) " n)” pre-supposes that
f(o DOw & ((o Dw)D[n]

So it nmust first be proven that



I 11. i

FOn( wn O f(oOw & ((oc Ow)D[n) i

to make the followi ng definition:

1 12. i

D " (n) ; «on ; ((oc Ow) " n) i! (DD 1118.20,P11)
[

Here w(n] is the pre-supposition of (n'). Goviously, if wn] holds,
then f (0 Dw) & ((o ODw)D)[n], and so ((0 ODw) n) nakes sense.

The DI and DE rules remains the sane, with the exception that for

the DI rule, the pre-supposition nust be proven before the termis

substi t ut ed:

W[ N] , 12 (Prenm i
(wn O f(oDw & ((c Dw)Dn ) ,!' 3 (0OE P11) i
wn O f(oOw & ((0c Dw)Din] 14 (OE 3) i
f(oOw & ((oc 0w)Dn I 5 (OE 2,4) i
(o Dwin,((oc Dw) " n)] V6 (TI: 1118.20,5)

i
(o Ow[n,(n")] 07 (DI: P12,2,6) |

If the D termappears in the argunent place of an atom c proposition,

then the pre-supposition obtains, using the DP rule:

(n") =m , 12 (Pren i

W[ N] , 1 3 (DP:. P12, 2) i

As before, (n') may be substituted for a universally quantified

vari able, only when win] has al ready be asserted.

In practice, these definition rules involving pre-suppositions are

sel domused in the proofs, except for when terns with pre-suppositions



are introduced for a universally quantified variable, which happens

frequently from Section IV on.

TERM DEFI NI TI ON W THOUT PRE- SUPPGSI T1 ON

Qut - of - proof one may always state a definition D O DDef (£). It
changes the | anguage to &', where L' is exactly like £, except
that D(4L£') contains D and Synbol (£') contains LND).

TERM DEFI NI TI ON W TH PRE- SUPPOSI TI ON
(DD

Suppose one is out-of-proof, wth D [ DDef(3&). Set 1 = LOp(D).
And suppose £g(D) is a defined term w th correspondi ng pre-

supposition yp. Let X,y,...,z be the elenents of £v(D (again,
they may be upper-case). Suppose a,b,...,c are variables of I,
and t hat
Oalb. .. Oc (1) x\a,y\b, ..., z\c]
O y2[x\a,y\b,...,z\c]) O P".

Then at that point one may state the definition D. It changes the
| anguage to L&', where L£' is exactly like I3, except that D(LE')
contains D and Synbol (L") contains LND).

ID_I NTRODUCTI ON

(DI)
Suppose D O ID(L&). Set ¢ = Hp(D), o= Hg(D, 1= HOMD . Let
X,Y,...,Z be the elenents of &H(D). And let a,b,.,c be terns of
L. Set

S = 0[x\a,y\b,-..,2z\c]

t = T[x\a,y\b,.-..,z\c]
| f

Y[x\a, y\b,-..,z\c] O ** and

o 0 P
t hen one nmay deduce

PIoT.

It is added to the stack. Evidently, if ¢ = Op(D) is null (i.e.
there is no pre-supposition), then one may sinply deduce

PIo\T]
if 0 .

D_ELI M NATI ON
(DB

Suppose D O D(X). Set ¢ = Hp(D), o= HgD, 1= HYD). Let
X,Y,...,Z be the elenments of LHv(D). And let a,b,.,c be terns of
L. Set

S = 0[x\a,y\b,.-..,2z\c]




t = T7[x\a,y\b,.-..,z\c]
| f

Y[x\a,y\b,-..,z\c] O #"
t hen one may deduce

p[no].
It is added to the stack.

ID_PRE- CONDI T1 ON

(DP)
Suppose DO ID(I5E). Set ¢ = Hp(D), t = H (D). Let x,y,...,z be
the elements of £H\(D). Suppose
e 0 #*,
where @is an atomc formula with s in one of its argunent, where
S =t[x\a,y\b,-..,z\c]
for sone terns a,b,...,c. Then one nmay deduce
Y[x\a,y\b, .., z\c]-

Successfully Referring Terns

Atermis always successfully referring if is not a D- or a T-
termdefined with a supposition. (Since all T terns are in fact

defined with a supposition, this nmeans that no T-defined termis

automatically successfully referring.)

On the other hand, supposet is a D- or a T-defined termw th
supposition ¢ using variables p,q,...r. Then t is successfully
referring in an environnent if there exist constants d,e,...,f

and DO ID(&) O T(A) such that

HIv(D) = {p,q,...,r} (all distinct)

t = (&MD) [p\d,q\e,...,r\f]
and

(Op(D) [p\d, q\e,...,r\f] O "

Appendi x 1: Original synbols

( Begi nni ng parent hesi s

) End parenthesi s

, Separates entries in a list (variables or lines of a proof)
! Begi ns a conment

. Ends a comment or proposition



Begins a proposition (introduces what is to be proved)
a Ends a proof
[ Begins list of variables after a predicate synbol
] Ends |list of variables after a predicate synbol
5 I ntroduces T-type definition
D I ntroduces DD-type definition
T I ntroduces T-type definition
; Separates parts of definition
Upper-case Courier 12 pt plain and bol d al phabet
UC (upper-case) Variables

Lower-case Courier 12 pt plain and bol d al phabet
LC (|l ower-case) Vari abl es

contradiction
not
and

or
i mplies

if and only if

for all

there is

is equal to

nunbers (UC constant)

is a natural nunber (UC constant)

succeeds (UC constant)

zero (LC constant)
one (LC constant)
two (LC constant)
three (LC constant)
four (LC constant)

addition predicate (triadic) (UC constant)
subtraction predicate (triadic) (UC constant)
inequal ity predicate (UC constant)

multiplication predicate (triadic) (UC constant)

O O J ]

O>@OMwWNROQ € =100

Appendi x 2: Defi ned synbol s

[ is contained in (for nonadic predicates) (C1.1)

= is contained in and is contained by (ditto) (Cl.1)
[ union (ditto) (d1.2)

N intersection (CI.3)

c

(Courier 12 pt superscript)
conpl ement (Cl1.4)

[0) the (nonadic) predicate of those things not equal to
t hensel ves (Cl1.5)

L) the (nonadic) predicate of those things equal to
thenselves (C1.6)

\ difference (C1.7)

y singleton (C1.8)

T doublet (C1.9)

v triplet (C1.9)

R quadruplet (C1.9)

= is contained in (for dyadic predicates) (Cll.1)

= is contained in and is contained by (ditto) (ClIl.1)

L union (ditto) (All.2)

inverse (C11.3)



) the (dyadic) predicate of those things a,b such that a does
not equal itself (Cll.4)

D (Courier 12 pt superscript)
domain of (C11.5)

49 has domain (C11.5)

| (Courier 12 pt superscript)
i mage of (ClIl.6)

g has image (Cl11.6)

restricted to (first co-ordinate) (CAll.7)

|

restricted to (second co-ordinate) (C1I1.7)
is a function (Cl11.8)

is a function with domain (CI1.8)

the value of (C11.8)

is one-to-one (Cl11.9)

is one-to-one with image (CI11.9)

the argunment (inverse value) of (Cl11.9)
conposition (CAI1.10)

equal ity predicate (C11.11)

restricted equality predicate (CI1.11)

pairing predicate (C11.12)
is in one-to-one correspondance with (C11.13)

pair renmoval (C11.14)
pair switching (Cll.15)

sinmple Cartesian product (C11.16)
projection (of triadic onto dyadic predicates) (CIl.17)
is finite (CV.5)

isinfinite (CV.6)

is a hierarchal predicate (CV.7)

t he successor of (ClV.38)

uni form predicate (C V. 11)

plus (CV.1)

is less than or equal to (CV.3)

is less than (CV. 4)

m nus (CV.5)

times (CV.7)

infinite interval (CV.9)

addi tion predicate (dyadic) (CV.10)
subtraction predicate (dyadic) (CV.10)
mul tiplication predicate (dyadic) (CV.10)
di vides (CVI.1)

finite interval (CVI.?2)

the | east natural nunber (CVI.3)

the greatest natural nunber (CVI.4)

di visors of (CVlI.5)

t he greatest conmon divisor (CVI.5)
finite sequence (CVII.1)

the length of (a finite sequence) (CVil.1)

concat enation (CVl. 2)
prime nunber predicate (CVII. 4)
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Appendi x 3: Grammar of statenments, terms, and defintions



First, remark that whitespace nmay al ways be added between
synbol s (for instance, to inprove reading clarity), and the
resulting formula is to be considered equivalent to the one where
all whitespace has been renoved and the order of all the synbols
remai ns unchanged.

The grammar is defined using Backus-Naur form (BNF). Because
BNF is in general not able to describe a grammar where conditions
are placed on the interactions of different elenments, it has been
nodi fied. For instance, in order to express that "[zP" is
grammatical only if the Block "P' contains the variable "z", we
wite:

<Var : x> <Block : y> <! y contains x>.

That is "<!I ... >" expresses a condition that the precedi ng nust
obey, and ": x" and the |like are used to nane el enents so that

condi ti ons can subsequently be placed on them

Wen IZ is a language and x is a subset of Var(if), then Ly
refers to the | anguage exactly like I, except that Var(L£y) =
Var(4£) \ x and Const(L£x) = Const(4L£) O x. Wen £ is a | anguage
and x is a subset of Const(&L£), then x& refers to the |anguage
exactly li ke &, except that Var(xL£) = Var(£) O x and Const (xL3)

= Const (&) \ x. Wien x is the singleton set {y}, we may sinply
wite Ly instead of Lfy} and y& instead of [y} &,

Wen Ais a set of synbols, Concat(A) refers to all (finite)
concat enations of the synbols A

Wen z is a finite list and x is an elenent, (z ™ (X)) neans
the list where x is concatenated onto the end of z.

NewSynbol ( 13) any synbol which does not appear in Synbol ( £)

=St at enent ( £)

<Bl ock( &) >

| - <-Statenent(L£)>



[0St at enent ( £3) L=
<-St at enent ( &) >

| <OStatenent (L) > O <OSt atenent (L) >

&St at enent ( 15) D=
<[St at enent ( &) >

| <&Statenent(L£)> & <&St atenent (L) >

OStatenment (£) ::=
<&St at enent ( L5) >

| <&Statenment(L)> O <&Statenent (L)>

Bl ock( &) L=
( <OStatenent (L£)>)
| <Atom c(X)>

| O <Var (L) : x> <Block(Lyx)>

| O<Var(&) : x> <Bl ock( &x) >

At om c( &) 1=
<Term( £)> = <Tern( &) >
| <Term(&£)> [ <NonEnptyTernili st (1) > ]
| F
| <% (L, <Ternm( L) >)>
F represents a contradictory statenent. If it can be proved,

then a contradiction has been denonstrated, inplying the contrary

of the nost recent premn se.

T*(L5, <Term(L£)>) is the set of all & rules in B £), where

<Tern( i) > repl aces the variables used in the & definition. For



exanple, an &-definition in a |anguage &£, i.e. an el enent of
T( L), could be:
0; POQ; Ox(Px] O @x])
Then {x : x =1} O{x : x =x} is an exanple of an el enent of
T*( &, <Term(X)>), since {x : x =1} and {x : x = x} are terns in

the initial |language and so forcibly in &.

Proposition(13) ::=
<OStatement (15, ())>

A proposition is what may appear in the proposition header, i.e.

is sonmething which nmay be proved. "()" represents the enpty Ilist.

Prentx( &) S
<Var ( £)>

ex X

The precedi ng statenent says "Suppose X exists."

St at enent ( &) S
<Proposi tion( &) >
| <Prenktx(L5)>

A statenment is what nay appear in a proof: it is either sonething

whi ch can be proved, or a supposition that sonething exists.

The definition of a termrequires that the notion of
predi cativity be introduced. A predicative proposition for a
(finite) set z of constants, is one which does not have in a
predi cate position either (1) any quantified variables or (2) any
constants which are elenments of z. 1In order that all predicates
are wel | -behaved, only predicative propositions for z wll be

allowed internms {z | ...}.

-PSt at enent ( &, z) D=



<PBIl ock( &, z) >

| - <-PStatenent (£, z)>

[PSt at enrent ( &3, z) D=
<-PSt at enent ( &, z) >

| <OPStatenent (£, z)> 0O <PSt atenent (£, z) >

&PSt at enent ( &3, z) L=
<[PSt at enment ( &, z) >

| <&PSt atenent (L, z)> & <&PSt at enent ( L, z) >

[ PSt at errent ( 33, z) L=
<&PSt at enment ( &5, z) >

| <&PStatenent (I, z)> O <&PStatenent (£, z)>

PBl ock( i3, z) L=
( <OPStatenent(£,z)>)
| <PAtom c( £, z)>
| O <Var (L) : x> <PBlock(LZx,(z * (x))>
| O<Var (%) : x> <PBlock(Lx,(z ™ (x))>

Note that, unlike a Block, quantified variables of PBl ocks may not

appear in the predicate place.

PAt om c( £, z) L=
<NoDef Ter n( &) > = <NoDef Ter n( &) >
| <NoDef Tern{(z43) > [ <NonEnpt yNoDef Ter nii st ( 33) > ]
| &F
Evidently, the appearance of "z" in "z&" is crucial, since it

prevents z-constants from appearing in the predi cate pl ace.



NoDef Ter n( 13) D=
<Const ( £) >
| { <NonEnptyVarList(&) : x> | <OPStatenent(&y,y)> }

<!l yisthe (finite) set of variables in the (finite) list x>
As a convention, only |ower-case variables will be used in the
NonEnpt yVar Li st, since the nentioned predicate is for all things

whi ch satisfy, etc.

Ter n( 13) L=

<NoDef Ter n( &) >

| <D*( 3, <Term( &) >)>

| <T*(Z, <Ternm( £)>)>
D*( 3, <Term(£)>) is the set of all D rules in D(X), where
<Tern( i) > replaces the variables used in the D definition
(simlarly for T). For exanple, a D-rule in a |anguage £, i.e.
an elenment of ID(I), could be:

D A; (nAnmM ; wn &M &(-n=00-m=20) ;

(x(d nm)
Then (1 A 2) is an exanple of an el enent of D*( &, <Tern( 38) >),

since 1 and 2 are initial constants, so are forcibly constants and

so terns in .

Because of the uses to which we put them NonEnptyTernList allows
repetitions, while NonEnptyVarlList does not.

NonEnpt yVar Li st ( L)
ci= <Var(L£)>
| <var(XL) : x>, <NonEnptyVarList(£) : y>

<! x does not appear in y>



NonEnpt yTer nLi st ( &)

ci= <Tern( &) >

| <Term(&)> , <NonEnptyTernii st (L5)>

NonEnpt yNoDef Ter nLi st ( £3)

1= <NoDef Ter n( 3) >

| <Term( L£)> , <NonEnpt yNoDef Ter nii st ( L&) >

SDef ( I3) L=

ex.

Se<NewSynbol (L&) : x> ;
<Concat(y O {x})> ;
<O Statenent (Ly) @ z>

<!y afinite subset of Var(x)>
<! all elenments of y appear in z>

S 0; POQ; Ox(Px] O @x1)

DDef ( &) L=

De<NewSynbol (£) @ x> ;
( <Concat(y U {x})>)
<0 St at enent ( Ly) > ;

<Term(&y) : z> <l y a finite set of variables in &>

<! all elenents of y appear in z>

| De<NewSynbol (£) @ x>

( <Concat(y O {x})>) ;

<Term(Ly): z> <! y a finite set of variables in &>

<! all elerments of y appear in z>
| De<NewSynbol (£) : x> ;

X



<O Statenent ( &) > ;
<Ter n( &) >
| De<NewSynbol (&) @ x> ;
X,
<Ter m( &) >
The third and fourth alternatives are allowed so that we don't

have to wite x in parenthesis.
ex. D O; (POQ ; ; {a: Plal O0Qaj}

or

or

D A; (nAm ; on &wmM &(-n=00-m=0) ;

(x(d n m)
Repl acing the variables of a D-definition with constant terns

results in a ID-term For instance, (1 A 2) is a D-term |ndeed,
it issaidto be a D-termdefined as (n A n) wth supposition

wn &wmM &(-n=00--m=20) using variables n and m

TDef ( &) .= T <NewSynbol (L) : x> ;
( <Concat(y O {x})>) ;
<0 St at enent ( Ly) > ;

<O Statenent (Lyg{v}y) : z>

<!l'y {v} afinite set of variables in I3, v not in y>
<! all elenents of y O{v} appear in z>
ex. T ' ; (Ra) ; fR&(R)[a] ; Ra,b

(Here, vy ={Ra}, x =", and v = b.)

Repl acing the variables of a T-definition wth constant terns

results in a T-term For instance, (o’1l) is a T-term(which is



the successor of 1, i.e. 2). As above, it is saidto be a T-term
defined as (R a) with supposition f R & (RP)[a] using variables R

and a.



