AN | NTRODUCTI ON TO THE TECHN QUE OF
A FOUNDATI ON OF ELEMENTARY ARI THMETI C

by Andrew Boucher

A Foundation of Elenentary Arithmetic proves, in rigorous
fashion, the theorens of elenentary arithmetic. This summary is
nmeant to explain howto follow the proofs, and should therefore be
read first. An introduction to the philosophical underpinnings of
the systemcan be found in “A Philosophical Introduction to A
Foundation for Elenmentary Arithnetic” and will deepen one’s

understandi ng, although its reading is not strictly a prerequisite.

A Natural - Deducti on Logic

A Foundation for Elenentary Arithmetic uses a natural -deduction
logic, widely dissem nated by Lemmon’s standard text, Begi nni ng
Logic. For exanple, if P and Q have been proved, then P&Q can be

asserted, justified by the rule &, i.e. & Introduction.

Rules vs Style
The FCEA system borrows several concepts from conputer
programm ng. One of the nost basic is that of the |anguage rules,
which are rigidly defined, versus the style, which is left to the
i ndi vidual but which is expected to be as perspicaci ous as possi bl e.
For instance, in the conputing |anguage C, it is a rule that
if (A B
is a statenent if Ais an expression and Bis a statenment. It is,
however, a stylistic preference whether one wites in one’'s program
if (a<=Db) c =b;
or
if (a <= Db)

or



cC = b;
Any of these three variations are correct. But a programmer, once
havi ng chosen a style, is expected to use it consistently throughout
the program to render it nore readabl e.
According to the rules of FCEA | ogic, whitespace is not

important, and so both
OnOn(<[n, M@ [n] & n)
and
OnOm ( £[(n,mM O «n & «n )
are equival ent statenments. However, it is a stylistic device that
whi tespace will be used plentifully and for the nost part
consistently, and so usually only the second will actually be found
in FCEA
Anot her exanple: It is arule in the FOEA |ogic that both nornal
and bold letters can be used as variables. It is however a stylistic

device, uniformy applied throughout FOEA, that only non-bold letters

are bound vari abl es.

Comment s

Anot her notion of conputer science which has been borrowed and
used extensively is that of the cooment. Comments are not part of
the proofs, and theoretically could be elimnated. Their purpose is
to provide the reader wth an additional nmeans to understand the
proceedi ngs or to provide a deeper conprehension. Evidently, there
can al ways be nore conments, but sone care has been taken to well
docunent each chapt er

Comment s nust begin with an explanation point (!) and end with an

i nverted explanation point (j).

A Sinmple Proof

Wthout further ado, herein is an actual proof of FOEA, from

Section V, Chapter 2 (“w{n]” means that “n is a natural nunber”, “~



1] ”

nmeans “not”, and “m” refers to the successor of m i.e. mtl):

I 49. P49 is yet another way of saying that every non-zero
finite nunber has a finite predecessor. i

FOn( wn &-n=00 On(m+ 1) =n) i

n 11 (Prem i
wn &-n=0 1 2 (Prem i
(wn &-n=00 On(mM) =n) 1 3 (OB 1V8.34)
Wn &-n=00 Om(mM) =n 14 ((O)E 3) i
m(m) = n 1 5 (OE 2,4) i
(m) =n ! 6 (LE 5) i
((M) =n0O (m+1) =n) 1 7 (DE P44) i
(M) =n0 (m+ 1) =n 8 (OB 7) i
(m+ 1) =n .1 9 (OE 6,8) i
m(m+ 1) =n 110 (O 9) i

@n &-n=00 Om(m+ 1) = n 111 (O1: 2,10)
(wn &-n=00 On(m+ 1) =n) 112 (()I: 11) i
On ( @fn &-n=00 m(m+ 1) =n) 1 13 (O: 1,12)

0

The first |ine,

I 49, P49 is yet another way of saying that every non-zero
finite nunber has a finite predecessor. i

is a coment, which gives the proposition’ s nunber (49) and expl ai ns
what the proposition is assertion. Every proposition in FOEA wil |
have a nunber, so it can be referenced easily.

The next line



FOn(wn &=-n=00 On(m+ 1) =n) i
beginning with a turnstile "F and finishing with an inverted

explanation point “i”, is the header, which states the proposition to
be proved, nanely that every non-zero natural nunber is equal to
sonething plus one. Note the stylistic device of whitespace between

the quantifier block and the first parenthesis, the first parenthesis

and “w’, and “n” and the | ast parenthesis. Al so note that the

quantified “n” and “nf are not bol d.

The first line of the proof is:
n , 11 (Prem i

It says, “Suppose n exists,” and, for conputer programers, nay be
t hought of as corresponding to a | ocal declaration.

In fact, the only synbols fromthis |line which are part of the

proof are “n” and *“, And in fact the nost parsinonious

transcription woul d have been:
n,

The actual manner of witing it takes into account several standard
stylistic devices. First, the comm, which separates the various
statements of a proof (but is not itself part of a statenent), always
appears throughout FOEA in the sanme columm on the right-hand side.
So there is whitespace between the n and the conma. Secondly, each
line is always given a conmment which indicates the |line' s nunber and
the justification for the line, in this case Prem Thirdly, this
conment bl ock al ways begins in the sane colum. Fourthly, a line
justified by Premis always indented 2 spaces nore than the previous
line or, if there is no previous line, it begins in colum 3. And
fifthly, nis witten in bold. Technically the bold and non-bol d
versions of a letter have no connection. According to the rules of

t he | anguage, “nf or indeed “nf (both acceptable variables) could

have been witten just as well as “n”. However, generally the bold



version of a letter will be used when it corresponds to a particul ar
uni versally quantified variabl e.

Li ne 2

Wn &-n=0 , 12 (Prenm i

is indented 2 nore spaces than the preceding line (and so begins in
colum 5). It says, “Suppose that n is a natural nunber and that n
does not equal 0.~

Renark that “Prenf is thus overl oaded and has two di stinct,

al t hough simlar uses, as shown by lines 1 and 2. |Its use in the
first line may be called “Prem Type |,” that in the second “Prem Type
I.”
Line 3
(wn &-n=00 On(mM) =n) ! 3 (OE 1V8.34)

is justified by the OE (elimnation) rule, using proposition nunber
34

On ( wn &-n=00 On(mM) =n)
whi ch was already proved in Section IV, Chapter 8. Remark that if
“0E: Cl.34” had appeared, i.e. no roman nunerals, the section is that

in which the proof appears; since the proof is Section V, the
proposition referred to woul d have appeared in Section V, Chapter 1.
Line 4 elimnates the parentheses of |ine 3.

Line 5 follows fromlines 2 and 4, using nodus ponens or, as it

is called in a natural -deduction system “0OFE’ (Elimnation).

The sixth |ine

(mM) =n , 1 6 ([(E 5) i

follows fromthe fifth. |If there exists an msuch that (m) = n,

then the rule “[E" allows us to introduce a new |letter, always in



bol d-case by style, replacing the “ni. Again, we could have used a
different letter than a bold “nf; the choice was stylistic.

Line 7

((mM) =n0O (M+1) =n) V7 (OE P44) i

is justified by the “0E" rule and a previously proven proposition,
OnOm( (M) =n 0O (M+ 1) =n)

The “P44” means that it can be found in the sane section and chapter,
i.e. it is proposition nunber 44 of Section V, Chapter 2.

Par ent heses are renoved and nodus ponens applied in lines 8 and

9. Line 10 applies the “00” rule to line 9.

The el eventh |ine

wn &-n=00 On(m+ 1) =n 011 (O1: 2,10) i

is indented 2 less than the previous line, which is the standard

style for the “001” rule. The “0O1” can be used only when there has

been a previous statenent introduced using the “Prem Type 11" rule,

line 2 in this case, and this prem sed statenent nust appear

preceding the “0“. Succeeding the “0O0" nust be the statenment of the

previous line, in this case |ine 10.
Remark that all lines from2 to 10, which all have the sane

indentation, are in effect all part of the sane hypothetical world:
where n exists and where wn] & - n =0. Line 11 is the first line
no longer in this world or environnent, supposing no |onger that wn]

& = n =0 (but still supposing that n exists).
Li ne 12 adds back parent heses.
Li ne 13

n ( wn &= n=00 On(m+ 1) =n) 13 (O1: 1,12) i



does not have a conma, being the |ast statenent of the proof and thus
not needi ng separation froma succeeding statenent. It is indented

two | ess than the previous, which is standard for statenents

justified by “00”. Indeed, this rule applies only when there have
been synbols introduced by the “Prem Type I” rule, as n was in |line
1

Remark that this line is the only one beginning in colum 1. The
last line in a proof cannot be indented, and while not the case for
t he proof duplicated here, it happens (not often, but sonetines) that

other lines in a proof may al so have 0 i ndentati on.
The solitary synbol “[” at the end is used to indicate that the

proof is term nated.

A Dynam c Language

The | anguage of FCEA is dynamic, in the sense the |anguage at the
end of the work is richer--has nore synbols--that that at the
begi nning. The nunber of potential synbols nay be supposed either
finite or not, depending on the predilection of the reader.

New synbol s are added to the | anguage using one of three rules,

% D, or T. The & and ID rules allow for abbreviations, the first

for statenents, the second for terns. The T rule applies to terns.

The & Definition
An exanple of an & definition is:
I' 1. O represents inclusion (of one-place predicates). i
0; POQ; Ox(Px1 O Qx]) i

Remark a conment precedes the definition, with its obligatory

nunber .

In the definition proper, the new synbol, in this case “00,

follows directly after “%" and is followed by a sem-colon. Next is



a concatenation involving the synbol and certain variables, followed
by another sem -colon. Last is a statenment containing the sane

certain variables, followd by an upsi de-down excl amati on point.

The sense of this definition, of course, is that “P O Q nmay be

used to abbreviate “IOx(P[x] O Q@x])”. Any termin the | anguage may
replace P or Q
The & synbol may be introduced or elimnated. An exanple where

it is introduced:

Ox(P[x] O P[Xx]) 06 (0O: 2,95) i

POP 17 (%1: PL,6) i

And a case where it is elimnated:

POQ 13 (& 2) i

Ox(P[x] O Q@Xx]) 1 4 (5E P1,3) i
Here the “P’ of the “P1” neans that the definition appears in the
sanme chapter as the line being justified. |If the line occurred in a
subsequent chapter of the sanme section, “Cl.1” would have been used
(the definition appearing in the first chapter). If it occurred in a
subsequent section, “I11.1" would have been used (the definition
appearing in the first chapter of section II).

Needl ess to say, except for different terns replacing P or Q

and differences in whitespace, the statenents nust be exactly as

appear in the & definition for the introduction and elimnation rul es

to be used. For instance, the appearance of parentheses or indeed
any additional synbols would prevent the use of elimnation. The

followng is incorrect:

( QOR) 17 (& 6) i
I 1 NCORRECT USE i

( Dx(@x] O Rx1) ) , 1 8 (%E P1,7) i



Sois the followwng (the rule does not apply to sub-statenents):

QUOR&RIORQ 17 (& 6) i
I | NCORRECT USE i
Ox(QAx] O Rx]) & Ox(Rx] O Q@x]) , 1 8 (%E PL1,7) i

The D Definition
Here are two exanples of a ID definition

' 1. (b _c) represents the finite interval between b and c
(i nclusive). i

D ; (b_c); ; {a: s[ba] & <a,c]} i

I 1. @ represents the predicate of non-identical things, which
of course is enpty (nothing satisfies it). i

D ¢o; ¢;; {a: ~a=a} i

The new synbol --in the two exanples “ " or “@-- follows “ID” and is

followed by a sem -colon. Next cones a concatenation involving the
synbol and perhaps certain variables. |If there are variables, then
the termnust be enclosed in parentheses, otherwi se no. Because
nei t her exanple involves a pre-supposition (this will be explained in
nore detail below), two sem-colons follow Finally cones a term

whi ch nust contain the sane variables as appeared earlier in the

[ine.

The evident neaning of the first definitionis that “(b _c¢)” is
to abbreviate “{a : <[b,a] & <[a,c]}".

These ID-defined terns may be introduced or elim nated.

An i nstance of DI:

Ox ( {a : <[b,a] O<[a,cl}[X] = <[b,x] & <[x,c] )



, 12 (Pred) i

Ox ( (b _c)[X] = <[b,x] & <[x,c] ) , 1 3 (DI: P1,2) i
And of DE

((b+1) _ c)[b] , 12 (Pren i

{a : <[(b+l),a] & <[a,cl}[b] , ! 3 (DE P1,2) i

Pre- Supposi tions

As recently nentioned above, the FOEA | anguage permts pre-
suppositions. That is to say, the use of certain terns in an atomc
statenment may pre-suppose or inply that a condition obtains. For

exanpl e, the use of “(x")” (“the successor of x”) in an atomc
statenent inplies that x is a natural nunber, i.e. that wx]. Wen
X is not a natural nunber, “(x')” does not refer, and an atomc

statenment involving the termis not true; for instance, it would not

be the case that (x') = (x'"). Indeed, it can be easily proven in
FCEA that - w[x] O = (x') = (x').
Terns with pre-suppositions inpact both the OE and [ rules.

Only terns which refer successfully may be substituted for a

uni versally quantified variable--e.g. one cannot sinply assune that

(x') = (x") follows from0Ox x = x; (x') = (x') may be asserted only
if wx] has already been asserted. Simlarly, one may apply O on

the term(x') only if wx] has been asserted. For instance, one
cannot go from

( ~owx] O = (x") =(x"))
t o deduce

X ( - wx] O =x=x).

The FCEA system may be thought of containing, at any stage, a
conplete list of ternms which refer successfully. For instance, (x')

isonthis list if and only if wx] has been asserted; if on the



list, (x') may be substituted for universally quantified variabl es.

The T Definition

The T definition is akin to a baptism by proving that one and

only thing exists, we introduce a termto refer toit. In FOEA al

i nstances are such that a condition nust be premsed in order for the

one and only one thing to exist, so all uses involve presuppositions.
For instance, it turns out that we are able to prove the

following two propositions:

| 18. i
FOROx ( FR& (RD)[x] O A Rx,al ) i
and

I 19. i
FOROx ( fR& (RD)[x] O OyOz(Rx,y] & Rx,z] Oy =12)) i

The first says that, “if Ris a function and x is in its domain, then
there exists an a such that R x,a]”, the second that, “if Ris a

function and x is in its domain, then whenever R x,y] and R X, z], Yy
and z nust be the sane thing.” Thus, when f R & (RD)[x] holds, we

can be sure there is one and only one thing a such that Rx,a]. W
therefore are permtted to introduce a termwhich refers to this, as

such:

I 20. (R x) refers to the thing y to which x bears R It pre-
supposes that Ris functional and x is in the domain of R
whi ch ensures that y exists (P18) and is unique (P19). i

T ; (Rx); fR& (RD[x] ; RX, ] i! (TD P18, P19) |

A T definition has to be justified, and the comment at the end
explains that the “TD rule is being used (in fact, it is the only

rule which justifies a T definition), based on the two preceding

propositions, P18 and P19.



There are the usual associated rules. First, introduction:

f R& (RD)[x] 1 8 (&l: 3,7) i

R X, (R x)] , 19 (TI: P20, 8) i

Since (R x) is the unique thing y such that Rx,y] when f R &
(RD)[x], then Rx,(Rx)]. Notice that, previously, the pre-

supposition f R & (RD)[x] has been asserted.

Secondly, elimnation:

(Rx) =y 14 (& 2) i

f R& (RD)[x] ,! 5 (TE P20,4)

Wien an atom c statenent has been asserted with (R x) in an argunent
pl ace, then the pre-supposition holds and nmay be asserted. Renmark
t he requirenent about the argument place is strict: (R x) may not be

a sub-termin an argunment place, so for instance {a : a = (Rx)}

appearing in an argunent place does not allow one to assert fR &

(RD)[x].

D Definitions Wth Pre-Suppositions
ID definitions also all ow presuppositions. For instance, “(n")”
is introduced to abbreviate the term
“((c Dw)"'n)”.
“((c Ow)"n)”, as has just been pointed out in the discussion of T
definitions, involves the supposition that
f(oOw & ((oc ODwDn

Once it has been proven that



FOn( wn O f(oOw & ((oc O)Dn) i

it is therefore possible to nmake the follow ng definition:

I 12. i
D " ; (n) ; «on ; ((oc Ow) n) i! (DD 1118.20,P11)

Cbviously, if wn] holds, then f (0 Dw & ((o Dw)D[n], and so

((o ODw) " n) nmakes sense.

Remark that D definitions not involving terns with pre-
suppositions are not followed by any justification. Here, though,

the rule is “DD’ and nakes reference to “1118.20" and “P11".
The DI and DE rules remains the sane, with the exception that

for the DI rule, the pre-supposition nmust be proven before the term

i's substituted:

W nj 12 (Prem i
(wn O f(o0w & ((c 0D ) ! 3 (0E PL1) i
wn O f (00w & ((0c 0D 4 (OE 3) i
f(oOw & ((o OwDn 1 5 (0OE 2,4) i
(c ODwi[n, ((6 Dw)  n)] .1 6 (TI: 1118.20,5)

i
(c Dw)[n,(n')] 17 (Dl: P12,2,6)

If the D termappears in the argunent place of an atomc

proposition, then the pre-supposition obtains, using the DP rule:

(n") =m , 12 (Pren i



W NJ , 1 3 (DP: P12, 2) i

As before, (n') may be substituted for a universally quantified

vari able, only when wn] has al ready be asserted.

In practice, these definition rules involving pre-suppositions
are seldomused in the proofs, except for when ternms with pre-
suppositions are introduced for a universally quantified variabl e,

whi ch happens frequently from Section IV on.

Axioms and Rules of Inference

Axions and rules of inference are stated in the file I.2,
“Language, Axions and Rul es,” which may be found at:

www. andr ewboucher . coni paper s/ f oea/ | 2. pdf

The | ogical axions and rules of inference should be natural to
anyone with some know edge of nodern |ogic. The mat hemati cal axions
are those stated in “Systens of Foundations of Arithnetic,” which may
be found at:

www, andr ewboucher . coni paper s/ foundati ons_of _arithneti c. pdf
or in “A Philosophical Introduction to a Foundation of Elenentary
Arithmetic,” which may be found at

www. andr ewboucher . coni paper s/ f oea. ht m

Second Version (Dec 2001-Apr 2002)

This is the second version of A Foundation of El enentary
Arithnetic. It is distinguished fromthe first version in severa
respects. First, the mathenmatical axi ons were changed to the
counting axions, replacing the nunbering axi ons whi ch are now proved
as consequences. Secondly, lines, propositions and definitions are
nunbered and justifications use these nunbers for their references.
Thirdly, there has been a certain anmount of cleaning, in proofs and
in the order of propositions in chapters. And fourthly, there are

many additional comments.



